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¢11[1 — 3)has proposed the follo-

i
3
|

1. Introduction. ¢. Truesd

wing prohlcm :
[For an isotropic Lincarl) { to end tractions cquei pollent

M, define the Jtwist

olastic cylinder subjec

{o a forgite @ = in such a way that

M={uR) =,

where w18 the shear modulus and [ is a geomelric factor detcrmined by the
cross-section of the cylinder.

As remarked by Truesdell, such a twist would generalize Saint- Venant's

f the torsion problem corress

notion of twist S0 as to apply also to solutions 0
1 tractions different from the one assumed

ponding 1o distributions of enc
by Saint-Venant.

Truesdell’s problem was solv
Guidugli [3)has solved Truesdell’s problem rephrased for extension and
pure bending. In [8], we have studied Truesdell's problem for {flexure in the
case of homogeneous and isotropic solids. In this paper we consider Saint-
Venant's problem for inhomogencous and isotropic bodies. First, we give @
ational scheme of deriving solutions for extension, bending, torsion and
exure. The advantagy of this method is that it does not involve artificial
priori assumptions. Then, we study Truesdell’'s problem rephrasml for
e flexure of inhomogencous and isotropic cylinders.

2. Preliminaries. We refer toa bounded regular region B of three-
ensional Buclidean space as the body {cf. [6], Sect, 51, We let B denote
closure of 13, call 9B the poundary of B, and designate by n the outward
t normal ol 98, Letters in boldface stand for tensors of an order p=1,
if v has the order p, we write ik (p subscripts) for the components of
the underlving rectangular Cartesian coordinate frame. We shall em-
' the usual summation and differentiation conventions : Greek subscripts
understood to range over the integers (1,2], whereas Latin subscripts—
pss otherwise speeificd —- ate confined to the range (1, 2, 3) ; summation
r repeated subscripts is implied and subscripts preceded by a comma
te partial differentiation with respect to the corresponding (Cartesian

dinate.
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\‘ s 9 L tl ‘i 1! T ]()! T O0C IVITEY ’ Q I nearly -1’ ‘f > mater
all - d ¢ B ol
> C l = ; 1
{ 1SS 1 1 JOCEN { 1 11 15 ¢ mearly ¢ 1511
C ate [ﬂl

I-Ct u ])L .
> displacement fic
field over B. Then
: E(u)=svn which implics the well known relation
1s the strain ficld associate . ym v, 2 __tslv
Fhe strossecis ciated with w. 2.3) js{u)-v Ja={s(v)-uda.
ss=displacement relation may 1 . . i e
Sl .‘ _ wewritten in the form 3, Properties of the Solutions of gaint-Venant's Problem. We pro-
=LVl covd NOW Lo Saint—\'cnant's pro’nlr-m and for this purposc stipulate that the
pegion B {rom here oRn refers to the interior of a right cylinder of length 7
tion £ and the lateral boundary 11, The rectangular
such a way that

1 to be chosen in

Here S{u) i
u) is the str 3
: stress field associ
associated wi
¢ vith u, whi
, while € st with the open CTOSS->LC
supposed
Ox, planc contains

city field, W
- <AV e assume the 3
B. For 1wt C 18 nositive N 7 Is
e r the parti positive-defing ands for the :
articular cas inite, sy . 12 elasti- ; . . . -
ular case of the isotropic ¢las & svmmetric, and smout}rllsttl Cartesian coordinate HTaHE "
astic medium the te ME the Vs - axis 1is parallel to {he generators of B and the x4
{ the terminal cross-sections. We denote by % and X, rcspecti\fd\',
¢ that the generic

_J. We assum

admits
§ its the representation
nsor field €
one ©
Let us denote DY

{he CTOSS™S
cmss-scction L is
the Loundary of =.

Saint-Venant's problem consists in the determination of an cquili-
brium digplacement ficld u on B, subject to the conditions

at ,\'3—_—_0 and x.=

ection located
ular region.

a simply connected Teg

Coe=h3
where 5. and ¢ are tl k=8, 8y (88 +848,,)
: & are ¢ . A . ’ ’
We call a \'ccto(l: qulll(]]n moduli and 3, is the K
u an eqguilibrium (“‘-p]'lc\glr.::nc?;?rl(lClm-
splacement field for £ 4
if

0 ;1 5
nly if u=CH{B)nCHE) and
}(]2.]) and
olds v : )
s on B div S(u)=0, (3.1) s(u)=0 on Ti, #(¥) _F, Mw)=M,
where F and M arc prescribed vectors representing the resultant force and
oment about O of the tractions acting on . Accordingly,
defined by

the resultant m
aluced lincar functionals

Let 5(11) be t

: the surfac .
the stress fie rface traction at reg .
ess field §(u) defined on £, i :1 it regular points of @8 belonging t

o gng to
(F() and AM(-) are the vector-v

T . s(u)=S(u )
The strain energy U(u) ¢ e (3.2) Fw={ s(u) da, M{u)= x % s(u) da.
uon B is {cf. [6] *;(;t 3;)_“) corresponding to a smooth di £, £,

' - 32) 1 displacement field 1{ eaq is the two-dimensional Jlternator, (3.2) appears a8
(3.3) Fu)= F}:j, Syilu) da,
Sau(v) da.

olv) da, Malu) -—-——}_g £xB¥a

m we mean anv

(2.2)
Ufu)= "

( ) Zivu‘cl:.-.lu]tl'v,
_/ﬂ..,(\l)-—-—— \. Eaﬂxas
Bv a solution of Saint-Venant’s proble
displacement field that satisfies (3.1).
The classification of the problem rests on vario
and M. Throughout this paps

cerning the resultants F
sition of the problem into problems (r

cquilibrium

In the f :
- s following -
rigid displac i, two displace .
gid displacement will be W]:!;lulm}on]t ficlds differing by (
garded identic: g by an (infinitesi
ntical. g initestinal)

.l fl.l & ( ) € 3
& t
h( 1T1C 110]1 11 l} Ccnel 1t(.‘1 th I)ll]“( 1T fl]Il(.thl!dl

us assumptions con-
¢ it is convenient to
J)} and (P,) characte-

Uluy)= 1
=3 } vu-croviae
The set of smooth | - ' use the decompo
3 . -()()]‘.._.—- s R
with the inner product ields over B can be made i _ r_ued bbj ) ) )
into a real vector space (Py) (extensxon-hcndmg—torsmn) : Fa=0,
) (P (flexurej  Fy= M,=0.
utions to the pro-

We denote by X (Fs, My, M, Mj) the class of sol
blem (P,} and by KiFy, Fo) the lass of solutions 10 the problem (Ps)-
ed by an isotropic material and

We consider that the body is occupi

<u, v>=20(u, v).

This i m
inne
nner product gencrates th
) < Y » * i
¢ CNergy nor

(2.3)
. fu 2= <

X For anv cauilibe . u, u>,
Sect. 30) cquilibrium displacement fields u assume that
(2.4) and v, one has (cf. [6] h— A%y, Za), p=w{ %0, xq), (*n x,) €L

o :‘SS(V) - da, ‘The functions » and . are supposed to belong to C*(&).

Let @ denote the set of all equilibrium displacement {iclds u that sa-
he lateral houndary.

the condition s{u)=0 on t

tisfy
The next theorem will be of future use.

ZF]
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Th e =
- eorem3. 1. [8]. /f u

and U, ,€CYBYNCYB) then '

U, y <4

tf-(ll. ‘3)_—0 = Eak =
.. ’ ﬂa(fl 3) Eqt ."f"- & ‘(u)‘ .ﬁl (u-]) 0
_I e01r 4] 5 l hzlb 1II|E ]l!]I(HV][ £ 1111 (‘1!]2] [ A 0“51‘[1]1(1 Ct ‘
5 PI1Ce,

Theorem 3.2

N {8].{ et

u] = [ u bc s B

s =CH(B)NCYB). Then v,,e® f;”?;luimn of the problem (P,) such th
. : d

T, =0,  Mu,)=0.

] O g
Y u t LSt ) ].Sh. < 120 I) ¢ tI f V
om a l WS S 0 all L 51in 1 me 10(1 O del’l 1
ng

(3.7) can be written in

Saint-Venant’ ‘
to Saint—\/’elntailf’(;mpt:;?)]i‘o the problem (P,). Let of be th
d_ing theorem assorts t}ntu:; ,COrrcS:ponding to F=0 and ;qdass ,O‘f solutio
t.loﬂ of the problem (P ) b ’1“- Pa‘r{m] derivative with respcctTO'- the pret
field belongs to of. It !is ncq;mf_g“’ to f. Let us note that a ri 0 ¥sof any solu.
s natural to enquire whether thcrc“f:ils?lsplacemem
x1sts a solution

t (5 p 1 3 o p B q
(& . 1S :5T10n

1s settled in the next theorem.

e LEL

thaild d’l.S la(‘ement f
: 5 ) -?’J. "tf’ld. Then vy ;
1f is Saint-Venant’s ot 18 a solution le the f)roblgm (,U ) ":f

v ) 1 and only

p 5
roof. Let veC(B)nC3(B) such that
v, g==a+fX
wher 3 N
e @ and B are constant vectors. Then it foll
: ows that

; 1
3. Yo — 2
(3.4} a S @3 A48 50 %o a1y, 72)

AT
3= (@1 s +ay) ¥y Fwa(x,, 1)

except for an additi .

: itiv d die

field independent of i rigid displacement field. Here w i :

3= B Lot us proy tf’ and we have used the notati is an arbitrary vector |
= = e ihe : ! 10 . - i

be determined so ‘Eha;atv t;l;:f?;ctlons w, and the CO"r;ia:: _Ep(aﬁp» dy=tg,

{1, ﬂ;[l, ‘,‘12 0 ) S da, 3—1’4) can
y b v}

'I ]10 dlS laC ].Cllt f d )s 3.4 Iat 1¢ S tl
p CIY lf.,]. v gl‘r cn l ( ) gCHC (= t}

(3.5) S
ap = hax, +as)8
al A
(3.6) s $)8es FA8B5 (i s +5.0)
. . 8==!J-(wa.a—tl4sapxp) '
Sau=s (A - !
The equatio - (AH20) (o, Fai) o
ns of equilibrium reduce o
(3.7) N

(3.8)

Sazs=0 on I,

w
(lJ- :ba),a—aanp(H-xp).u on 2.

| sothat
ASq.=0 On .

3 i‘Sal

~______————*_—‘.
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on the lateral boundary become

The conditions

Sapitp=0 0N T,

(3.9)

Jws
T gyEapYptta on T.

(3:40) Dt

er the case of homogencous bodies. The equations

the form

F-Aw:x ‘\"(}\ +lJ') Wospa '{')\a’a:O,
we obfain

First, we¢ consid

—0. From (3.5)

from which we get AwWep
24, %o 4-a) +2(» "H’L) Werp:

S:xu.;‘

(3.31)

Thus, we
simply-connecte
the equilibrium equation
the boundary condition (3.9)-

have obtained 2 two-dimcnsional traction problem for the
h consists in finding stresscs Saqp that satisfy

d region =, whic
s (3.7), the compatibility condition {3.11) and

1t follows that (cf.[6], Sect. 47)

(3.12) Sas—=0 on .
From (3.5) and (3.12

= — Wi, Wir” =Wesz =

) we obtain
(3.13) Wy,2 —v{a,x, --@3) o1 z,
leads to

» designates Poisson’s ratio. Integration of (3.13)

where
1
(3.14) W= — ®aV¥e¥p — V@Ko Xa azv¥a,
modulo a planc rigid displacement. Clearly,
(x4, X2) <L,

w1:“4?(x1, xe)

(3.15)
eous bodies, we have

where, 1 the cast of homogen
)
7% — eqpMaXp OB i

Ap=0onk,
i an

(3.16)
ndition on the lateral boun-

(3.14) and (3.15), where @
section & fur-

um cquations (2.1 and the co

il and only if w@; arc given LY
3.16). The conditions on the terminal cross-
for the unknown constants

" Thus, the equilibri
dary arc satisfied
1s.charactcrized by (
nish the following system
E(Im g3 +A xﬂaa) = Egf P’Iﬁu

(3.17)

EA(a,8+asy=—Fa uDay=—Ma,
where - is the arca of the cross-section, x? are the coordinates of the ccn-
roid of ¥,, E designates Young's modulus, and
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£ Ay a3 “(P:B] dtl, _
Theorem 3.4. 1f veXn (Fy, Fa) and u,JEC‘(B)nC’(B) then
i, 361[(0, 1:2, -._I:h 0)

the flexure problem.

The relati
ions
solution. (3.4), (3.14)—(3.17) lead to tl
In the ca : 1e well-known  Sai P
. oo . ase ()f in}k dlnt-\'cna t
equil nhomogencous . nt's
Oril; l}.;l‘li:l;n and the COnditiglhlméous and isotropic bodics : .
] n the lateral bound'lr\?&f’ the erquations of This is an interesting result concerning
(3.18) v are satisfied if and In {7] we have derived solution of the problem (P M the case of
v & 'mhornogeneous and jsotropic hodics. In vicw of Theorems 3.3 and 3.4 it
where the vectors v (j=1,4 = ay?, ;s natural 10 seck a solution of the problem (P,) in the form
: J‘*_"l 4) are i
! gvan b\f £1 A IS .
’ 3.22) ut == § Vi) dxs kv joy ¥
(319) U&sz — l 133 . -+~wf3) ( (]
2 ] a Yoy v[B]___ . . ~ ] )
P = g 3} e where be -(by, P2 by, b and c={61, €2, 03 c,) arc two constant {our—dxmensxonal
D, f=ux;, Ui =regaxpa & yectors, and W18 2 vector ficld independent on x, such that W'
& & ity - - i . e .
3¥s, U3 —=aq. b (M) nCHE). We ate led to the followimg theorem, the proof of which 18
nalogous 10 that given for Theorcm 3.3 (sce also ¥7l, 8-
Theore 5, The vector field w defined bY (3.22) 15 4 solution of the
« s the solution given 711 A 1
i a of b from condition

m J-
i and only if B 18
ote that the dctcrmmatio
Thus if 1y eXu (Fl- Fn):

probivm (P2),
1t is intercsting to n
de in 2 simple wad. .

In (3.19), wi(;
the fOllo(vi;—T {j==1, 2, 3} are the
g planc strain ¢ components of the di
problemns e displacemen
t vectors in

PR W
ad e, i
. ep YaB “{“211.6&3)_ 21’;”.——_ wU'- ’
18+ 3= 1ap +f
s ),a=0, 4l “ cenlFyu T be m:
1), M gdha=0 on I u e ulF 1 ,) can D¢ ma
g == — At 3, = then by Theorem 3-4,
and thC functio . ' EB”;‘]= _}‘”a On I‘ A ) E
n ¢ is characterized by ’ (3.23) viby = Zl0, Fao F1.0). i
. |
oo In view of (3.20) and (3.23) we obtain
(3241 DﬂibI: —Fa D‘.!ibi;so:
for Flexure. Let 8% denote
the conditions

and fi =0.
3 jon of Truesdell s Problem

4. On the Solutio
i i.nplaccment ficlds u that satisfy

(IJ' ' -
IJ a)'(l— g_aﬂ(u"\.;j)"l on -y ‘ Edd lIB 3a on I
e
-1 1S t (3 f 110“‘ Il t 113
I s 1¢ ¥ 0 1 g sSyster

for the 3
¢ unknown constants
s(u)__-{) on i1,

h), (xu PALR T

u,,<C(B) nCH B,
Xz, 0)::(‘5‘33(‘1133) (xh Xz,

(3.20)
L)r: A=z 1
jti=t.aMg, Dya;=—F
where [ 31{.1',___]:3. ]-)‘171— 1
1=—M,,
Dug = { x _
3 L[ .\rz[()\ +2§L) vy h*")‘w;f.ic]s da (4‘] (Saa(uls)) (xl,
‘ Fsl)=0, M(w)=0-
Clearly, il aeM then 0 Iu((}‘l(u),(i':,(u)). In order to study Truesdell's
te first that if ue &, then b Theorem 1.4, U3 ¥ 1(0,
define b as the minl-

problem, we no
8] we arc led 10

(Fol1), F (), M. Following 4, 3.

(3.21)
[)fzs: I.):j’x =[ .ta()\_{._zu _*_- e
po w-Fhgn) dd,
mum of the real function
3 :
\\u _'_EE,‘V(‘]\\ '
&

Daaz_' ) A ;
e (A2 2wl da, D= [ pleaavap.a +
b ad-tay:3 _\,‘p_\'p) dﬂ‘

.l‘hc SVst
S8 BRI (3.20 '
['he conv }ouniguely de .
; onverse asserti tely determines the
culation. ertion {from Theorem 3.3tillbof)?1:?ta?t§ a(j=1,4) 7 {
318 aincd by a Sim. : 4.2) % 1, %)=
I A - plc CaI_ 1y =% =3 33 e
where uedk and ¢ arc the cquilibrium disp’laccmcnt fields given by
the function f will be 2 pinimum at = 4(v) if and only 1
{ the following system of cquations

3.19). Clearly,
olution ©

{
(31(“),{52(\1), {5,,(\1)) 15 the s

3 . Py
(4.3) ?1;_/_ v, v Byl

Let us no

. : te that

section at the vectors vi(j

{a,, a and the clasticity fk"(/;grb vi7(j=1,4) depend

L s, @, a;). We will write lﬁf: Let @ be the f;): ?’nly on the cross-
f@} for the displaccmtl:? lme?SIOnal vector

mt vector v defi
ined

by (3.18), indi
.18}, indicating .
next theorem is a (iijil'tol:“itlscé)tr? dependence on the const
't consequence of the nstants a.f
¢ Theorem 3 B 1;4). The
.

u)y= < u,, V= (i=1 2,8,
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As in [4], [3], by {2.5), {3.19) and Theorem 3.1 we find

<U,y, V= f s(u, 5} . v® dg = keagﬂza(u, a),
B

<, 5, v s,
In view of Theorem 3. we arrive at
=AU,y V(“J>=_kf?a(u)-
A simple calculation viclds
< v ytite Dy,

where D, are given by (3.21).
Thus, the svstem (4.3} reduces to

DyiBi(u) = —(Fa(u),

so that the formulae (3.24) apply for any ue &N,
On the other hand, by (2.4) we obtain

(4.4) D:ifr?’i(u)=0’

(4.5) <80, VU= [5(v) g da = E (u),
on

where

E,(u)_-zf T(x--2p) x, +21l%) 4,4 da_i:f (A 42u) %, +AuN] tty,5 da,

Ej(u)=  (n A2 40N g, da—‘;f (A 24 MY 11y, da.

If we use for --q, 3 V'Y = the expressions from (4.5) then the systein (4.3)
becomes

I
Dy fi(u)= ZEt'(“)a Dniﬁ-(“)"’-fﬂ.

The svstem defines Bi(u) associated with any  displacement field
ueM, as global measures of strain.

Thus, Truesdeli’s problem as formulated in the Introduction can be
solved also for the flexure of inhomogeneous and isotropic bodies.
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