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RELATIONS BETWEEN BINARY AND TERNARY OPERATIONS
IN A SET

BY
ION CREANGA

In previous notes (2], [3], I have shown how ternary operations in
a sct M can be generated by mcans of binary operations. If B is a binary
operation on M, B: M XM~ 3, and = is a ternary operation on M, 7: M x
« MxM—M, T have denoted for any x, v,z€M by:

(n Bl(x, m]=(x, ¥)a.
(2) (%, v, 2)=(x, 3, 2): -

If By, B: are two binary opcrations on the set A, we define on M ternary
operations t);, =5 with 4, j€ {1, 2} as follows :

(3) (v, 3, 2)y, =((x ¥)a,. 2
(1) (%, 3 )z =(x, (3, 2)ade;

for any x, v, =1/, The ternary operations <, <j; are thus defined by means
of a unique binary operation 8, . <;—==<%, if and only if 8, is an associative
ternary operation.

In general, ternary operations &, 1, , A <{l, 2} are distinct. If t};=1}%
we sav thal the binary operation B, 1s associated with the binary operation 8;.
The relation of association between binary operations is not symmetric.
If 3 is associated with 3, and B; with B, we say that #; and B; are mutually
associated.

If <%=<% we say that the binary operation 8; is permutable with
the binary operation 8, in the ternary operation <¥%. In general one of the
casses does not imply other one. If for any x, y,z€M

(3) ((x, Ma,. 2)a, ==, 2)s,. (3, D)a,)s,
we say that 8, is left distributive with respect to B;and if :
(6) (2, (3, s, )o; = ((x. 3)a,. (%, 2)8, )8,

we say that §isright distributive with respect to B,. If B;is left (right) distri-
butive with respect to B; it does not follow that generally B, is left (right)
distributive with respect to 8,. If this condition is verified, we say that the
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operations 8; and 8, arc mutually left (right) distributive. If the set M has
i elements, then n#7° binary operations and ##' {ernary operations can be
defined on 3. The number of the ternary operations of <&-tyvpe is 2 n# at
most. So, for #23, there are ternary operations which are not of =f-type.

In [2] the following theorem has been proved :

Theorem 1. Let M be a set endowed with two distinct binary operations
B, and B. which verify the condilions :

i) 8, and B, are associative and wulually associaled ;

it) By and B, are permulable in the lernary opcrations <y and <,

Then the operations %, satisfv the ternary associativity condition :

(7) (x, ¥, z)..?j, i, v)._?j—(t, (v, =, u)f;‘_,-j, v)T?j ={x, v, {z, u, '”)’f-‘j)‘-:‘,-'

In this note we shall consider some methods to define binary opera-
tions starting from a certain ternary operation on the set M. Let the opera-
tion 7 be given on the set M and let e €. We can define on M the binary
operation « by :

(8} (¥, ¥Va=(a, ¥, 3):,
The operation « is associative if
(9) (@, (@, %, ¥)e Ne=(a, 5. (@, ¥, 2))s,
and has a identity clement if :
(10) (e M so that (V)x €M, (a, 6 v).=(a, x, €).=1,

Theorem 2. If t is a ternary operation on M, a €M and if © verifies
conditions (g), (10) and:

(11) (VixsM,(x' €M so that (a, 3', x)=c¢,

then the binary operation  defined on A by (8) endows M with a group
structure. 1f in addition :

(12) (Vyr, vl (a, x, vi.={a, v, 1),

then the resulling gronp is commnlalive.

Remark. If ©1s a ternary and associative operation on M and if zisa
group, then if ¢ is the identity clement for =, (x, v, 2).=((a, ¢, ¥)., ¥, 7)<
={a, (¢, ¥, ¥}, )., and so: {¥, 2).=((¢, a, V)., ).

It results that v=(c. a, v}., (V)y €M which shows that the couple
(¢, @) is 4 unitary couple in the left ternary operation.

Given the ternary operation = we can form two binary operation of
the previous tvpe :

(13) (v, V)a=(a, x,3). and (x, ¥),=21, 1 0.,
where a, c= M are fixed.

A new ternarv operation < on 3 can be obtained by :

(14) (x, 3. 2e=((v, Mo, 2)y={(a, %, 3)x, 7, €)e--
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If M is a group with respect to «, it is a semigroup with respect to y
and if - is distributive with respect to « then t determines a ring structure

on M.
Theorem 3. 7f M is endowed with two binarv operations By, B, with the

properties
i) B{t==1,2) have left identity clements.
i) B8y, Ba are wudnally left distributive, then cvery element of M is tdem-
potent with respect fo By (1=1, 2). -
Proof : Let us denote by ¢; the left identity element for the By (i==1, 20
So (ci, A)a,=x, (V)x <=4 (i==1,2) and:
(]5) ((81 s [31)3,, 62)31_:((01 d 62)3[ » (Cl' 82)3:)3:_(62! 8z)p'=eg-
Then :
xz(':72 4 .‘V)g!:(((fl ' Cl)ﬁ-v ':,'3)31' '1’.)3:=(((€1’ 61)31’ x)g“ (63' x)ﬁx)m:

. =(((':11' Cl)a:’ x)ﬂ: "".)3: :
For x=¢, it results :

ee={((e1, e1)a., co)as. g, =(({e1, &)a,, e2}p,. (2. €2)5,)B,=
({01, c)ay, (Cn eads e, (co coda)a,=((cs ea)a,. (eo, ea)a)p,=(e2, €2)3,-
S0 (¢4 €2)g,=¢2. Then :
x=(cs, ¥)g,={{c2, e:)a,, ¥, =((ez. ¥)g,, (e2, %)a)s,=(%, %)s,-

It follows that every clement of M is idempotent with respect to the
operation B,. In the same manner we can prove that @ x=(x, x}a,.

Remarks. i) If in the previous theorem the left sense is replaced with
the right scnsc we also see that the elements of 3 are idempotent with respect
o B, i=1, 2.

ﬁii) [RBili=1,2) arc Boole algebras they satisfy the conditions from
theorem 3. )

iti) Let be M= {0, 1} and the binary operations

sl 0 1 B 0 1 Bsf O 1
{16} 0| 0 0 0! 0 1 0! 0 1
e 101 111

The set M, structured with the binary operations By, 8. or B, B,, satisfies
conditions from theorem 3 and is not a Boole algebra.

iv) Let By, B be two hinary operations on the set M which verifies
conditions from thecorem 3 and let the ternary operations <%, ¢, j, k< {1, 2}
be defined by 8,, 8, (after (8) and (4)). Then:

(17)  (x ¥ 2)a,=((x, g, (0, Dede, s (3,3, 2) =% 2)s.. (3, Z)a.)e,

(18) (¥ 3. g =((x, Vg, (. 2as, s (%, ¥ Dzz ={(x, ¥)s,, (%, 2)p.)e.
(19) {v, x, _1')._1,2=(.1', Via, (v 3, -_v)._él;(x, Ma.

(20) (v, 30 v)e =(x, V)a,, (2,2, V) =(%, s,

\21) (% 3 Y)et, = (%0 30 ey, -
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So a ) ¢, and ¢ are left identity clements for the ternary operation =,
(ei, x, -"):% =x; (V)xEM. | .

b) The couple (¢4, e2) is a left unitary couple {or the operation Tig i ie.,
{e1, e, x),lz-' x, (V)xsM.

2 - -

¢) =%y is a ternary idempotent operation i.c., (x, v, X)q =x, (V)x €l

d) ¢, is a left biunity {for =iy, 80 : {¢s, €2, X)e1 =1, (V)xe.

¢) e, is a middle unity for =3, so: (x, ¢y, ¥)o3 =x, (V)y =M.

For the ternary product <l

a) ¢,, ¢. are left identity elements

b} (s, ¢;} is a unitary couple (right):

c) 73, is idempotent ternary operation ;

d) ¢, is a left biunity

¢) ¢, is a middle unitv. o .

If in the ternary product +l,, we have left distributivity denoting by
f1, respectively f;, the right identity clements in the binary operations 3,
respectively 8., we have: .

a) fu, f2"are right unities (v, ¥, fi)e2, =7, (VixeM, (i=1,12);

b) (f., fi) is a unitary couple for =3 (to the right) : (%, fa, fi) =1

¢) 7% is ternarv idempotent operation: (x, X, _r)._zmm ¥, (Y)xe M ;

d) f; is right biunity in —.1’2:2(1:,]'2,]'2):51?1';

e) fi is middle unity m Ty (x, f2, ¥} 12=2x.

For <}, we get;

a) f,, [. arc right umties in .151;

b) (fr, f2) is unitary couple in 3 ;

¢} <%, is ternary idempotent operation;

d) f, is right biunity in <3

¢) f; is middle unity 1n <5 - . -

In (13) I have defined two binary operations z, < obtlained from the
ternary operation < ; we consider the ternary operation < related to < by @

(a, ¥, V)o=(x, ¥)x. (¥, ¥, O)o={x, Wy, (vr o =% Ma 2y
(a,c&)so:(x, ¥, 2} ={{a, Vi, 2 0.
5., il results that <" is an operation of <j,-

(147

If we denote o= 3, and v~
type : (%, 3a, Da.= ({1, M, D)= {¥, ¥ D

Conditions in order that =, - be mutually left distributive are expressed
by @ ({x, V)2, D)y ={{x, 2)y. (1, %)) a that is:

(22) ({a, x, )z, 7, o=la, {x. 2. ), (¥ %, )},
and ((x, ¥)y, Da={{%. 2)a, (3 2)a)y that is
{23) (a, (x, v, €)2, DNe=lla, x, 2}, (@, ¥, 2)s, c)-

Conditions that the binary operations «, - have left identity elements
are expressed by :
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(24) (VixelM, (e, =M so that (a, ey, ¥)o=22a
and
(23) (e €M g0 that (¢, X, €)= x.
I1 (22), (23), (24), (25) are [ulfilled we get
(26) (X a)4=={q, ¥, x).=uv, {v, O)y=(x, x, c).=21,

according to theorem 3 ; this shows that < has an clement @ as left ternary
unity and ¢ as right ternary unity clement,

Theorem 4. /f (22} —(25) are satisficd and in addilion both o @l v are
commntafive L. :

(27) fa, x, Vi=(a, v, v)., [x, v, c)o=(¥v, x, ).,
aitd alse associative i.e. ]
(28) (”' (:’l, Y, .‘!): ) .."):=(ﬂ’, X, ((I. 2y, 5)1)1-

(( v {-):- < (‘-)7 =(-‘.' (."J % C)rn )

and, theve cxtsts a byjection i MM defined by {{x)=%{x, Te M} so that
{29) (a, ¥, ¥).=¢, and {1, ¥, ¢).=c,,

the set M becomes a Boole algebri with respect to the operalions x, +.
Remark 1. Given the ternary operation < in M, the ternary operations :
{a, x, ¥)., (v, b, ¥), {v,v,c). can be considered pair-operations, where a, b, ¢ are
parameters that cover mdependently the set M, but are fixed for cvery
binary operation.
Example: Let a and a'= M be fixed ; we consider

(30} (o, x, 3)e=(x, ¥)a; fa', X, MYe=(x, ¥)ar;
and
(30 (v, y, :)__;2=.((,r, Ma Za=(a", {a, x, ¥}, 2)..

Conditions that « and «’ be mutually distributive are, in this case:

{32) (@', (@, %, M)s, Zhes={a, (¢, X, 2)., (@', 3, 2)0)n
(”n (‘TJJ R :‘I)-. * :,‘:j_'___(al" (H’ X, 3—)-, » (ﬂ', }IJ :"‘)’.)E N
Conditions for the existence of the identity elements for the binary
operations e and «” arc : (a, ¢, ¥)=x and (a’, ¢a, X)=x (¥)x € M. Conditions
(26) become : {a, x, ). =x, (&, x, N.=ux
[hen the conditions of commutativity, associativity and the existence
of the complementary clement are,

(33) (¢, x, v).=(a, v, X} ; (@, v, ¥}.=(a’, v, ¥).
(34) (a, (a, 5, M), =) —(a, x, {a, v, )a)e s {a, (e, 0, 0)s, 2)e=(a’, ¥, {¢", ¥,2):)rs
(35) (e, x, D)o=p,, (¢, x, ¥).=0,,

for any corresponding pair x, ¥, =.{.
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Remark 2. 1 is known that in every distributive lattice £ with elements
0,150 that (¥Y)x =L we have 0y x=x and | A x=x, a ternary operation can
be defined by

(36) (6, v, 2D)e={x AX VYAV (zA X)

Puting 1+=0 and replacing (r. ) by (v, ¥}, and puting y=1 and re-
placing {v, 2) with (x, ¥) we get:
(37) (0, x, ¥).==vAr: (hox V)=xV

Conversely, in a termary structure M, with = commutative operation
with clements (0, 1) forming a unitary couple for the ternary product and with
the property that every element of M 1s a biunity for = and in which the
ternary product satisfics the termary associativity :

(38) ((3,', -,\J', 2')7, i, U)T=:.::-\'. I, 7)71 ‘\': (:’ H U},]._,

by fixing in turn two of the clements of the ternary product (x,
clements 0 and 1 (for instance) :

(39) (5,0, ¥)e=x A x5 (¥, 3=V,

the ternary structure of M becomes a distributive lattice with clements
0,1. [I], [4], [5].

A ternary operation = on a set M can generate binary operations 3
by various methods.

The method of fixing an clement in cach tern of < has already been used.

Another method is the equalization of two of the three factors in cach
triple of =. So threc Linary operations are obtained :

(40) (—\-', A, y)‘t_('\" 4\‘)31 ; (-’-'; .Tx _\l]T o ('\:’ .“I}J: ; 'l:.".', _‘I: -\}r - ( v, }')5.

By pairs of the binary operations 8,( = 1, 2, 3) we can get six ternary
operations, generally different one from another and different from the
initial ternary opcration < :

v, 2}, with

-

(v, 3, 3)agy = (5, 35, o= (5, 3, 2, 7,2

(5, %, egy = (% s g = (3 3, Ve (53 )2, 2)s,

(v, 3 e = ({3, X3, e = (3, 3 V)L 5 (8 2 3))e
(41) =

(x, v, DY = ({v, Vg, Da.=((x, ¥, ¥)-. 2, 91,

(x ((x, ¥) ((x,

(5 3, et = (5, Ve, = (5

and six more of <¥-ivpe.

Remark 1. 1f the ternary operation 7 on the set M is ternary two-sided
associative, then =i, from (41) written as joint operation by 8y, g, defined
in (40) is cqual to <3, (the operations B, and 8, arc associated in this order).

Indeed, by definition, = is two-sided associative when :

-3
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((x, v, o) v, whe—(x, v, (2 0 e))e (V)x, vz, u, v E M,
Considering v v, w—v and replacing ¢ by v and # by 2, we get :
(v, ¥, vz o=, v, (5, 2))e, (W), v, 2 €M,
which tneans :
{(x. ¥)s San= (. (¥, 2)a)s,-
Remark 2. Tf < s left associative, i. . ;
1 ((x, v, o), )= (x, (v, 2, )., ©).,
considering v=z, x=u=0 we¢ get :
/ (% M3 D= (3 Dada.-
Also, if < satisfies the ternary associativity :

I; (v, (3,2 )., v)o=(x, ¥, (2, o, 9):)e,
.E then we get
(%, (% Ssde =2, (3 Ds)s.
Remark 3. According to what has been analysed in the previous para-
; graphs we conclude that :

Considering the ternary operation 7 on the set 3 from which the binary
operations (v, ¥, v).=(x, V)g, and (v, ¥, v).={x, ¥}, are dctached the condi-
tions that have to be imposed to 7 in order that M has a Boole algebra

! structure with respect to the binarv operations 8, and 3,, are:
; (I) (Y)y<eM,(3)e, c.€M such that (e, ¢y, X)o=2x, {c2, ¥, X)s=21,

(D) ()5, v, 20, (5,6 Ve, 2 D= (55 Das (55 2)es (307, Dodas
(V)% iz €A, (4, ¥, Vs, (5, ¥, Ve, 2)em
={{x, ¥, 2)z, (v, ¥, 2}, (¥, 7, D))
(INY (V)x, veM, (v, 5 v = (v, v 1) (v, v)e=(y, x, x),,
(V) (M)x, v, zeM, ((x, x, ¥),, (¥, 5 v), 2)=(x, 1, (v, v, 2},
VI) (Vs p 23 ({3, ¥ m2)e= (3, (00 9 2 (90 3 2))ss
(VII) (MyyeM, (v, v, vo)o=6; (3, 04 ¢1)r=¢,,
(VIII) (V)x =AM, (v, x, D), =cs, (1, F, F)=¢,.

Also, in order that the operations 8, and 85, defined in (40), give a Boole
algebra structure to M, it is required :

(F) (Y)xeM, (Fey, ex =M, (g, €y, X)e==1x, (€3, X, €5)p= X
(11) (V)x, v,z ({5, 8, v, 5, (v, 1, V)=

(111)

I

=(("": 2, :\-)'- , (""' < '1“')-.: (_)', o J’):)r-
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(V)x, v,z M, ((x, v, X}, (¥, X, ¥, 3o

=((A‘, X, .’.’).‘, {v,. )., (-T: X, Z),),,

(ITT")

(IVY) (V)x, veM, (x5 vie=(v 2 ¥ (60 v =y x, v

(VY (V)x, v,z €M, (v, v v (6 vk 2=y v, (0 v 2h)e
(VIY (W, v, zeM, (v, x, e, 5 (6 3 Xh)=(x, (v 2, AU Y
(VII') (V)x €M, (1. x, e5)s=0¢5 (%, 01, €1)z=104,

(VIIF) (V)xeM, (3F=M, (v, 1, Fh=ep (¥, &, ¥)=er.

Conditions that the operations 3., 3, lead to a Boole algebra in M are

obtained in the same way. ) ) )
Remark 4. Considering the ternary operation = which fulfils the asso-

ciativity condition :

(V)x, v, 2, u, e €M, ((x, 3,2}, 00 vl ={(x, 2, ¥)., ¥, #).,

P
for y==, «—vand by applving again the associativity law we get

() 30 ¥)er 1, )= (2, 16, 10)2, ¥, ¥,
or
((x, A)a,, tha,=lv, )a, Vg, (), v, ne ),
If 3, has a left identity clement ¢, then B, is a binary commutative
operation, for, considering x=v., we get:

(V)x, we M, (¥, 1)a,=(1, ¥).-

Provided that 8; too admits a trivial left clement ¢, so that: (e, x)3,=
= (ey, €3, ¥).=x, (¥)x =M and moreover

(5, % )20 2 B=(( 2 2)e (3,2, 2, (32,0 )
(5 3 Mer (520 0 D= (05 320 (07, s (3, 3, 2))

U

then :
(%, X)a,= (¥, %, Vo= =(x, ¥)s,
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A NOTLE ON ADMISSIBLE NULIL CONTROLLABILITY AND OXN
VARIATIONAL PERTURBATIONS OF THE MINIMUM TIME
PROBLIIM
BY
OVIDIU CAR)A

1. Introduction, We consider in this paper the abstract control
system

(1.1) x'(fy —Ax(l}4 Bu(l}, (20,

where the state x(f), /20, takes values in a reflexive Banach space X and
the control #(f}, 120, is in another reflexive Banach space U7 Assume
the operator A generates a strongly continuous semigroup S(4) on .Y for
t2 0, and B is a4 bounded lincar operator from I/ into X,

For x{0) =x, =X and at = Dok (Rt ), the solution of the cquation
(1.1) is understood in the mild sense, that is,

() =S{) x4 SS(t—s) Bu(s) s,

where the integral isin the sense of Bochner,
We take the set of admissible controls as

(1.2) Uy=melo. (R U); [|u(t) €l ael

In [10], the author gives a sufficient condition of admissible null
controllability for (1.1}. More preciscly, it is proved there that if S(¢) is a
contraction semigroup and if the system (1.1} is null controllable on [0, T
for some 7 =0, then it is admissible null controllable in finite time. Here
we prove the above result with a weaker condition on S(f) (Corollary ).
The approach is different and allows to obtain additional informations about
the transferable sets (Theorem 2). Unfortunately, we are forced to impose
the reflexivity to the spaces X and 7 while in [10] they are general Banach
spaces. This is done in Section 2.

In Section 3 we are concerned with variational perturbations of the
problem of rcaching the origin from an initial point in minimum time.
This problem, which is very important {from the numerical point of view
has been considered, by a number of authors (see, for example, 767, [11]
when dim X is finite). In the infinite dimensional case, Sasai and



