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(V)x,
(¥) -
(VI (V)x, v,z M, ((x, __,:)T,:. (%, 2 )= (x, (v, 2, )5 ¥)2,
(VII') (Y)xeM, (x, x, e3)e=0c3; (Y, €4, €1 )z =10,

(VIII) (V)xeM, (T M, (v, 5, X):=¢e5, (1, T, x)e=e2

Conditions that the operations 8., 8; lead to a Boole algebra in M are

obtained in the samc way.
Remark 4. Considering the ternary operation = which fulfils the asso-

ciativity condition :
(V)x, v, 2o, 0@ M, ((x, 3,2, 1, 9),=((x,2, )., 3, 1),
for y==z, n=v and by applying again the associativity law we get
(6 v2 e, 1 0= (2, 1, 1), ¥, ¥)s,
({2, Mg, a=((x, )5, Mg, (Vx, ¥, =M,

If g, has a left identity clement e, then 8. is a binary commutative
operation, for, considering a=c., we get:

(v, ueM, (v, )= (u, s, -

Provided that 3, too admits a trivial left element ¢, so that : (e, x)s,=
={e,, €1, ¥).=x, (V)x <M and morcover

(5, 2, ¥)e, 7 5= ({5 7 2o (0,2, 2)1, (3,7, 7))
(% % e (3 20 Ve D= ({5 320 (07, e (3 30 2)2)

or

then ;
(%, ¥)s,=(5, %, ¥ =x=(x, 2,
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A NOTE OX ADMISSIBLE NULL CONTROLLABILITY AND ON
VARIATIONAL PERTURBATIONS OF THE MINIMUM TIME
PROBILIEM
BY
OVIDIU CAR]JA

1. Introduction. We consider in this paper the abstract control
system

(1.1) () —Ax(ty+ Bu(t), 20,

where the state x(f), /20, takes values in a reflexive Banach space X and
the control #(f), {20, is in another reflexive Banach space 7. Assume
the operator 1 generates a strongly continuous semigroup ${f) on X for
t2 0, and B is a bounded lincar operator from U into X,

For x(0} —=x,=.X and 315 L (Kt U), the solation of the cquation
(1.1) is understood in the mild sensc, that is,

x(t) =5() xo+ S.S‘(!"-s) Buls) ds,
o

where the integral isin the sensc of Bochner.
We take the set of admissible controls as

(1.2) U=t sl (Rt U); || nif) €1 a.c.}

In [10], the author gives a sufficient condition of admissible null
(,ontrolhblht\ for (1.1). \[ore precisely, it is proved there that if S{1) is a
contraction semigroup and if the system (1.1} is null controllable on [0, 77
for some 7 =0, then it is admissible null controllable in finite time. Here
we prove the above result with a weaker condition on S(f)y (Corollary t1}).
The approach is different and allows to obtain additional informations about
the transferable sets (Theorem 2). Unfortunately, we are forced to impose
the reflexivity to the spaces A and {7 while in 10] they are gencral Banach
spaces. This is done in Section 2.

In Section 3 we are concerned with variational perturbations of the
problem of reaching the origin from an initial point in minimum time.
This problem, which is very important from the numerical point of view
has been considercd, by a number of authors (sce, for example, [67, [11
when dim X is fllllti_j In the infinite dimensional case, Sasai and
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Shimemura [12]consider S{f) an analytic semigroupand B =7, Know-
les [8]and Lasicska [9]study a Ritz- Galerkin approximation when
the control acts on the boundary and the target is a ball. In [2] we have
studied this problem under the assumption that the original svstem toge-
ther with the perturbed systems arc exactly controllable on [0, {] for cach
t>0 and furthermore the perturbed systems are exactly controllable on
[0, ¢] uniformly with respect to n. Here we relax that assumption by repla-
cing the words ,exactly controllabie” by ,uull controllable”. The result can
be applied to systems of type (F.1) with B =T {thc identity operator in X).

Apparently, the two objectives of this paper are quite different.
However they are unified by the main tool used for the proof of the results.
Namely, it is given by the following theorem on majorisation and cotnajort-
sation of operators in Banach spaces.

Theorem 1. [7]. Let X, Y, Z be Banach spaces and et KEL{(X,Y),
FelL(X,Z). The following three condifions are cquivalent

(i) range L£*crange I,

(ii) vy | Ex |<Y Fx |, for all v eX and for some vy =0,

(iii} £°B(0, 8) =F*B(0, 1), for some 8=0.

Moreover, in the equivalence (ii)+>{it7) one can take v =8.

We denote by L(X, Y) the space ofall lincar and bounded operators
from X into Y, while B(0, 8) stands for the closed ball centered at zero
with radius 3.

2. Admissibie null controllability. TLct e introduce the operator

V(T): L= (0, T; U)—»X by V(T) w=§S(T—s) Bu(s) ds.
0
The transferable set at time T is defined by
R(TY={xeX ; S(T) x=V({T)u for some = Uyt .

In fact, R(T) is the set of all initial points which can be transferred to zero
during [0, 7] with admissible controls.
The transferable set in free time is defined by

R=UJr.0 R{T).
Definition 1. The control svstem is called wull controllable on [0, 7]

if all points of X can be fransferred to zero during [0, T with controls in
L=(0, T ; U). This is equivalent o

range S(T)crange V(7).

Definition 2. The control system (1.1) is called admissible null con-
trollable if all points of X can be transferved to zero in [finite fime with con-
trols in Uyq. This means R=X,

Our aim here is to search remarkable subscts of K, B(T) and also to
give sufficient conditions to assure that the system (1.1) is admissible null
controllable,

Define G(T) : X*—L'0, T ; U7) by G(T) &*=B"5*(T"—.) 5"

So, the adjoint of G(T), G* (1) : L=(0, T ; U)—X is exactly (7T} delined
above.

L iy e e
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Remark 7. By Theorem 1 we can conclude that the svstem (1.1) i3
null controllable on [0, 7] if and only if ’

"
(2.1) g BESHs) 2t fds=C{T) | S*(M 7] for some (1) =0
0

and for all a*€XN* Moreover, (2.1) holds if and only if all points

<. , CIRT \ all points from
the ball B0, C(T)) can be transferred to zevo during [0, 17 with admissible
controls.

The main result of this section is

Theorem 2. Lef the svstem (V) be nudl condrollable on [0, T for
some 10 and more exactly let (2.1) hold. Then for integers n= 1, all points

n—1
Sfrom iy ball B(0, C'(}")kllol [S (KT) ) can be transferred fo cero during

[0, ni with admissible controls. This means

n—1
(2.2) B{0, ¢ ;;xu I SET) ) R(nT).
Also we have
{2.3) int (0, C(71) ;20 ) S(ETY )<= K.
k

Proof. If {2.1) holds, we have

nT n=1 (ki T

T BSHs) 2t fds = % § || BES*(s) x* || ds =
A= AT

[}]

Ll . il . i, S
=X _;n|13¢ (k74s) " [ ds= X | | B'S™(s) SkT) &° | ds>
n-1 n—1
SCUIY X IS SYUETY v° Iz C(TY & W Gg g T T T
( )aO' (Y STy~ ;C(I)k.‘o(l_. STRTY DI ST (ndy a7 .

By Theorem 1 and Remark 1, the assertion of Theorem 2 follows easily.
Corollary 1. Under the assumption of Theorem 2, if the series

’:_.01,- [ S(ETY | is divergend, then (1.1} 18 admissible naldl controllable, that s,

(2.4) R=X.
In particular, if
(2.5) || S{ty = ML for 1—m,
then (2.4) holds,
Fhe assumption that the control system (1.1} is null controllable on

[0, tl' _Hfol;lg.;nm}sl D is in fact a necessary condition for admissible null
con 3 o bal s 2 b + i v T i T

rxo thality, By a standard argument using the Baire Category Theorem,
one can prove ]
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Theorem 3. If fhe control system (1.1) is admissible null controllable
thew there exists 1 =0 such that if is null controllable on [0, 1],

It would be interesting to obtain a characterization for the admissible
null controllability. In the finite dimensional case, it is proved in [47 that
the admissible null controllability condition is cquivalent to condition («)
below.

(a) ? B'S(—t) x" | dt =400 for all veX, x# 0
o

(see also [13] for other results in the finite dimensional case).
Remark 2. Results of the same kind as in Theorem 2 can be obtained
if instead of (1.2) we take

Uvml _UT>0 {HEL (0, T, U) hu p“—<]} , f) 1.

In this case, instead of (2.2) and (2.3) we shall have
n—1 e
B(0, C(T) £ 1| S(kT) N < R(nT) ; int B(O, C(T) X 1f| STy |9 e K,
k=0 §=-0

where 1fp + 1/g=1.

Remark 3. Similar results can be obtained for boundary-distributed
control systems, using the semigroup representation for solution (sce (.
More precisely, consider the control system

(2.6) 2" (8) =Ax()+Au(t), () - Ta(f), (0} =1,

where A is as above, [T =4 —2,I, h=g(d) (the rezolvent of A), AeL(U, &)
Assume the following condition: for each /=0 and welU, S(HAneD(A)
(the domain of A) and there exists y e L. (R) such that

[ TES(HA Y<y(t), ae £=0.

Under this assumption, if () =, (Rt ; U), we can deline the mild solu-
tion of {2.6) by

() =S{t) vot- i\:' 115{t—s)Au(s) ds

and moreover y(.) is a continuous function. As results from [1], the prin-
cipal parabolic boundary control systems can he written in the form (2.6).
The system (2.6) is null controllable on [0, 77 (with controlsin L (v, T; U)
if and only il

T

[ IIS(A) %" [ ds=C(T) 1S7(T) %" |7, for all 2" =X,

o
The prool of Theorem 2 for the svstem (2.6) is similar to that for (1.1} using
the commutativity of IT with S{z} on @(4) and

(S (t-+5)A) =(TIS@EA)S(s).

Ve conclude this section with the special case B=Iin (1.1} S0 we
have the equation

e e——————— = - 5
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—

{2.7) () =Ax()-4-ult), 20

Simple calculations give
¢

(2.8) JS7(s) x* || dsz [exp (of) — DfwM exp (of)] | S x|l
B

for all ¥ e\, where Wz L and o = R (the real linc) are such that | S(f) <

Sh’ CXp ((0!), f)”
Corollary 2. For the control system (2.7) we have

() B0, [{exp (o) — ) foM exp ()] :2;; 1Sk ) = R(ut) Jor ante-
gers w2l and 1>0.

(i) int B(0, ((exp (wf)— 1)l exp (wx)]éo]/ns (k) ) K. for 1>0.

(iii) int B(0, lod)= K for >0 and R=X for w<0.

(iv)y If for some £=0 the series ¥ 1] S(kt) || is divergent, then R=AX
k-0

3. Variational perturbations of the minimum time problem. Along
with the control svstem {1.1), let us consider the following  sequence of

perturbed control systems
(3.1) a' (1) =dax(t) + Ban(l), 120,

forn —1, 2, ..., in the space X, Foruz 1. A, are assumed to be the infinite-
simal generators of the strongly continuous semigroups of bounded
linear operators S,(f) on .Y and B,eL{U, X).

Our aim is to give conditions for the convergence of the sequence of
minimum times of the approximate systems (3.1) 1o the minimum time
of the original system (1.1).

We now list the assumptions which will be in effect throughout this
section.

(A1) There exist M =0 and o< R such that

IS8 || <M explwf), for a1, 2.

Here M and w are independent of n.
(A.2) Sa{l) v converges to S(t) x for any v X, wuniformly for 1 in beunded
infervals.
(A3} B, converges lo Bu for any weU.
(A.4) BLSA() x* converges to B'S™{l) &7 Jor any x'€ X", uniformly Jort in
bounded intervals.
(A.3) There exists a function c: (0, w0)—(0, ) such thut the following
condition holds : for each =0 there evisls o positive integer u(t) such that
Jor nzw(l),

and 120,

H
VIl BoSy () x* sz e(d) || Sale) =° |1 for any " €X".

{0

Remark 4. Condition (A.5) savs that the original system together

with the perturbed svstems are null controllable on [0, ¢ for each >0

2 = Matematich 203
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uniformly with respeet to #. As results from {5], the null controllability
is Iragil in the presence of perturbations. However, under Assumption
(A1), in the case B, =B8=/thc condition {A.5) is satisfied, becanse of (2.8).

Let us denote by R,(8) and R, » 1,2, ..., the transferable set and
the {ransferable set in free time associated with the svstem (3.1). Define
also the functions '
To(ay=inf {/; v=R, (O n=1,2
T{x)=inf it ; xR}, veRh,
which are called the minimum time functions associated with the svstems
(1.1) and (3.1), respectively. '

The main result of this section is

Theorem 4. Assime (A1)—(AS). If x&R and x, converge
then v, € R, for n sufficicnily large and T ,(x,) converges to T(x).

For the proof of Theorem 4 we need two lemmas,

Lemma 1. Assume (A 1)—(A4). I1f x, R, (1), 1, converges to T and
X, converges fo x, then x = R{T).

For the proof sce [2].

Lemma 2. Assuwme (A1), (A3) and (AS5). If x, converges to x and
x < R(Y), then for cach ¢ >0 there exists n{e) =0 such that for nzn(e) we have
2, = R, (14 <)

Proof. Let £>0 be fixed. Since v e R({/), there exists # & U, such that

S{t) x= tf S(t—s) Bu(s) ds.

L, XEN,

and

o x,

(3.2)

By (A.5) and Remark 1 there cxists u(e} such that for any n>#n(e) and
any x <X with | v ||g¢(e) there exists #¥ € U, such that

Sale) x = i[ Su{e-—s) Bar(s) ds.
On the other hand, by (A1), (A.2) and (A.4) we have
S8} x, converges o S(f) a;
1 '
é‘ Su(t—s) Bau(s) ds converges fo | S{t—s) Bu(s) ds.
0

I'hese facts imply the existence of a positive integer #, such that for nzwn,
we have
t

| Sa(6) x4 g’ Su(t—s) Byuls) ds ||=c{e).

Thus, for #zmax (u,, n{e)), there exists n, =, such thal
h €
Sale) Su(8) v, —Sa(e) bf Sulf—s) Byu(s) ds =Oj' Sule—s) By,(s) ds.
This means

ke

Su{t-H€) v, _(i; Seli+e—3s) B,v,(5) ds

where
1(s) on

s —{ [0. ¢]
! u,{s—1t) on

[¢, i+¢].
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Clearly o, € . Hence v, = 1, (t-- ) and the proof is complete.

Now, the proof of Theorem 4 is the same as that of Theorem 2.1 in
21, However for the reader’s convenience we shall give it here.

P'roof of Theorem d. From Lemma 2 we deduee that the sequence
Falx,) is bounded. Thus, there exists a subsequence of 1,(x.) denoted 71,.,
which converges, sav fo 77 Taking f=7(x} in Lemma 1 we have: for
cvery 2 -0 there exists n(e) such that for ' >nle). we have .7 (x)+=
Thie 1'< T(x). On the other hand, by Lemma 1, we deduce v, € R(T")
and so T{xj= 77 Thus 7" ==7"(x). Since the Jast cquality can be obitained
for all convergent subseguences, the proof is complate.

Remark 3. In particular, Theorem 4 savs that if the system (1.1} is
aull controllable on [0, 7] for cach £ =0, then the minimum time function,
is rontinuous. This is the main result of [3].

Remark 6. In infinite dimensional case, for practical applications,
it is important that the spaces X and I7 bealso approximated by a scquence
of finite dimensional spaces. This is the case, for example, in [2] where the

| spaces X, U and the operators . and B arc approximated in the sensc of
Frotter. Theorem 4 can be proved in the setting of [2] but we have adopted
the above setting for only siimplicity.
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