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FINSLER SPACES WHOSE [SOMETRIES ARE ALL AFFINE
BY
AMAROTO MATSUMOTO

Jin=lensh whom I met at the Jtomaniat —

Pediated ta Romaniat
Laguun on Finsier Geotnelry

Jupanese G

In Finsler geomelry the theory of {ransformations has made remarka-
950's by H. Hiramatu, G. Soos and K. Takano
A4 only the so-called extended point transformation,
sral extension of a ransformation of the underiving
bundic. In the author’s carly works [5, 6, 7]
97, the coneept of extended point {ransforma-
ansformation, called a I’-transformation, more
author's monograph
matically described
V[ of the monograph ma
but the monograph is not

ble progress inthe 1
Uhev consider
given by nafi
to its tangent
particular, the paper
lized to a tr
geometry. In the
mations was svsic
shown. Thus Chapter
Finster spaces 117,

mainky.
which 1%
maniiold
and, 1
tion wis generd
suitablv to Finsler
tal theory of I -transfor
interesting results were
titled 1 transformations of
publislu-ul vel.
The main purpose of the

6.2, concerned with isometric.
graph. As the contents ol the
he theory ol I-transformations
paper ; the {fourth section is devoled
nown leorems concerned with extended point 7
results, in particular, Theorem 3.1, give a seometrical
special class ol Finster spaces and confirm greal importanct
opt of |-rotation in Finsler geometry.
s 1 V-transformations. We consider t
\(F, =, T.G(n)) of an n-dimensional differentiable m
ncipal bundle 'L (M), induced from the linear {rame
L, =, M, G(m)yover M by the projection =y 1'— M of the
{)— (1, =, M, 1'%) over il. A point u=(¥, 2] I isa pairof ¥ €
L satis{ving = () =7=1(5): The projection 71 ¢ P T is defined as =y, ) =Y
Lanother mapping =2 [7 — I. given by ma{¥, 5) =7 is called the induced
pping. 1.et 8, be the right translation of L by cein) and write B2} =
for ~ = L. Then the right translation B, of IF 15 inducerd by B4V, 7)=(¥, z, ).

1f we take account of the homogenuity with respeet to v=x¥ma Finsler
B¢ Fr— (M, [(x, v)) with a fundamental function L{x.v), out conside-
0 will he restricted Lo nanzero vector vol T1M) only.

[10] a fundamen-
and several
v be

present paper is to show Theorems 3.1 and
I -rotations hased on the theory in the mono-
monograph are not well-known, we shall sketch
in the first three sections of the present
1 10 certain generalization of the well-
ansformations. OQur main
characterization of
. of the con-

he Finsler bundle FM) =
anifold M. Tt is the
pundle L(M)

tangent hundle
7 and
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A Finsler tensor field & of
definition a {1')rvalyed function
Nof,—o 1 | o anv e Gyl A
by efv, z)

(7, s)-tvpe on the Finsler Space fajs

on the total space F of I
Finsler tensor field
=27y, s called the su prphoriin
nate svstem X of M and the ¢
such that v = i@/ and

satisfying
¢ of (0, [)-type, given
s clement. 1f we refer to & coordi-
anonical coordinate system () Nzh ol
= (%, 203 we then have - F =yl in
a fixed base {ca) OF v where {23} is the inverse matrix of (z1). Thus the com-
ponents of ¢ are v, The mapping /= (z,, ¢ : (M 2) S F =iz "We Ll
gives a diffeomorphism of /- onto the product manifold I X |,

Let A be an element of the Lic algebra G'(n) of Gin)
the one-parameter sroup gencrated by A where 7 s the parameter. Then
the one-parameter group of right translations Byl of £, ¢ being the unit |
of G(n), induces a so-called fundamental vector field Z(A) on F.Next we
consider a transformation S, of I, corresponding to a vector v of s and
defined by S.(v z) ={(r-+zv, 2). The one-parameter transformation group |
50} of Flinduces a tangent vector field Yi{v)

and let {a,} be

on I, called the tnduced-fun- |

damental vector Sield. Referring (o 1he above canonical coordinate system |
(', ', =3}, those Z{4) and Y(¥) are written Z(A) = =E 4202 and Y(v) = |
S 303 where A =(A3) and p=—p* '

=i,
Let 0 e the basic form on 1., which is a
form on [ and given by 0, — -

defined by 0" = omy.

Definition. 4 17-tpq;
transformations y,, of I.
Beo =Wy 1o f,.

By the associated mapping
gives rise to a transformation
y=:zv of 1", which is calle

) Frvalued differentinl one- |
orp at = Lo The J-basic form o on IF ig
sformation p.y of L{M)is g Sfamily

- - . {!J'(f.l: vE II'”} Of
, Whicl 1S parametrized by

vectors of T'n gy satisfies

arirSlswe? g 1 transformation

# of T, defined by w(¥)=ac0p,(z) for a point
d the associated

: transformation with Mro Next uy
yields a transformation " of the product L x I's sch that u'(z, ») = (e (), v)
for a point (z, v ELx Fr, Then the diffeomorphism 7. '

— L]
W= I"Touol, which is called the
also  defined by Y

"gives g
fift of py to F.
miol = pom and muop — 0%, wWhere

transformation p of F by
This ¢ may be
v=c¢(n) at u=F,

Theorem 1.1. . necessary and sufficient

7 of the tolal space F
malion lo F is that
(i)

are salisfied.

If we have a transformation = of (he |
differential 7', a transformation of T,
mation of I defined by
Hit 2 of 2t to F is obtained.

Theorem 1.2,
tion ~ of I to be
base manifold

condilion for

a transformation
of the Finsler bundi, F(M) to be the lift

of a l-trq nsfor-

Byor= Tof,,

{ii) got=¢

ase manifold 1/, we get its
and its n-ple differential =™ a transfor-
(za)) for a point » — (za) of L. Then the

tadf = (="'

L

A necessary
the lift to F of fhe
M is that

and sufficient condition for a Transformg-
n-ple differential of a transformation of the

79

CES. II
F FINSLER SPA

s AATIONS Ol

V-TRANSFORM

Bvo'_‘zfoiﬁgn

(i) £
(iil) SeoT= zoS.,

are suh'sfu‘d.
Definition. .
] ; 3.
s pieht-transiatio ‘ _
o ”’r‘hi‘ormn | D] ! h‘mtsjormn_!zr;n!
) v if the firs
tion of L, if and onl) if the fi
nd f 1

ﬁ, (nl.

tmnsl’mmation g o
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i does not duepenc
transformation wy

™ o = LOT - n W
1 such that m 0P g % Vn sutisfving .
: G{n) for (z,9) S L n A MappIng e
und €8l s thal we oblain a maj

f i s with
near copmtutes wit
formation of L 1s called Hinear, if it
A drassforun )

= of I is the lift to I of a linear tr.m‘r;s_‘,zr;::
hree conditions of Theorem 1.2 are salt:

. Ay that its associated
il I-transformation pr such that 1‘t,%. SR,
cin o e is said to be fibre-prese . ht
V . Py iy - . o L 'lrl

i ’ - eSCTVINY 18 v
S dition for i 10 1:(:};‘1»1(.-]}1}‘5(;1 fih?t‘ preser
ont ('m} hoice of v Therelore i ;;1 wifold

: chole , " the base nx

i ;1(‘ w g transformation w Ol. 'lht, )!'1 w') of
LTI eet the n-ple differential w < e

Then we ge Ny (2) g This g may b
ponlz) = . ];(}(?1), depending

sider a spe :
o shall consider a sj L Thie
Weshal o is fibre-preserving, This

w0 [J-(c‘)'
ving b

. g rpy = o7V, a(”‘-](z) g'
. ~ vyt e - Ry T _“’ &= b
denoted bY am(y)’d the deviation of wr. This satisfies @ g)

().

)1Es : (i{n

ve Vel of mappings ap L— ‘,_(”1)

{oagn] @ ¢ 0f B 8 o]
V-transformation oy (

=1 s called a V/-rotation.

: a kind. Then
. -mation of a kind.
a4 JF-transforme o composition of

ompe I7n and calle .
Thus, if we consider a tr
o e .
we gl o=@ " 0% mily

Definition. Lot oy Do a fuu .le
atisfring ool =g - “"J'*");fbt; point =
defincd by z o2 ==(on(2)
defined by 2o

The

above [amily oy is certainly
it may be

i A ation s

:d that a fibre-preserving | ~transformat

said that : CPISERRRE | i | l

1o differential and a V-rot e el G be the fift of 4 .

an #-ple Infinitesimal V-transformations. o L\"J e e
y e tra i sroup to Foand let A Do ' i

\ o {L](:m 1 called an infinitesimal T —!rmzsfo.rma 2

! and ¢ b respect to Xy It s \no ;(l

| for a vector field X a

' Theorem L.

< seel(2) = 2
ansformation ¢y of I given by sm(2)

wier F-transforma
parameter NS e {u
i ‘hich 1s induced by ) Ana ¢ o
- U\f\{ \:‘(:::Qid(‘l' the Lie diﬁeru}ltiztu{,n .i’;_l\_\:lt\;
5 -_ . - , Ve ?'." 3 .-. i y
ot & _\"\(V{\[()))1 la{?]{(;“(?]) for a differential ong form o
Lra(N) = Ae(axl. ([N v,
S‘hOWSTheorem 2.1. A t{m.gcn'! I
bundle F(M) is an infinilesmma
iffercntiation Ly satisfies

Y, i) ‘ | .
{i) L. Z2(A4)=0, .h( B onnoction® T _1[1-?;}’(1;2&
: -concerpcd SIS . izontal and verti

S el L;j'ntu{hutions in Fand called thc}hlof\'1 o ol

here T aned T are ¢ l? Vr,(vti\.l.l\.. W shall asgu]:nc_. 1 1110 Cimm,cti(ms t‘hl-ough

freciions o Fr nbpﬁli'lr with our theory of it1115 ert 191 and the mono-
. (b reader o f,m;np:;ra in particular, the first pa |

e author's previous pi By

pace T of the Finsler
i eld Xy of the tott{l s pace v if the Lie
(mdo’[f"j.‘;;‘unsfarmm'trm- if and only i

Lre=0.

3 11er
Lasic vector ficlds, corresponding

and in the form

T (B4=z), BY(»)) be the /- ansformation Ny is written

0 ve |'n. hen an infinitesimal -t
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(2.!) .\'1' ])""('UJ') -|— H"(w.») ‘“f-Z(‘I ;').

The two conditions (i) and (ii) of Theorem 2.1 show that these oy,
and AreG'(n) are Finsler tensor ficlds
respectively: and satisfy

{2.2) Ay e Do) 4wy +C (e, wy),
where D and € are the deflection and the Cartan tensor ficlds of FP respec-
tively,

Neat we speciallv consider
{=d of the base manifold 1.

wrsln
of (10) -, (1,0)- and (1) - 1vpe

one-parameter  transformation group
Then wee get the he-parancter transforniation

group {={"} of 1., where = is the #-ple differential of =, and the one-parameter |

transformation group (= of I') where = is the lifl of el

veetor ficld X is induced by 4z This N. is nothing hat a well-known 1+
exlended  point fransformation which has been treated by almost of all ay- |

thors. Theorem 1.2 shows.

Theorem 2.2, .| tangent vector fiold N of the Finster bundie (M) is an |

extended point fransformuation, o and only if the I e differentiation L, owith
respect fo X, satisfies

(i) LZ(A) =0, (i)  Le=0,
(iii) £,V (2)—0, (iv)  2,00=0,

i

If we restrict our consideration to a onc-parameter lincar transforma-
tion group, its lift induces 4 tangent vector field X, of . Denoting by .2,
the Lic differentintion with respect to Xy, Theorem 1.3 shows that 2, satis-
fies the first three conditions of Theorem 2.2, In particular, the condition
(i) is noteworthy, because it may be written [, Y{u) =0, i.c.. £, and
V' (=0} commute with cach other for a Finsler {ensor ficld,

On the other hand, let g be a tangent vector field ol F which is indu-
ced by the lift of a enc-parameter I'-rotation group. The X, is written inthe
special form

(2.3) No==¥(d, . &) +2(a,),

where 4, =G'(n) is a Finsler tensor of (1,1)-type.

Definition. Let a nonlinear connection N he given. An infinitesimal
Vtransformation X, is called Nenalural with respect to the N df the Lie deri-
vative L, B"v) with respect to N, is guasi-vertical 1., mponL, B () =0, where
B) 1s any h-basic vectoy Jteld of a Finsler connection FIP= (T, N) having
the nonlincar conncction \

The N-naturality docs not depend on the choice of a councction I'in (M)
which is paired with V. Throughout ihe following we shall restrict our con.
sideration to a Finsler connection FT'=(T, V) having the given nonlinear
comection N, whenever an Nenatural transformation Y, i concerned with,

Theorem 23. Lot i infinitesimal - N-natural {ransformation X,
be written us X, - B2} +B¥(w,) +Z{A) with respeet to an FI'=(T, Ny,
Lhese vy, w, and A, satisfy

Thus the tangent
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(i1} (1 Intorsion tensor of FTand I s th fi-co1 :
e o ds he () n-tor . concepts o
el . e ole of the ¢ ¥

}.jﬁ‘[i:m. . theorem asserts an important role ©

The | ing \ - R
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. iy and : : .
N-naturadits ! transformation N aid-a

E R I
Auv iuftnifestma -
‘Theorem 2.4. Any anft | fransfo
lhLore\' 4N, of an fnfinitesimal N-i
e s Ny i O (i
as [ N I 1orolation N,
pffrfestind _ 0 o
it In terms of a canonic coona
< ogral transformation N, 18 e
o N[0 v (8 N (Do T JUEAR
=N " ) A
-ty

Aoyl zh), an infinitesimal
A1 coordinate svstem (v, 3, Za),

- o8 nts of v, in Theo-
24 35 N=(\3), and Ny, v) a,(,ﬂ(omp(){,“, may e written
where 8, p —-{.\ 3 j.il; the old-fashioned  notations, A iy
Therefore, i R Ty R
rem 2.3, Hhereton (= EX ) dl, o=yt BN 2
CER o esimal Forotation X s written
the other hand, an infinitesima
On the e R
R A ';‘-r) a-\;! _J‘_;_ a'a;a). . .
(2.5) o= RO in 402 3). Thus X, may be writien
o c [P/ 3 =]

¥ At C nents of A :

Ni(xy) a(u,:.c::)l\po (;.- R )
X Ve B =

(y If an

fed point transfor

“hl‘“ -
P Hrdai Trans 100 1S

1 1”” Sl \ [ F fo’ J"lu

[ ‘ r2.4l C!’ I‘)'”d on X

" ] Ty
Proposition 2. 1 mation and X' 0

linear, il is an exten

e =0
] ) ity if 7% .

votation (2.3} is linear, if and only if 0
of I'-trans-
nogeneous,

"- - . . o -
58 ity An infinitestmal 1 ofation
L (2.5) depend o 3t aloe.

T X meity property
that is. Nk h upon the homogencily

: 2 js ealled p-ho
- < we shall touc , 21 iy called p ’
Finally s t?}mbformntioﬂ wir={bo) e E‘~itji\'c number 7. A p-homo
- \] Il-l ‘for any pe )" and any pos neous, and vy,
101ds L2 ULIA

Lt yfesir
gencous nfinitesimal
%ﬂuvlu-;l.- in (2.1 are {0). (n, (() A
‘I;.S‘idcl'ﬂli:‘.h be p-homogencous —
s fands for ~positively homaogene e T doi )
oy A transformations. W co Sder Lo Qe connectio
§ 3. Affine e ector fields (B'(@), B'@)) ansformation Ny These
- SRR R \u{ {o an infinitesimal -trans
O wi oS ¢
=([" ') with res) o
i 2, B () = B {a(e)) + B2 @) 2 (e E“ﬂi
. { ) — B (B(0)) BT )+ Z(°0))- "
‘ (2.1 of Ny inte (3.1}, we g

Clo, o) 411 .2,

SURE “homoge

mal Ftransforpa e ‘hl't(i,)]))tf%]i];)::l\'gif the FI' under

geneous 1o v, if the .
)P-hl(:cm;)‘c,b;&(narkcd (10} that "(x)p homog

. ol degree o ) a
cneous 5 ivatives £LvBM)

. - v form
3y substituting trom the forn

N T {or, 0= "ve{v)
J('{)) I!f"(tl’l',)’d) — Pz, wy) .'."Izc.u (u)
2'?') - R, ) — (o, wye) " A (o),
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s = . ‘ : =vp{2, D—Vrall, )1, 2) +1(1,602))
B('U) = (1'!', 'U) —"-_-"i'-y('()):—- 7 ;-('p), i -21'(’(1' 2)_ . ! I 1 1(2))_[3(1”(1'2 )'
Cl1,2) +Cla(t), 2)4-CUL B
(3.3) SI(IJ)= Pl(vr, ‘U) —5 l(y’ wl')—"_‘:'r'l{:l (7)) dAy . v, ——1‘5"/‘ -2 1y \7"0'.1(] 2) +_3,_-;(2’]) - I\’l(l X 13 2) .
8:(2)= (01, v) =S o, ) = 7% (o), £, 'Z)S\fc:(({z)»— ar(17(1,2)) +P1(a(1), 2) + L BN -
—_— i !
where W%, V% are i and v-covariant differentiations. 7 ¢ 1 1 e (7"7) —S5y(2, (1)), T
to1sion tcnso'rs and K2 P2 S qre curvature t-.‘nso];;n(};jf {hgcf‘?‘ '[!f “2 ":;e : Ve _gnéz(z 1() )-) \/"a*(l,z)'—“"’(c(l'2))__&(1)-&3’2))-"_
concerned with p-homogencous X, and T, a, 00, a2 of (3.2) are (0) if)c b Le(1.2)= > '(2))+I-”(°'-(1): 2) + 031 31(2)—$*(2, «'(1)-
(9) p-homogencous and B, B, 8+ are (1), {0}, (—1) p-homogencous respec. HR(1LP 2
tively. i ° e L £,85(1 2)=—B(5Y(1,2)) 4@aniVB(2. )8 (12—
Proposition 3.1. R i a(z), 1) SN
(i} For an infinttesimal N-natural transformation A, we have a =0 (3.8) s$x(1, 2) _p(SY(1, 2)) -]-a(m{\?"ﬂ"'('l,1)—"1’2([5(2): 1+
{ii) For aiv infonitesimal linear transformation J . S 4821, BH2ZNT-

X we have 8 = 1=

and Pi=—20p,C

(i) For an extended point transformation X
: [ wn Ny we have a = =) —
and Bi==—p0(, ’ P=f=0

Next we shall treat of an infinitesimal -rotati ¥ !
N G i SN -rotation A >
{2.3). Then (3.2) and {3.3) become A form §

“(?‘)=Aa .,

(3.4) alv)=—Di(v, A . e)—VHA, . ) v,
a?(v) =-—]4(y, Ay e)—vrA, C(A4,. ) v,
8=0,
{3.3) Pv)=C(4, . ¢, v)—V {4, . <) VA v =— (Vo) (e, )

BHo)=—S(2, A, . &)—V¥(A,+C(d, . ¢)) o, i

If a Finsler connection has the vanishing deflecti it i
' : ] on < anis g cction tensor D, it
said to Séltler_\-' the D-condition U the Cartan tz*nsor C satisfies C(c v)lzlg
for any e = V" the connection is siid 1o satisly the Cr-condition ' :
Proposition 3.2. 1/ the Finsler connection, a ] ' Sfies |
i 2. i , cared in (3.1), satis o
the D- and C-conditions, we hape al(v) =a2(e, v) mffﬁ‘(v):ﬁﬁ((s u)) rehsfies §
These circumstances are neteworthy in the vi i (eI i
, mstances 4 sworthy *vViewpoint that itis quite
?IITLIO)EI;OUS to the tztct.t}}nt RY(wy, v.) = R¥(<, o, v,) and the similar equations
or P*and S' are satisficd under the D- and C, - conditions.
Now the Jacobi identities satisficd by X ' '
the Ju '8, Si y Ny and (B"@), B7(@), lead to
the following important ¢quations which give the Lic dcrivativis)())f torsion
and curvature tensors. (In these cquations », and ve are denoted by their
subscripts and &, ., stands for interchange of indices 1, 2 and subtrziction.)
Lo 11, Y)=—a(1(1, 2))—B(RY1, 2)) +
G {V2(2,1) —a¥(1, 2) +7(1, a(2)) +C(1, @ (2))).
Ly Ri(1, 2y=—a'(1(1, 2)) BrRM(L, 2)) -
F A {Arar(2, 1) RY(1, &(2)) FOMTL e (2))).
Ly (1, 2)=—a(T(1, 2))—BRYL, 2))+
8o {Vad(2, 1) -HRe(1, a(2)) +:(1, «(2))).

(3.6)

- The Lie denv

ative of the deflection tensor D is given by

: _ D{a(@)) Fat(w) +HCAE, a(v))—a3(e, v). |
finiti .Qplli)z(i')nﬁ' o , is called an_affine
Definition. 4

nitesimal I':imnsfo:mf:’tiqn.e}\'rhc faled B
gransformation of @ Finsler connection FT=(T Ty if By
are satisﬁm‘..

Therefore (3.1

(3.9)

) shows that Xy is affine if and only if
—R=0,

(3.10) a1 =5

be satisfied, and then we have

L, B"(v)= B"(a{v}).

isfi : : - conditions, Propositio v
SR D_'l;lngﬂi(;lc Xy, so that the Lie differenti

o 1 vid
lifferentiation V. B _
» sufficient condition for following
be affine is that
-2;\8"(1-'.] =0.
L B {v)=0.
L£,Br (@) =B @)
L B(v)== BB ().
' - of an affine exten-
tion asscris the consplcuous.propcr}t} foi:;’r:n'zlff;nézovariant
d X - the Lic differentiation £, commutcst.wllth .E?no\(i-n 1,\-( IgiDicorapant
n : i - I nnection, as ¢ v G -
sntiations for arbitrary Finsler co . 50 3l
fert'lr};lmtmm 301 If an itfinitestmal N-nafnral transformation 13 affi
eorem 3.1. ! ‘
maust be an extended pont h‘wzsforlmuizon. | trom (3.3, (310 o
1 asily yus .00, L
This noteworthy fact 1> casily prove ] DO
T}f::mf:r)n(’»'z! An extended potnt {ransformation N,= B'#) B (w,)
Z(A) is affine, if and only if

mazﬁg_—_o

£, B (0)=BY (@)

sition 3.2 and (3.10}

(3.11)
ation KBy

It the FT satis
~show that £y Bt(»)=0 fo'r‘ ;
commutes with the g-covanan

Proposition 3.3. A mecessary and
spectal infinitestmal V-transformations 1o

(i) fimear Nt £, Brv)= B (2(v))
(1) extended X,: L B v)=0,
(i) Nenatural Xy L,B¥v)=0,
(iv) rotation X, .,QpB"(v)zB"(m(v)),

This propost
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#1 MAKOTO MATSUMOTO = T
- e

(i) Vi ()= R1(z,, v) PY(w, w,),

(1) Vi ()= R (v, @) Iw, w,),

{1ii) Vil ()= P*(n,, o) Sw, )

arc satisficd for anv =17 where N =0 and

We== \-'.hi"s(s)_'].ilz(i‘lr E)' !')(:':)'

A 1=Vl (v)— 1 (v, 2} 4-C(v, w,), forany veqm

Theorem 3.3. iy findiesimal V-rotation N, viven by (2.3), is iffine |

T S ——-
Y oK SPACES. 11 -
TR\NSFORM!\TEONS OF l'lb_.'SLER i CE3: 1L
V- F; . Lo
i
3 al cuar
m 4.1 asserls that cue

i C C1anc
“ith respect to G e
o l:llc that there cxists .Lm ‘
an extended pol

Nemark, hL't{){I“L‘

ion is aftme
Jormation s a e
e it may be possl t
1 isometry but no :
- we shall start fl()l?'l
Ji-torsion tensol

jon CT(1), called «

fral L
Theorem 20 . IR
[ ation N, \\'h\ch‘ ig an 1 "
" To prove Theorem 4.4, i
tion CV(T) with a given {
e |

C 1) vhe=0. .
( (C 5) ‘S =:0.

if and only if

(1) VI, . e) b= (g, A, e,
(i) VA -HC (A, . e)) v 120, A, . <),
(iii) v "'_(.flp-f—-(,'(/lp c2))w 53w, Ay e,

are sa‘isfied for dany pe o

§ 4. Is every isometric N affine? We consider an n-dimensional
Finsler space Fla= (M7 Ly, ¥)) with a fundamental function Lix, 3t
Let g={gi)=VoV9L22 L (e fundamental tensor of 7%, [{ we are concerned
with cxtended point transformations onlv, the condition L.og;=0 may be
suitable to the definition of isometry in Finsler geomelry, because from)
(i) and (iii) of Theorem 2.2 and g(e, ) =L+ it follows that the ~ontdition
LLix, =0 is cquivaient to Lg, =0 for an extended point transforma-
tion A

If we shall, however, generalize our consideration to I'-transforma-,

tions, it follows from (i) of Theorem 2.1 (hat Lygi; =0 gives rise to

LrL(x, ¥) = 0, but the inverse s not true. Therefore we shall define the)

Isometry property of X'y by the stronger condition Lrg=0 than L, L{x, v)=0
although the latter may be more suitable in Finsler geometry,

Theorem A, If un extended point transformation is coitformal with |

respeet to Lix, v) and affine with respeet o the Cartan comnection CI° constrie-
ted from L(x, ¥}, it is Komothetic with respect lo L{x, v,

Theorem B. /f un cxtended point transformation is homothetic with
vespect to L{x, v), il is affine with respect to both of the Cartwsii connection CT
and the Berwald conneetion B1° constructed from I(x, y).

Theorem A was proved by K. Takano i 1lmi952and G. Sogs |

[13] in 1956, and Theorem B by H.o Hiramaty 3] in 1934, The confor-
mity of .\, is, of course, defined by Lo, 27¢i; with a scalar =, and if = is
constant, the N, is called a homothety, On the other hand, denoting by
(By'h, NP Cfy) the connection coclficients of & Finsler connection, they
defined the affinity of X by the old-fashioned form L= B.C =0,

The main purpose of the present section is (o show the following
theorem according 1o our definition of affinity :

Theorem 4.1. If un extended potut transformaiion Nods an dsometry of .

a Finsler metric L{x, v), X, s affine with respeet to both of the Cartan connee-

tion CT and the Berwald conneition 11" coustructed from 1.(x, v).

5 oy - 0
(C 4) V'g=0, ‘ e _
The axioms ](2)1_46_‘_:)(&55___5;6“) of CT{T)
| casc of BT,

emark, :ax :
=i eif2 and the (;1;1‘1.11. “tLiln ’
T canses a confusio et
o hy hu-torsion Lensor vanis u_ )
. “:l’o{( B, Therefore we shall use 1.
in case .

i - 12).
follo\\']ng: a,kgi_u )

gt (giy=0:0,1*{2). g =(gu=

-1 T, give F (3
\We fiest consider £, 7T, g1y Lfn [‘1’)1-}0 ()OS
| On account of {iil) © pos o
| LT(1, 2)=8uaiC 21 (2)) — 3L,

mation Ng

i) . for an
Thesefore the C:::l(fhttlll?lltl :(1?1' lt?r):tundud Point-1 tcr;lt[:s
o 1“1\(‘)1 a Finsler metric L{x, ¥} 1“\‘) Then (iii)
e i 1 of the CT{T) given by ]!‘('\' .(; that L.g2'=
R o1 = 2,(2¢%(@) —7"(Le8") Yo ition 3.1.
=[N, V()] i (S'I’f'f" from (iii) of rl mpnﬁ\.e
k- i\ \? (11(1)1‘) ol P;op()s'ition 3.1 and {3.1) gi
AL

LBy = Br{a!2) + Z(22(2)-
{4.2) :

1 oooel
ine this cquation on gl we ge N
Acting this cq (e al(v):___-rgs(w(u))_,m ()
"gavhg ("- - 15 “ ’
(C 1, 4)for CY(1) lead to a2V} . g

T 0,
Secondly,

erefore the axioms

L3
: A and =gk
i (IJ |") 1-21}1{_':(), which m
es . {o2(1,2)—g*(), «'2)h
i _—
S — Feji= i o
E" § . . axiom (G 3} ¢
here we put o'=(a}). Finally, by the ax (
a?(e, v}, that i3,
15) -
erefore we obtain three vquation

.
X — Tjr¥i

i i
oy =% i

v igametric extenc
d B We should
N-patura .
nt transformation.
4 eenvralized Car
a genvrall

T([2], §25 of
1 genera

because t_hc Cart

Aile O :‘3"2 5'(111 N
W ‘ml(t) ]({7;;: q af;' notations

Affine X, leads to LT+
affine A, sformation f.\z 3

R -0 for the
fv L, ’of Theorem 2.2 shows

ot={.

0 yieldS oeza

3.9)

led point
remember
1 transfor-

tan con-
rom.

lized Cartan
I‘(x. y') b_)' the

L el 1 Finsler comiect L elvit
i Definition. .1 fh”d’(-tcrmf”'"d from a Finsler
: ; telv de i
weffon, 1§ unigitel] ;
Co e ons . c3 D=0
[pe aMIOIMS © 2) T bhe given, (

well-known tensor Cour =

_ But the nota-
an tensor C of
ur\"l\’CS cven
12] in the

] & n‘ fDr-
6 ) for an C.‘{tcndcd pomt trans
1/ y .
itiﬂ“ 3.1 lt bl‘COUH,b

T=0. )
¢ isometric
(h,) Ji-tor-

ol
o

1:0, that iSr

from £, T=0 (4.1) beco-
av be written

becomes a'(v)

(4.3), (4.4) and (4.5) for the X,
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' ¢ we obtain four -:quationsﬂ
51, Therefore we ot i S
Finally (2 ) o (3-;))f '{“tLT‘\LH\'P It should be remarked that =t a

. “inally 59 B e X It s
4.4) by by these equatio gy (4.9} and (4. sspectively. and
(4.4) Dy by, {3 1] hg 14.7)(,1()‘4-:12;1((0) )j)_]mmogcnu(ill&? if;SP\‘;’c luct. 230t vl =0 f]romoﬁ(;;gzw .
. v ! ’ L (b byas +0 ) " 1‘);[{cl-cnﬁutin_ﬂh (41.7-) \"')}. ' crr attention to the homog h
Oy g == Ay Ry e Ry O — 1 i T e i VNPT i), NC ““_acting this by !
(4.8). Lo

and paving E e e
Then d2—0 leads to af=0 and

Then, denoting the right-hand side of
lead to

which is rewritten as i = Erird; —Ziprai. Contracting the result by

I IV m"}::(). i .
3 voandd s (4.5) and (4.7) Bl S0 Sormalion "N, be isomctric
vEwe get o= —&xjrag and xg,,=—0. These together with (4.5) vield &t - :x-‘=04 1_-{9(_) Conscquenthy “Ct h:\ extended  point trai}.sfp: mal’rf};w” %mwfwnmhon
at once, so that the X_ is affine with respect to CI'(T). Conse jucntly we - Theorem 4.3. Lct an & Y, is an affine
have

: oy Then . ‘

g - medric Ly, ¥) ‘™ determined from L
wilh respect fo a G ld conwncclion Bl"(l_)_. dcta._r‘:m‘ ed f
w,r'th generalized Berwal 7 panishes.
P i

R { onlyv 1f L. Lo 1v a corollary
en (h) h-torsion Lonsor In :Tiflag:] il Berwald connection 15 oni
w3 i A\ i - 'hQOTC'l ) i
Ihe part of 1

fslies the assumption
I given by (4.6) satisfies i
i r the tensor .1 gy e rom X'=X"(x).
of Thcorerh 4.3'111:rlg}:*?inition, as it is casily verified f
" mentioned :
for ! men

| c\“t l)apl‘[ 1]]'lt ih ibom[.,‘tl 14 ]OtﬂthlL, \\rlllch are
=l H G ]

: gzl 7-rotation X,
3 ; To . ] rsimal |
{he main subject of thep Jor connection. As an nfinit

fins X il L,80 =g (Ap ) —
Aifine with m:-.pc(:t {0 a I\ins - 1 isomelric “_‘ and only if =Q;,E y
é P

. 5 d X;= g“’XJ’
itten in the form (2?)11::, notations Xi(x, v) in (2.5) an !

(x, y) and @
Theorem 4.2. Let an cxtended point transformation X, be isomclriel
with respect to a Finsler metric L(x, ). Then X_is an affine transformation off
the generalized Cartan connection C (7Y, determined Jrom L{x, v) and a givey
(k) h-torsion tensor T, if and only if LT vanishes,
The part of Theorem 4.1 on the Cartan connection
Theorem 4.2, Further, if we consider a tensor field T

(4.6) T/ =c(3iN,—8iX ),

where ¢= const., No=(X'(x)) and N, =g, X", we have L.T=0 for an isp-
metry X,. Therefore Theorem 4.2 is applicable to this tensor 7. It is noted
that the CI'(T} with this 7 is not a Wagner conncction ([2], §25 of [roy,
because the covariant components Xy depend on v in gencral,

We shall turn our consideration to the Berwald connection. \We
shall start from a gencralized one fri, 127

Definition. A Finsler conncetion BU(T), called a generalized Berwald

connection, is wuniquely determined Sfrom a Finsler metric L(x, ¥} by the five
axioms :

is only a corollary of .
defined by

18 \\l'l‘ o1 =0, In terms o
—Ag - , fe written as D
this cquation 1s W N+ X2 ;N pa=0,
(5.1)

where £ :TU

(ij‘-YJf)/
(5.1

{ €I. Therefore, denoting

S

w Aip we have '

‘ 4 ——7..—{:.’ Zm'
‘\1'1" LipT ol %)

' t of (2.1

{ on accoun [(2:3) the
i ven by

{o a V-rotation X 15 g1

. ' sion lensotr O
g, 15 Cartan's torston
=

Eo=—2)
the Lie derivative LK of a
B 1) V'L=0,  (B2) T gimn, (B3 Deo

where the T are assumed to salisfy oI (1, €, 2)=V"T(2, e, 1.
If an extended point transformation N, Is affine with respect to
BI(T), then we have L. 7 =0 analogously to the case of CP(7). Then assume
that X', be isometric with respect to L{x, v) and satisfy £,7=0 for the
(h) h-torsion tensor T of BU(T) given by I{x, v). 2*=0 immediately follows
from (iii} of Proposition 3.1 and (B 5). Next we get (4.2), where it must be
remarked that B'(s)=Y(v) from (B 3). Thus, acting (4.2) on L{x, v), we
get LI L(v) —7*(L,L) v=V"°L(a!(a)), which vields first VOL(aY#))=0 from
(B 1). As the components of UL are well-known f,= v, /L (vi=g: V), we
get
(4.7)

It is here noted tha
tensor ficld K with respect ' e
- £°}{=V01\('1° S tan tensor C, we have
N 1 Finsler connection with th(; g\;‘n“ﬂz:w ador G
TN gcic;?(?( .:)) for any =17, so that t(ﬂ ma
& ! ; ‘ o T o0
‘1__(,[[}3)»‘(,1{’) (72) A2(A,+C e)). Thus we t; e . N
52) LK =VK(, . €)= (e ° the Cartan
' " > with respect to the & #)
Y y vto some of Bianchi iden-

»

1 e X be affin
an isomefric X, be

Now assume that ter use we here cnumer:

- o : la
sction CT. For the i
i of CT (e 170 00D e
Scisr 4 nisn TER sk ' tion
i g nd summation.
e}(=afy,)=0. (ha) . fi,jka
WNer: oy
Sccondly, from .£,7—0 and (B3 *
—a2(2,1), that is,
(4.8)

Thirdly, from (B 4, 5) and (i1}
to Vou'(1,2)=a2(2.1), i.c.,

(4.9)

denotes cyelic permutation 0 e
J : i mh i1 )
b I +S Wk Rr ij +a(ij) {_pmhji;|i+£)mh(l Jk
5‘ \‘mh i} k ~d kT i " i
R | ¢ interchange of .7 and subt

) the equation (4.1) reduces to a*(1,2)=

action,
i i
A=y where 4., stands fo (P AP
2 ikrs ) 3
b= ijkln thro
{5.c) Prije=

Bianchi identities.

of Proposition 3.1 the equation (3.7,) reduces

i . » of
. which is cssentially one
doai=a,f

5 k §+
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5 - =
21 2)=[*(x(1), 2}
.L)pl,'(l-z)—[, (1( ' 5 3 and (34)
(G-d) S IS 0. (5.7 L in the form similar to that of (5.3),
Ul

From (3.1") we get A . e=7(e) =(£3) and A, FC(A, . &)= (Z0), whers )

j=g"Z,;. Therefore (5.2} may be written as
(5.2 LK=T"K(Z(e)) -7 . K.

We first treat of the v-eurvature tensor S On acconnt of {(3.10} and
Proposition 3.2, £,5% for this X, given by (3.8}, reduces 1o so that (3.21)
vields
(3.3) VeS¥(1,2,7(¢)) —Z(52(1,2)) +54(7, 1,2) 4-5%(£(1), 2) 4 S, Z(2))=0.

In terms of components this mav be written
S}lijk ' "Zg_z;:‘s‘krfk ‘f"s‘rijﬂ'Z; _il-‘S‘}lfrkZ; +‘§h '.JI'Z.; =R ()r

or, in terms of contravariant components Z¥=2"g.  wi have
(5.3") 2T Shie | Vs —Spaiulir +SixGen +‘Sth'A-gsf_'§hf!fgsk)':()'

In the Jast section we showed that every isometric extended point
transformation is also affine with respect to CIM as well as B, \We now assu-
me that every isometric 1-rotation N, be also affine with respect to O
Then (3.3 must bhe satisfied by arbttrary skew-symmetric 27, so that we
have
(5°4) a( ra) {‘S-IJ ijk l l')'.\-_“ghsjl.'gh‘ '}"‘qrij.l'gsh -f"s‘hir.(‘.q.vj ‘S‘Iur_.i'fs;'} = = 0- |

I we introduce the so-callod »-Ricel tensor Si=5¢, {(5.d) shows Shijie | g ==
=Sul;=Si . Then contraction of (3.4) by ¢ gives

(5.3) (m—2) S, F3 (S =S | ) =&rSi+gu Si,=0,
Further contraction by A" vields

(5.6) LSy | =S4 ) =25 =S

so that (5.5) is rewritien as

(5.5 (H—=2) S, ie== 01,5, - 7S,

where J= g 1. is the so-called angular metrie tensor. (5.5 immediately
yields §,,={S" /(n Dy and (3.5 becomes

{5.5') L35y = S (g LIS

where § = 1257 i() D {5t 2), in case of n -2, (3.5") gives 12§, = S 2l
and (5.6) leads to & -5{v).

Remark. 1t is well-known (81, [10] that in case of n-=3, Snige 1s alwavs
of the form (3.5}, so that the cravature S =S50y is a condition jor the
space under consideration. On the oiher hand, a Finsler space of dimen-
sion # =3 is called §3-like i Sy s of the form (3.5}, and then the v-curva-
ture S is necessarily a function of position alone. In case of #—2 the cyuation
(5.4) does not give any condition because of Sy, —0 identicallv,

Sccondly we treat of the je curvature tensor 2 It follows from
(3.10) and Proposition 3.2 that L, for the g, given by {3.7), reduces to

bl

57) 11, 2(2)) D). . 2)=0

ede is writd
he lcft-hm}d side i o
e wlny=L ) —g{(£Le), b
ves Jl(d) ( ) \7.‘1;-_.(1 2 Z(a))~—Z{f"-‘(|,2)) "’I‘I (Z, ],2)

o

). Therelore (5.7) is written

3.7 vields
(wing 19 1 2y=1"(s, 1,2), (3.77) viele |
“ | Y, _ (et
P12, £)- Z(I”(l,?.))—l»[”(l,l(?_))—] (g

¢ mav be written as

(Z(e), 1), 2)=0.

Uott =0
"‘Ilnjrg.‘i.'_lr"“r'r.l'gr J'_\ -*)

joned leads to
as above m entioned Teads

nts thi
In terms of componeits th
n b

7”((1”,-“- .-_\',*— ,,311'.{-{?'1'

M o s =—Ztr)
Then the arbitrariess of 2™

o= Dol

a"(r-‘l {IJI_M' |“\‘ sik=r P

l 4N '.._-_—; CAn

¢ svmmelry property "5 . Sl

a [} J +(Pitlrfr‘j'_‘“iljgr i‘)_,\.q—" . l )

. ) m (3.¢) shows

s D=0, and then (3. '

mtelyv gives I ijgr=—"" '« ‘ R

(lmit‘:ll- l? ic noled that we get i

=0,
W LR S AT O ARY

qelds
of D=8 la ViC

From this 1h
Loor { P18
i - e mme

The contraction by ¥a® nmniedid

}'hv (-i){l)lh'l}les (3.7") becomes tris

e - ¢ Lehns K2,

" Hm:]L‘)f 1’1’—'\3-‘ treat of the J-curvature (ensor

Thirdly we tre

e s o
(3.65) reduces I
% = R ], 1(2))—‘ 1 q
LR {1.2) (

Analogously to the

above,
(3.8)
and {his 1s writlen

I R12, Z(e))---ZU\'*(',2))r+""(f)~ o
(5.8") AR (), 1, 2)— \’2(5-»'2:.£(5)- :

av be written

1,2)+

5 {his m
In teyms of components 1his A S
. VARIEN A Ryspedr 5= Buinee HAE hejkn
ARG VT it
o A ads to
e 7rof = — 27 leads
hen the arbitrariness of Z7( ) .

Y Ve Ry +Nrrixgens
LR

1

a ![_ [ A N

9) {(Rhijk r Rhijr.gr K [hrlt;\r H
(rs}

. o vicelds
ntraction by v vields |
Y —

10) Aprey LR I 4 Nipdr'e

]\)t‘kt:-:-r‘j) “"s_']\'a_lk.uir}_ a,

| ; 't Moreover

i spsor R
] s () h-torsion tens
ats of the (94
s are components

h‘ I\, 3 I\n'jl.‘ are
s L gives
ntraction by v g e
: [E— e O '.I
L:(R:jk r'Jl_]\,r'jrgr I3 !\ut.:.r j L
e, so that we get

» v,
R!‘jl{.\"'_ [\ ,.‘_;,l._:\ 3

2) R, =0 Conse-

¥
en {5.10) becomes {\’,.jkh,-,‘=f\;.:\ .
ntly R, vanishes in case ol 2>
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l ron - s ik
1k I [)110 b t 3 t (. .11) omes ]
{ Ji\ 0 ‘ ( WS hl ) I)L( LY

50 1}{ Ty Ir
1at we get Ry, B ies -+ Ko 0
j ;=0

R @
uni analogously
gously to the case of Riemannian geomet
; ry

fef. (22.7) -

ek Ty of [10]) Then w
Kyijo=10, 'f'h('réf()rl)- Ci,hu_], \“.C have Ryp =R i

Conversely “.‘L_' (\Unn_!llfuitlng" (5_9) by A “'CII“:L'tr_\f.' . — Rupr and
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