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Proof. 1f possible, let y(¢) be a bounded oscillatory or Z-type solution
of (5). Let v(f)|€ M. Choose £,>>0 such that v{f,)=0 and y'{#,)<0. Integra-
ting (5) from ¢, to ¢ twice yields

t t f §
OZAL A 1 pO)1d0)ds+ 1) f/O)dds.
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So lim inf y{{)=—0, a contradiction. Hence the theorem.
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§1. Introduction. In the study of differential, partial and integral
Bellman-Gronwallsinequality and its various linear and
non-lincar generalizations have plaved significant roles in proving unigucness,
boundedness, comparison, continuous dependence, perturbation, and sta-
bility results |1, 2, 4, 6, 7, 8 10]. One version of the celebrated Bellman-
Gronwall’'s Lemmna is that in which the exact solution of an operater equa-
tion of the form e=a+Tw for a monotone operator 1° provides an upper
bound on all solutions of the incquality nga+ T, In this context we men-
tion the survev paper of Chan draand Fleishman [5] and the re-
ferences given there, in addition to Beckenbach and Bellman {1],
Bellman [3., Beesa ck 2], Losonczi (9] and Walter [11].
Qur objective in this paper is to establish a number of new matrix integral
inequalities which arc ready tools in obtaining pointwise estimates on so-
lutions of certain matrix differential inequalities.

§2. Main Results. Let ot denote the linear space of real 7. symmefric
matrices and X be a cone of nonnegative definite matrices in of. By means

of Z, we introduce a partial ordering in ot as follows: For

N, Yeol, NV if and only if Y—XNe=X

function f: of—ol is said tobe monotonic nondecreasing on <t if X, Y €
o=f(X)<f(Y). So [ is monotone nondecreasing if and onlv if f(Y})— f(X)
‘a non-negative definite matrix.

Let R*=[0, oo) and assume that the following conditions hold :
}G: Rtx Rt xXcl—cl 15 continuous and has the following properties :
(i) G(t, s, .) is non-negative definite and uniformly continuous on
<i< T <oo, and for vach s, it is nondecreasing in /,

(ii) G{t, ., ») is nondecrcasing in @ for cach /= 0. 1.

(1) W: R+ ct—ot is uniformly Lipschitz continuous, non-negative de-

e, and monotonic nondccreasing in the variables scparately.
{ii) There cxists a rcal constant szan svmmetric matrix Y =0 such

T
r Hityedd, jOG(T_ s, H(s)+W (s, Y)ds< Y.

useful gencralization of a matrix inequality due to Chandra
eishman (5] is embodied in the following result.

equations.
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Theorem 1. Lot N(f) and H(t) be real n > symuelric mulrices, and st p-
pose G and W satisfy (Ay) and (A.). If for 0<i< 1o

(1 N(t)< H(t)-+- 1 (1, Df Gty s, X(s))ds),

then, X{O< HO)+W(, R(Y) on the common intoreal of cxistenc, who y
R(f) is the wique maxintad solution of the malriv integral cqualioi

(2)

R{t) i G{t, s, H{s)-+ 1 (s, R(s)))ds.

Proof. Define '
W(t) = § G {1, 5, X($))ds

then ®{{)=4 and so “
(3) N{O)< H{l)+ W, 0 (1)

By the monotonicity property of G, in the last variable and (3),

(4) D)< g'(;(t, s, H(s)+ W(s, d{s))ds

i
Define for 0€(< T <o, R {)=[G{t, s, H(s)+ 1V (s, Y))ds, and for n=1, 2, 3,...

Ro(t)=[ Gty s, H(s)--1W (s, By ((s)))ds.

¢

Then clearly, {R {t)}< ot for n=0,1, 2, ..., and
R,(i):(_:[ G(t, s, H(s)+1'(s, Ky(s)))ds = l G, s, 1{s)+ Wis, iG(S, 7,
H(nN+W(r, Y))dr)):iss_ij(f, s, H(s)-=TV (s, Y))ds = Ry(f).
Monotonicity of (¢ and 1V implics

t
Rz(t)=g' G(t, s, H{s)+11'(s, R (s)))ds< R,{{),

and hence by introduction, R+ (f)€ R, (1)<
anv n and 1, £, =[0, T],

{ Gt s, H(s) 1

0

R,,(t.)—1c,,(12)||=||;r'G(t,, s, H(s)- 11 (s, K, ((s))ds
LIS, R, 1(s)))ds||g£ij: Gty s, H{s) 4 W (s, Ry 1)) —G(ter s, H{s)

+ (s, R, l(s)))u{s—i—f i G{ts, s, H{s}-+-1(s, )} ds.
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Since G{t, s, .} is uniformly continuous on any (.'105(‘(1 interval and (-.)
holds, we see that we can make tl_lc 1'1ght. ha,p_d side of the last 1r_lcquzlhty
a5 small as we please. Hence {R.(f); is equicontinuous and also cquibounded
g0 that Ascoli-Arzela’s theorem implics {R,(f)} is precompact. Moreover
cince it is monotonic it converges uniformly to R({f) sav and continuity of
G and W, imply that R(!} is a solution of the matrix integral cquation

(5) R{#) —-_fG(!, s, H(s)+W(s, R(s)))ds......

and R(O<Y. Let f&’.(t) be any other solution of (5) such that K’(t)s Y, then
! ! -
Ru(z)—-f\’(!): §G(t, s, H(s)+W{(s, Y))ds _gG(!, s, H{s)+ 1V (s, R{f))ds > 0.
0

Similarhy Ry(f)—R()>0 and by induction, it casily follows that
R, {t)— R(n >0 for all . Hence taking limits we have R(f) = R(f), so that
R"(t) is the maximal solution of (5). ) o
Suppose (f) €Sy= {O() =ct: ©{f)< Y} Define Zo(l}=0(¢) and for n=
{, 2, ... set .

t
Z,(8)=§ G(t, s, H{s)+ TV (s, za_s(s)))ds.
o
Cleatly. by induction and (1), ®{)<Zy{l)< S Z (R Zprift) povooee i 5
However, {Z,(f)} converges to a solution Z(#) of (5) in. Sy, The m:ammahty
of R(f) a5 a solulion of (3) implics, Z{t)< K{f). Hence <)< R(f),
for all ¢ in thc common interval of existence. Monotonicity of 1 implies

X< HO+W (L 9 HO A+ R()

and the proof is complete. ‘ B

" The following is another variation of I'heorem L. .

/ Theorem 2. Lot X(B), H{t), G and W be as in Theorem 1. IfE(f) is a
gal symmelric nXn matriy, such that E(fy=1 i3 the identity matrix, then

O<HO - TE(L, |Gl s, E()X(5))ds), implics XS H@O+W(E; R(0) on their
0

wmon tnterval of existence in [0, T) where R{) is the unique maximal solu-
of the matrix integral equation,

R{t)= [ Gty s, E(s)[HT(s)+ V¥ (s, R(s))])ds.
Proof. Definc
(. O{t)={ G{t, s, E{s)X(s))ds

qeed as in the last {hcorem.

emark. If in Theorem | we set 1W(, w)y=1u, and G{{, s, 0)=G(w) for
0, T, then we obtain Theorem 4 of [3] as a special case of our re-
()=1I, then Theorem 2 reduces to Theorem | and so Theorem 2
eralization of Theorem I,
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We now derive a new useful matrix integral inequality of the Bellman-
Gronwall type. In what follows we take a real symmetric 2 »# matrix X(¢)
to be positive if X(2) € X with X{(0)#£0. We assume that the following con-
ditions hold :

{A,) H(!) is a positive, continuous, nondecreasing real symmetric # X # imatrix
defined on [0, T,

{Ay) (t) X(8), C(t} =t are continuous and non-negative definite matrices)
on [0, T

{A,) Q(f) =t is continuous on [0, T} and Q(f) =1 where [ i1s the identity §
matrix. i

Theorem 3. Let H(f), ®(f), X(f), C{{) be as defined in (A)--(A;) and ] . , :
G, W be as defined in (4,) and (4,), 1f 1 (15) S(y=I+] X(s)j(s)dw(_)r X(s)@(s)(.g C (1) ] (1)du)ds

b 0

cb(s)ﬂ_[—l(:)gfw(x)["_g X (s)b(s) M (s)ds -+
13 11 X()0(s) ({_fC(u)lD(r:).l!“(u)du)ds].

Define J{)=0@M (), then (13} becomes
t

a8 JO<OOU+] X (5) 55§ X)) ()tn)ds],

Define another matrix S(f) as follows :

: O )< HI) -+ X(s) D(s)ds+ § X()Q(s)([ C1)eb(ae)du)ids] +
(6) 0 0 o

o (15), we have
o JEERAS IS X070+ X000 Cl] ()<
t . dt !
and exp(— af(X(-:)-i—C(r))Q(r)dr) commutes with [X()-+C(£)10(?), then (16) < XOQUSO+ | C)0 () Sy,
(7 Q)< AN {HN (L, R(t)) Let . r
on their common interval of existence in [0, T}, w A{t} is the real symme- (17) P()=S{)+ [ Cla)Q(n)S(u)du ;

tric #X# matrix defined by &

¢ s _then, P(0)=1, P(f)=cf and (16) becomes
(8) AN =01+ [ X(s)Q(s)exp{f (X(1)+C(1))Q(w)du}ds]
o o ds .
| . . . o . (18) , <XUHeOPH:
and R{t) is the unique maximal solution of the matrix infegral equation dt

low C{n) and S{u) are both non-negative definite matrices and

=1 so P(f)~5(f)- jC(zt)Q( 1)S(ydu e X, since P(0)—5(0)=0.
0 . .

nce S(t)< P(t) and differentiating (17) and in view of (18),

(9) R(t)zi’ G(t, s, A(S)[H(s)+ W (s, R(s)])ds.
Proof. Define

(10) MEO=HO+WE, [ Gt s, D(o)ds) ‘% <IX()+CHOIROPW),
{
{

(1 QO MO -0D] j' Ns )(b(s)ds—|—£ \(s)Q(s)(Ui C(i)® (1)ds)ds]

() et is positive and nondecreasing so A17'(¢) exists on [0, T] and since
Qf) = 1. post multiplving cquation (i1) by M~'(f), we have

!

¥ (20) by oxp(—f§ [N(z)+C(=)]Q{)d<) on the left; we have
1

4 fexp(— | IX()4-CEQEI P} <0,

ing (21) from 0 to ¢, we have,

_exp(— i.-X(7)+C(T)]Q(T)d‘:) P(H)—P(0)<0.

(12) S M ()< I+ X(s)(b(s)ris—%}X(s)Q(s)(;[ Clu)D ()i )ds]AL (D). &

Now 0<s<tand 0 <u <sg!=Mu)g M(s)S M{t)=>M-1(t)x MY “Hu),
from (12)

then S{f)edt, S(0)=1 and (14) hecomes, j(t)gQ(i)S(t) and differentiating
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cxp(bf [X(7)+C{7)1Q(=)d=) is posilive, so since (22) implics cp(:)g\@(t)cxp(lj (X (2)+C(DQR)d=) H{) + W (L, B},

where R(#) 15 as defined in (9).

P(0)—exp(—[ [X(z)+C(=)]Q()d=} ()< X,
! Corollary 1. In Theorem 3, if C(t}=0, then

then,
eXp(g fX(T)-i-C(T)_"Q(?)"'T)-[P(O)—C-\'P(—dff [X(=}4-C(7).0()d=) Pt} = X.

I

Hence, P(t)<exp(f [X (=) +C(=)1Q()d~. Morcover, (18) implics

X{(H)Q(H) P()— dd;j X, and

.

ITARS H(t)l}—Q(t)if: X{(s)D(s)ds+ W(t, ;[)G(t, s, ®(s))ds)

implics
(1)< AL {H{H TV, R{)}

on their common interval of existence e [0, T] where

X(OQOexp({[X()+CEIQEN— YOO PO = X =00 +] XEIEexp(] HIQUAE]

Hence, | and R() is the unique solution of the malrix integral equation

dS

@) ™ <XO0Oesp(] X()+C(10()d).

Integrating (23) from 0 to {, we have

R(t)-_~;j Gty s, Ax(s) [H(s)+ (s, R(s))))ds.

§3. Some applications. In this section we derive explicit pointwise
bounds on solution of the matrix integrodifferential inequality

(24) S(t)\<,1—|-j£ X(s)Q(s)exp(_tf [X (1) +C{)1Q(1)du)ds d t
0 0 (29) - DS F(t, D) +G(E, ©), | A, s, P(s))ds)
It can be shown easily, using (24), and J({)<Q{?)S(/), that i ’

(@3) JO<QOI+] XEQ)exp(] [X()+C Q) ds]=A()...

where A4(f) is as defined in (8). It follows that by post multiplying (25} by
matrix M (2), we have ]

I
(26) O A M {1).

By the monotonicity property of Il in the Jast veriable, (10} and (26) implyi.

satisfying the initial condition
(30) O(0)=H

where H is a real constant symmetric # x# matrix.
We shall assume that F and G satisfy the following conditions
(As) F: Rt x oA—oh is a continuous function, uniformly Lipschitz in
the second variable, and monotone nondecreasing, in the second variable.
(A;) G : R x ot x —ot is a continuous function non-negative definite

and there exists a continuous non-negative definite matrix X{¢), such that
X(O[UWO-FV{E-G(, U, Vi) e X, for U, V() edd

(A} k: Rx Rxct—cfis a continuous function and such that there

ist matrices C(f), w{f) which are non-negative definite and for which

shu(s)— k{t, s, w(s)) = X.
Theorem 4. Let F, G, satisfy (29) and (30) such that {As)—(As) hold.

(27) MEO<HO+W(, Df G(t, s, A(s)M(s))ds). :

Applying Theorem 2 to (27), we have
(28) My H{f)3-T0 (2, R{t))

on thleir common interval of existence on [0, 7] and R(¢) is the unique mas i
ximal solution of the matrix integral equation T D)< A {H+R()}
f e
I\)(t):j-c(t, s, ‘4 (S)FH(S) "—'”.'(S, R(S))])ds ﬂlet?‘ common nierval Of (’\'flsff’li(' ZU]I(‘)’('
0
! 4
(26) and (28) imply (7) with A(f) and R(t) as defined in (8) and (9). At)=1 +] X(s)exp({ {X () +Clu)idu)ds
Remark. Tf we use the fact that S(H< P) in the proof of tn» Lt ’ ’
theorem we can obtain the following sharper estimate in place of (7) :

- B
g0y
(£) is the unigue solution of the equation
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{32) R = i , 7
WO=[I(s, A(s)[H+R(s)])ds. X (s exp (§ (X(u)-+Clu))du)ds <.
[y 1

Proof. Integrating (29) from 0 to #, and using (A}, (A;), (A,)

5

! !
< H-+ | F(s, ®(s))ds-- I1;(?(3, Pb(s), [j" (s, 1, O(u)lu)ds< H+

t ! ! s
—|-‘j’ Fs, @(s))ds {—ig ‘\'(s)(i)(s).'{s—k(_l)' N COnyD{ar)du)ds.

If we apply Theorem 3 wit o .

rosult. pply Theorem 3 with Q(¢)=/ and 11'(#, z) ==, we have the required

Corollary 2. Assume that the conditions of Theorem 4 hold. Then
D)< A {)eoll)

or’_a- H}'iefr common interval of existence, where w(/} is the unique soluti
of the non-linear matrix differential equation i

(33)

feoft
(34) ‘—{ﬁ( ) _r, A (). w(0)=H
when
(35) Afy=I+ | X(s)cxp(ﬂ} (X (2) 4 C (1)) du)ds. %

Remark, Let F{t. %)= N S TLEL Y :
(30) bocome t ()= 7(0-FDY end G, 1, 1v)=0 then (29) and

il

gy
IE; S J{)-+- D), b(0)=H,

and the Corollary implics — . . !
iution of orollary implies, A())=1, d{/})<wn(f) where off) is the unique so- |
|'.!7(-J([)

o7 =F(t, o())=J )+ D{w)

which is Corollary 1 of [3].
The following can be derived from our results.
Theorem 5. If all solutions of (34) are bounded and

o 5

j; X(S)f‘.‘(p(j;‘(X(u)-{—C(u)du)-z’s = 0

then the selufions 2! with F s fvr .
boz-mde:i_ of (29) and (30) with F and G satisfving (A)—(A4,) are
Theorem 6. Let F{f,0)=0 and G(¢,0,0) ' 1]

. ) )= , 0,0 =0 1u addition fo th 1y
tes (Ag)—(Ao). Then the stability properties of the zero solution of (3:!6) 71?1:‘10;5!‘;’.:3

the cor ; v ihro : ;
he o responding stability properlies of the zero solution of (29) and (30) pro-

The author thanks the referce for his comments, and sugeestions on the
o>
p'J.}JL'I‘.
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