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BOUNDARY VALUE PROBLEMS FOR NONLINEAR SECOND
ORDER INTEGRODIFFERENTIAL EQUATIONS

BY
B. G. PACHPATTE

1. Introduction. In a rerentpaper [2], J. Morchalo has studied
the nonlincar integrodifferential equation of the form

() Y (1) mgltsy (0 [ Hlt s, 5(5)1ds),

with the given boundary conditions

() (0)=y(6)=0,

where he([JxJx R, R], g=C[J X RXR, R), J=10,b] and R denotes the
set of real numbers, In [2] this problem has been shown to have a unique
solution when g{f, v. u) and A{f, s, ) have bounded partial derivatives of
first order with respect to variables 3 and # such that 0<g, < N, Ogg. <
<N, 0<h <N, and b satisfics the inequality (L+4+0)dN <1, where N=
—=max{N,, N..N,}. Further, by assuming the existence of a unique solution
poundary value problem {BVP for short) (1)—(2) the upper and lower
nds on the solutions are also obtained. All the results in [2] arc obtained
sing the general idea of Chaplygin. TFormulation of the existence
uniquencss results for BVP (1)—(2) or its more general form under
er conditions on the functions motivates our present work.

Consider the nonlinear integrodifferential equation of the form

x"({Hy=F(t, (), x'{f), :! K1, s, 2(s), x'(s))ds),

he given boundary conditions
3 xla)=4, x()=58,

CEC[I XTI R*x R*, RVF &C[I x R*» R*x R*, R"], I=1a, b], R de-
n dimensional Euclidean space with norm ./, 4 and B are real
. Here we arc interested in obtaining the existence and uniqueness
ns of BVP (3)— (4) without any conditions on the derivatives of
ons F and A involved in (3). Using Lipschitz conditions of F and
in the existence and uniqueness of solutions of BVP (3)—(4).
tablish the cxistence of solutions of BVP (3)—(4) when F and
endent of x’, by using the method of upper and lower solutions.
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Thus herc our approach to the problem is somewhat

in 2] which permits us to avoid the cumbersome condi
tives of the functions used in 27,

2. Existence and uniqueness of solutions. In this sc

our results on the existence and uniqueness of solutions of BVP {3)— (1)
by using the well known Banach contraction mapping principle.
Theorem 1. Lot the functions K and F satis

Jy the conditions
(5) I K(/a S, X }’1)—](({, S X M) P 3'1_3’2.:‘}‘@”_\'1_}'2”,
(6) !F(!, RST AT TI)__F(I‘: Nay Vo :2)
Sor all (i, s, x. v,
where I, Q, 1, 1

different from that
tions on the deriva-

ction we establish

sl ."‘1_-"'—2”J|'Af|'_\':—_'\'2”‘{"—'\r”:r—-?:z‘.:
YEI XTI < K% R, (1.t viy s =T % Ry I

be Rn,

‘I'=], 2

- N oare nonncsative conslants such that

max {{1 +N(b—a)] []j b)Y (b_“)],

8 Z
. ‘- ()‘—(!)2 (b—a)
[N (o—a [p( ] ] <.
. (h—a) ; 0=
Thew the BVP (3)—(4) has a unique solution.

Proof. Let S be the Binach space of functions neCM{], R with |
the norm

(7)

bl =ma {max [ [uld) [+ A0ja (1], max[Phu(t)| 40 ' ()1];.
! i

Define a mapping 77 : 5—§ by sctting for each ye§

Tx(t)y=5()- ~;-'(;(/, F(s, x(s), x'(s), }]\.(3’ o 55 () ds,

where G(/, s) is the Green's function assaciated with the BVP A2=0, y(a)=
=0, 3{6)=0 and @ satisfics ®L=0 and the boundary conditions {4). Then
if a, ye8, we have by (5) and (6)
b
Ty(ty—=Ty(H <TG, SYLLI v {s)— v(s)/1-- 1 () — v {s)]| -
(3)

+ N ] (PIa(s)— (=) 0 () -3} )de]ds < {1+
’ + N (b—a) ] (b—a) /8] | v,

and similarly, we have

(9 T =Ty (14X (b— a)][ (p—a) /2] Y=y

From (8) and (9) it follows that

1Tx= Tyl s max{{14- N (h—a) ] (LI (h—a)*/8]4-31 (5—a)f2),
TN —a)][P[(b—a)*(8]4-Q(b—a)/2]} v — v,

Now in view of assumption (7), we apply the Banach contraction mapping,
principle to conclude that 7 has a unique fixed point in §. The fixed point
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Theorem 3. Assume that the hypothes (H)) and ({1,) hold. Then there
exisls a solution x(t) of BVP {10} — (1) such that «(f) < x(t) < B(E), which may
be computed by the miethod of successive approximations,

Proof. The proof is similar to that of Theorem 8 in [5] but for the sake
of completeness we shall outline the main steps It is easy to observe that
the Grren’s function G, s) Is'nonpositive on 1< 1. Define the operator T by

Tty =) + f G(t,s)f(s, x(s), j ks, =, x(x))d=)ds.

If x(t) <=(1), then we obtain Ty(t) < T=() by hypothesis (H,). Furthermore,
since

TRY(=f(1, ,G(z’),ajr' k(t, s, B(s)ds),

and since TB(f) satisfics (11), the function TB(1)—B(/) is a convex function
which satisfics (16) with A= B=0. From this we conclude that T'8(¢) <8(s).
Similarly we show that a{f) < Ta(f). Further we have Taft) < TB(¢) since T
1S Monotonc operator. We now define two sequences {x,} and {z,} by setting
Ya=Tx, 4, 7,= 7=, ,, wilh Yo=2 and =,=8 It is then easy to see that
tEas L=<, 5 L <z, <8,

Thus the sequences {v,} and {zu} are both bounded and mongtone, and it
1S easy to verify the cxistence of the limits

7 im ()= () < z{f)=lim z,(?),

s o

and further that 7 ()= o), Tz(t)==z(¢). This completes the proof of the
theorem.

Remark 3. In the case when x(f)=x(t), then there exists exactly one
solution whose graph sfays between the graphs of « and B. We also note
that existence and hounds on the solutions of BVP (3)—(4) by reducing
it to fwo systems of more general forms of first order integrodifferential
equations is estublished by the present author in [4] by using monotone
method under slightly different conditions on the functions involved the-
rein (sce, also [3)).
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