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(4.27) ViZeD(D®{Z)), VYXNeT(DODL). Ze (D).

By wusing the remark 3.6 in the lemma 3.3, we get cither D @ Dl= {0}, or
D={0}. Thus the proof is complete.
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SOME THEOREMS ON SI{\II-T.\'\';\I{I.Af\_J'I' SUBMANTFOLDS
o OF A SASAKTIAN MANIFOLD
BY
NECULAT PAPAGHINUC

7y - dimengional  Sasakian manifold  with t_‘l'}e
+mis o tensor field of type (1, 1) on M,
is the Ricmannian metric on M, these

let M be a (2n
Sasakian structure (o, Z, v, 2). wher
z is 4 vector ficld, 7 1s a F-form and g

tensor [ields being velated by

(1 o N= =X 475X} L1 93=0; #(pX}=0; w(3)=1L
(2) alaX, 2V ) =g\, V) =[N} (Y) and

Fre

(3) (Vag) V=g{X, Y) E—n(Y) X

| . ! ¥, s the Riemannian
| f vector ficlds N Y tangent to M, where W denotes the Riemant
Oor anmv Ve il oI . - i
connec tion on M. From (3) we also have :
{4) Wl 5N for any veelor Tield X tangent to M.
WA . el k ‘ - 3 " L .
fot M be an medimensional Riemannian manifold 15(:1[111.1110111} 1n:: i[
AT 1 3 . I
¥ dructure vector field 2 of s tangen M,

i P : st {hat the structure vector 3 -6 RN N \
i'{rd “11 .1(!){:1111.i\:~.t_111_){);).s:nd T ME the tangent bundle to M and respectiv Ll'}'utjl:

»oaen e RY s ) 5 1 e,

(rmil hundL_- {o 1. Then, the submanifold M' of A ;f, t‘}'lllﬁti(;n\;nzb e
?fant‘suhnmnz[‘r.-ld il it is endowed with a pair of distril & .

P + conditions : o . s
S'(lt)ls? 11];5 Il)h‘&, :’)l(®"} where {2} denotes the (11;331;'1&;;)11 fsgayzlléhdxglf
1 M= = 454y e L at is7 o kD;) = . fo M.
(i) the distribution 1) is invariant l))_c?, that is 1t 2= ;]I).L) e
i) the distribution Dl s anti-invariant by g, that is, o(f); bt

] i = re - )l
k" -\I:E;.;}fr'r]‘ From the definition, it follows that the distributions 1), {
({8 1. ! 5

id {3} are mutually orthogonal to cach Othm"- akian manifold have been

“The semi-invariant submanifolds of a 5115‘: t]d ])YL:‘:{'Ilt author in[2),

' 1 a jancu and the . autl J
troduced and studied by AL Beja \ : = hlerEnie
1 [G]QL'l'lu-\' are corresponding 1o € R-submanifolds Ulf' ll\(ﬁh-]g”{;\' A
I&S il;tl'()(]l-l(‘(,‘(l bv A B (,‘j ancu in [l] 'dlld- ) bllll‘-l l?‘ilh“ihi' Iﬂ'd..\'imﬂ.l
thors. In this note, we obtam some results concerned w imal anti-inva-
Variant subspaces D, of 7. and respectively with the nm.]\\- i R
& h v K - ! i ; 5 = '_l saklian m i

ntsubspaces D of 7,1/, where I isa submanifold of a Sasaki
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and to obtain some  characterizations in order that a subimanifold 3 of A7
be a semi-invariant submanifold in the particular case when 37 is a ~asakian
space form of constant g-sectional  curvature .\7(6). The corresponding
results for a € R-submanifold of a Kachler manifold have been obtained by
Dok Blair and B. Y. Chen in [4] and Ch e n-Jung Hsu in[5].

In the sequel, il M is o submanilold of a Sasakian manifold 7 such
that the structure vector field 2 of M is tangent to M, we denote by /H the
orthogonal complementary distribution of {2} i M, ie. we have T, M
=M, @7, for vach x =1/,

Proposition 1. Lot M be a submanifold tangent to Zof a Sasakian mani~
fold 3 and D, the maximal invariant subspace of 11, Suppose dim D, — con-
stant. Then the dnvariant distribution D 1s never indegrably.

Proof. By using {2} and (3) we oblain
(5) &[N Y], 9)=g(VaY —Tr\, D) =g(N,Tr L) —g(V, ¥x H=2¢(eX, 1)

for any X. Y &ID), where I'(S) denotes the module of all differentiable |
scctions of a vector bundle § on M, Then, if we take a unit vector field |
Xel(D) and Y=o0X, from (35) we get ([N, Y], 8)=2, Le. the invariant

distribution £ is never integrable.

Theorem 1. Let M be a submanifold tanpent to & isometricallv immersed
ta - Sasakian manifold M and D, the maximal invariant subspace of H,.

Suppose dim D, = constant. Then the distribution ICHARE integrable if and

only if the second fundamental Sorm foof M satisfics AN, oY)=h{sX, )") Jor

anyv X, Ye(D).

Proof. Let X, Y &€T(D). Then, by using (3) and the Gauss and Wein-

garten formulas, we obtam
(6) X, oY) =fh(X, Y) +007 4 Y
where fA(N, ¥') denotes the normal component of 2 (X, Y), U (resp. VL)

denotes the Riemannian connection on M (resp. the linear connection induced
by %7 on TUL) and 07 xY denotes the component of 7Y from the orthogonal
complementary distribution of D@ {£}in M. Since kisa symmelrical morphism
(2N, 3)=20(LX, Y]).

of vector bundles, from (6) it follows that X, 2Y)
In this way, we get that [, Viel(De{L)) if and only if 9Q([X, Y])=0,

Le. B, oY) = A(3.X, Y). On the other hand, by using (2), (3), (4) and the =
[N, 2]=(D@{ZY) for cach _

Gauss amd  Weingarten formulas, we obtain
veetor field X (D). Thus, the proof of Theorem 1 is complete.
Theorem 2. 1. M be a submanifold fangent fo 3 of a Sasakian space

Jorm NHe) with e 1. Then M is « semi-invariant submanifold if and only if
the maximal {nvariant subspaces D, —H . no(H,), y= M define a nontrivial ]
differentiable distribution D on M such that

(7) R(D, D; DL, Diy—o,

where DL denotes the orthogonal complementary distribution to D@®{E} in M
and R denotes the curvature tensor of the Sasakian space form M{c)

-1
o

SEMIINVARIANT SUBMANIFOLDS

i

Proof. Tt is well known that the curvature tensor of a Sasakian space
form  J{e) is given by

gl il vl (=
RY, ¥y 2= == {21, 2) X —g(N, 2y ¥k

{{N) n(£} ¥+

() (v m(2) X HelX, Z) o(V) E—glY, 2) w(N) Sl 9Y) 9N —
—g(Z, 2 X)2Y +22(N, 2V} 24} I
for any vector ficlds X', Y, Z tangent o M {(e). Then, if M isa sun-u m?\ {I]F;I‘It
Ulnlna-nifold of J(¢), by dircct computation, from (8) we ob.tnm‘.l\& Y
571‘ 1y = g(R(N,Y)Z, W) =0 for any X, Yer(D) and Z Wel(DL), te.

holds. . ‘ - g e,
™ Conversely, supposce the maximal mvarnant suhsp:\us] -D':['}Of‘ H_i_i()l(,:::::i
pontrivial differentiable distribution such that (7) holds. Then
a

- - s o o N X) o(ewZ, Wy=0for all X €T(D)

iply R(Y, pX; Z, W)= —[(c—1)f2] &N, X) glps, TV)=010r ! i

(?dm}])ll}lf ;(1‘(]§L) from which because c#1, we get g(pZ, W) =0 for any
and 7, g

7 el(DL), ic, we have

o) | 4
i i iant distributi ; 2) we have g(d, 92)=

imee 1) is an invariant d1stuhut101’1, h: using { e

-S-fnrtvz":.\' 7i)=0 for any N (D) and Ze (D), i.e. we get

(10) oL LD,

[t ..,(- ? ,’ - ( < 3 t ()f (9) a“.(l (10) we

i mn 111 & 1. 0 {OI dany l’ = I I)J') (]"(1 la]-\lllg accoun

Obt(l”\l ?J)‘L: l -“‘L 15 })'L 15 an :llltl-lll\ dlldllt (llitllt)uthll. [h.us ‘ll 15 a
’ 0

-invari 3 anifold. '
semi-invariant submani ’ “ o s
Theorem 3. Let M be a submanifold tangent {o £ of a Sasakian manif

. c o hbose dim DL =
1 { B t subspace of H,. Suppose dim Dz
d DL the maximal auli-invarian ) 1ppos ’
gtiz;':;{:izl 'T"hm the amti-invariant distribuiion DL 1s always integrable

Iroof. By using (2}, (3) and the Gauss and Weingarten formulas “D.LL) get
(1) — A, W V¥ 9Z=0(VZ +h(Z, W) +e(Z, W) & forany Z, W< TD™.

o DL LDy

Then (11) implies ' _ ey
eV — 4 u2) HToV o) =312 W), 1to M
ince A,z IV—AgwZ is tangential to A and '.__-'ré"._')”:—":!yfpl 1sroxfma ;o .1 ',
TOm (IE) it follows that [Z, W]e (DY) for any Z, WD ) if and only
we have . _

3) ) A g We=_pZ for any Z, Wel (DY) and

o[£, V], 2} =0 for any Z, W eT (D).

n the other hand, by using (2), (3}, (4) an'cl F}alnss:s ;m‘c?l -."7“ (I;ngarzt)cnf
rmulas  we  obtain - g(dA W, X) =g_§lr(’|l, X)), JZ) --I?;( _\; A, q)} %
g5 1V, Z) — —g(wapWV . ) =21V, VaZ) =g(h(N, 2}, s¥) =g(Aon Z, ;
rany Z,1V =T(DL) and XN <=T(TM), ic,

|
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(13) Tolds. Finally, by using {4)

:uni(;im;;n'i:mt distribution, we  have (L7, 117, %) v
=2V wE) =2, T ,5) =g(11, 0 B e 4 A=
RN ) 0NV a8 =l o) (2, 1) =0, for amy 7 H'”el"(iii)

(I3) and
Theorem 4. L(
form i (c)
the
diff.
(15)
where D denoles the
and w denotes the
oDt in T
] Proof. Suppose M he
nousing the definition
iy ‘\',}.',ZGI"(]))I on and

~;Hl) hold and the prool of Theor
Ly 0( ’.l be a submanifold tangent to :
‘,- ~ s O - . ¥
= #. . Ifu‘ o MAs a semi-Dvariant submg
m:.\_.mu anli-rneariant subs paces e pr
reitiable distribution DL o M such f!m; :

RN, =), -0
qn‘lzggmml complenteniary
distribution for which v,

re fine ]
Ve, define a nontrivial

distribution (o DAl in M

a semi-invariant sulbimanifold of 7
o \‘EIEZ), {?-()m {8) we ot K'(,\- =Y - \
Conversely, il the |;my (:])' Ve (13) is satisfied. i
nontrivial (liff(_:!';.,'nti’ll)lt .!: Iribution Do e, pspaces Dy
| B . paces fpcff
using (2) and (8) we ol)l:iin Phation B such :
(16) RN, 2N N, X)= WX, V) ofo, \)
Nel(D)y and
Because €520, from (16) it follows
(17) |
;\.lso,' by using (2)
distribution, we obtain

(18) 211

Since by hypothesis we have 2 | i

(() Then,
,Z) =0 for

- define
that (15) holds, i

0 for any
N e ().

=T PETIN

ll[](] ts ! L P € - s
I 2’ Imlo ag 1 l l .) 1 1
ll\ ) 1'. count h 1 ! L I ”11 Ill\all'tllt

and VAR N

25, by means of (1) and (

- g ) o .
(19) «DL{Zl Then {17), (18) and (19) o b

imply o)< 11 and of)= 1)

L. ]) 1 by by I
0 i 1Hvaria 11
t (1 i)l]l 1 an H ] ad ClIE-11Yy Lral t ]
S odl AW H H 11 1 (l l 15 SCIE- 110 st ymany ()ld
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P-TRANSFORMATIONS OF FINSLER SPACEs. 11
FINSLER SPACES WHOSE ISOMETRIES ARE ALL AFFINE
BY
MAROTO MATSUMOTO

Dedivated 1o Bomanian Finslensh whor [ metl at the Jbunanian —
Jupawe=e Colloguive vn Vinsler Geowelty

{heory of transformations has made remarka

g ln Finsler geometry the
) s inthe 19307 by Ho Hiramatuy, G. Soos and K. Takano

ble progre
mainkv. They
whicli is given by natural ¢
manilolid to its tangent bundle.
and in particular, the paper [9].

generalized to a transforms
{o Finsler geometry. In the

nded point transformation,

stension of a transformation of the underlving
In the author's carly works [3, 6, 7]

the concept of extended point transforma-
dion, called a Votransformation, more
anthor's monograph [10] a fundamen-
Itransformations was systematically described and several
were shown. Thus Chapier VI of the monograph may be

of Finsler spaces 1T, but the monograph is not

considered only the so-called exte

tion wus
suitably
tal theory of
interesting results
titled 1 -transformations
published  vet.
The main purpose of the pre
6.2, concerned with isometric I'-rotations b
graph. As the contents ol the monegraph are
the iheory of I-transformations in the first three
paper ; the fourth section is devoted to certain generalization of the well-
known theorems concerned with extended point transformations. Our main
esults, in particular, Theorem 3.1, sive a geometrical characterization  of
2 special class ol Finsler spaces and confirm great importance of the con-
pt of I"votation in Finsler geometry.
~ §{ 1. V-transformations. We  consider:
(F, =, I, G{n)) of an s-dimensional  differentiable m
incipal bundle 7' LMY, induced from the lincar frame
(L,=,, M, G{m))over M by the projection wq : I'— A of the tange
ye [ is a pair of ¥ & T and

sent paper is 1o show Theorems 5, IFand
ased on the theory in the mono-
not wiell-known, we shaldl sketch
sections of the present

the Finsler bundle (M}
anifold M. If is the
bundle (M)

nt bundle

MY—= (T, =y, M, 1) over 3. A point u=(y, =
L'satisfving =,{v)==.(z). The projection 7, : Fs T is defined as =,( ¥, ) =¥
] v, 2) =+ is called the induced

= L ogiven by wf
L by geGn) and write B(%)=

is induced by 3,0 v, 7) =¥ z,¥).
“¥in a Finsler
our conside-

o -

another mapping w. ! .
pping. Lot 3, be the right translation of

220 for - = /.. Then the right translation 3, 0f I°
1f we take account of the homogenceity with respect Lo v
dace ['n-- (M I(x, v)) with a fundamental function Liv, v),

tion will he resiricted Lo nonzero veetor v of T(M).onlv,



