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(N CATEGORIES OF H-CONES AND OF HYPERHARMONIC CONES
BY
EUGEN POPA

§0. In [2] Eriksson proposes a definition for morphisms bet-
ween hvperharmonic cones. Results concerning the connection with the
definition proposed in [4] for the morphisms of H-cones, are givenin [3].
The present paper begins with an alternative description of the hyperhar-
monic cone associated with an /f-cone, which is cassier to handle in some
situations. In § 2, the different cones associated to an H-cone, are com-
parcd. §3 contains the main result (Theorem 4), which assertsan adjunc-
tion situation between a category of H-cones and a rategory of hvper-
harmoni< concs.

‘The notions and notations about H-tones are as in [17. For questi-
ons about categories, sec [5]. The notion of hyperharmonic cone was
introdured in (2]

§1. Let S be an H-cone. We denote by H(S) the hyperharmonic cone
consiructed in [3]. Let us recall that the elements of H(S) are the classes
of non-void, increasing subsels of S, for the equivalence relation associated
with the following preorder relation :

=B iff vsad=ysAa B, vseS§.

We prove next, that there exists a canonical, complete system of represen-
tatives. This fact will shorten notably certain proofs. Notice for instance,
that the order relation will reduce simply to the inclusion.

Let us denote by S the set of all subsets A =S, which are non-void,
solid and conditionally upper complete. § will be endowed with the order
relation given by the inclusion.

Proposition 1. The map - S H(SY, defined by - o(A) ts the equivalence
class of A, is a bimonotone bijeelion,

Proof. Since any 4 €8 is non-void and increasing, ¢ is well defined.
If A< B, then clearly ¢(A)<9(B), hence ¢ is monotone. Conversely, let 4,
B<S besuch that »(A)<9(B). For anyse.d, we have :s =VsAASVsA
A B<s. Let us denote : s,=sA b, Yo&B. (s,)yep 15 an increasing and boun-

ded family from B, Hence: s= ' 5,€B, and 3 results bimonotone. In
. Eeld
rder to define the inverse map, we need :

Lemma 2. Lot A<S be non-void and increasing. Then :
={s=S | IFcS, F increasing, s=\ F, Vt=F JucA such that t<u} is

r
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{he smallest subset of S, which coniains A, and is solid and conditionall v u p per

complele.

Proof. It is clear 1hat there exists 1l smallest subset of .S, which con-
tains - and is solid, conditionally upper complete. Let o1 be this set. We prove
first that A’ is solid and conditionally upper complete. If s and {5,
then : {=VIAF. Lets, i€d" be cuch that: s=V I and (= 7, Define 77
as the set of all the clements of the form : (Vo)A (s £, where el ve
eF' F'" is incrcasing and: sV {= VI Since 4l is increasing, it follows
that syteAd’. Finally, let 174 be increasing and bounded in 5. Lot us
denote 5=V [7 and: A,={ueS | A=l such that n<d, Jp e such that g}
A is increasing and dominated by s. Since for any {<F we have: ls v A,
it follows that : s=V 4,4 Since obviously A< A" we get AdAga’. Con-
versely, let s=.1, and let £ be as in the definition. Let, for cach S I,
ueA be such that t<u. Hence us A, so that teAd andfinallvs= vy Fe A.

We continue the proof of the theorem. let A, B be non-void, increasing,
such that [A]<[B]. For any seA’ we have: s=VF=VsAF<yspd
hence: s< VsA B €5 Let us denote: s, ==5Ab, YbeB. (s)sen is an

increasing family from B, and: s= V s, hence s= B'. It results that
X Lel

A'c B'. From these facts, we get a well defined, monotone map:
G H(S)—S, B([A])=2"._Dirccily from the definition we have @ (Pog) (A)-

=4([A])=A'=d, Yd=5. Finally, let A4 be non-void and increasing. Fol
any s<S and fed’, we have: sAT=sAVF=VsAI=Vsh A hence:
VsAA < VsAA. The converse inequality being obvious it follows that .
and A’ are cquivalent (in the sense of [3]), hence :

(2 o) ([ =2(1)=1A"]={4].

Remark. Delining cone operations on Sty (A, B A1 e, A)—
—a. A, we oblain that S is isomorphic to /[ () ws an ordered convex cone
and a complete lattice

§2. Let S bean /-cone and S bhe e H-cone of all cancellable elements
from H(S)([2]). Weare going to establish somwe connections of S with other
cones.

Proposition 3. Lot S bean H-rone of frnclions on a sef N There caisls
a bimonotone, additive bifection belween S and S [1, 1l 3.5]

Proof. We define ¢ 0 5- .S as follows: il &8, then : plfi={s &5 | s<f}
Since S is solid in 5, it follows that & f) & ({5}, Morcover, $(f) is cancellable
in H(S) :if s=x-3(f), Va O then:a b, s< { Vo =0, henee [s=0] is a fincly
dense sct. We get thus s =0, and 15 correctly defined. Clearly @ is monotone-
If §(f) < B(g) then f<y, sinee § is increasingly dense S, Finally, & is additive
from the Ricsz decomposition property, We define next 5 Ny :for deS,
o(A) : X— R+ is the map defined by o) [y = sug) s(x) o is correctly

sE
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defined @ if [2(4)=e0] wonld have non-void fine interior, there exists 1,

2eS such that nge on N and @ @ [u-v]< [9(4)= too]. For cach tes

wee have @ sup (min (((x), #(x) -+s{x)))zsup (min ({x), 2(x) ts(x))), vxEX.
sed s€4

Hence @ w--Az o4, Sinee A is cancellable, it follows 2 », contradiction.

Henee » is correclly defined. Now :

(9 o 9} (f) (x) =9[s<f] (x)= sup s(x)=[(x).

sef

Conversely, let A S, Then :
(o) (A)={ses | s(a)g sup ()]}
te4

Let A7 denote the set in the second member. Clearly A= A’. It rcmains to
prove that :
vanA'svVuh A, Yues
which comes to:
sup (min (#(¥), s(x)))< sup (min (#(1), {(x}))=min (u{x), sup #(x))
sedr ted ted

and this is true from the definition of A"
Remarks. a) 1f S is a standard I-cone of functions on the saturated

space X, then 5 and 8" are isomorphic [1, cor. 4.4b)]. In general, there

exists the following connection between S and S, 1f we define g : S“—-hS‘Aby E
ola)={s€5 | sgal, then o is correctly defined. ¢ is bimonotone (or only
injective) il and only il & is dense in 57" Indeed, if § Sa=ss<fand S is dense
in S*, it follows that e< 8. Converscly, if § is not dense in 8™, let oS
be an clement which is not a supremum of clements from . If we denote .
B=V{s|5 <5, s<a} then faand ola) =of2). 115 is specifically solid in 8™,
then o is a (finite) morphism of H-cones. Moreover, if for cach s=5§, s#£0
there exists u 5™ such that 1(s)#0, then we have a commutative diagramm :
S
AN

v N
.‘_‘)‘*.—?———)‘S-

If ¢ is surjective in general, remains an open question.
b) S being dense, hence solid in H(S) [3, prop 2.2.] 1t follows that

H(S)=11(5), henee § and S are isomorphic H-cones.

I ¢) The cone S defined in [4] can be also compared with H(S7) as follows.

There cxists two maps: o :S°—=H(S"), ¥ H{(S)—$" defined by : ofp)=

={veS" | vgul; §(A) (s) =sup v(s).p is correctly defined and bimonotone ;
wEA

9 is correctly defined and monotone ; morcover Y 09— ls. However, 0 o=
=lgse if and only if S° satisfies (//4) from [2]. It is an open question if
his holds always. By (4, prop. 1.8], when § is an H-cone of functions, in-
rgagsmg!y densc in 5™ (in particular, when § is a standard H-cone), then
S$*)° satisfics (H4), hence (S°)° is isomorphic in this case to H{(S).
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It is hence preferably, in general, lo use in the definition of a morphism of
H-cone, the hyperharmonic cone H(SY from [3], instcad of $°, since the
former alwavs contains S (as a solid and dense part), satisfics (i 4) and has
a universality property. This definition coincides with the one given in {4},
for example when S is an H-conc of functions, dense in 8™

§3. We consider next the following calcgorics and functors. ¢ is the
category having as objects those hyperharmonic cones, for which the set
of cancellable clements is dense. If 17, T Ob ¢, the set e(17, 1) of morphisms
is formed of all hyperharmonic morphisms {2], from 17 to i1/, which preserve
the canccllable clements. .

7% is the category having as objects the H-cones such that 5—5 and
as morphisms, the finite morphisms of H-cones [41. Accordingly, (5, T)
will stand for the sct of all morphisms from § to 7 in the category 4. We
define next two functors:

H : H— ¢ is defined on objects in §I. By [2, th. 6.20] any ¢ €%(S, T)
extends uniquely to a hyperharmonic morphism, denoted here by H(s))
from H(S) to H{T). 1t is immediate that H is a correctly defined functor.

G : em is defined on objects as : G(F) is the H-cone of all cancellable
elements from ¥ {2, th. 3.131; and, for 9= e(1, W), Glg)=2 lep1 - Again,
we have defined a functor. Clearly G o H=lgq.

Theorem 4. H is the adjoint of G.

Proof. We show more, namely that there exists a natural bijection :

(H(S), V)= 76(S, G(V)), VS €0b, Y1/ =Obe

which is bimonotone and preserves the addition and muitiplication by positive
scalars. This facts result from the following universality property :
Lemma 5. Let S €Ob0, 17€0be and » : S—1 be a map with propci-
ies :
Vs, teS in(s ) = o)+ o) s<i=s(5) sty VF&S increasing

and bounded =>o( 'V F) =/ 2(s) Vs& 8, 2(s) is cancellable in 1",
SEF

Then, there cxisls a unigue morphism o< e(H(S), V) such that the follo-
wing diagranm commdes

S——as H{(S)
N
-

Proof. The uniquencss is implicd by the density of Sin H(S). Let 4 € H(S)

and define : p(A)= " o(s). The definition is correct and the diagramm is
sed
commutative. The fact that o is additive follows from the fact that A is
increasing. Clearly 4 is monotone and by construction, Vs& S, 2{s)==(s) is
cancellable, since S=S. Let (A4,);e, be an increasing family from H(S}). We
have to prove only the inequality : V o{d )z (v 44).
fel €l

i
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Using lemma 2, s= A, =(UJ.d,), means that there exists an mcreasing

ielf el
familv  (1;);es such that: ;€U A, ¥, €] and s< V£ Then:
i€l sel
Jaldy= N Voel) -V a(zes) Vse v A,
el el 164, ITEN iel
and so: ! 'p(.-l,-);_ V oa(s)=2( V ).
1ef .\'EVAi iel

Now, we have a bijection, associating with p € e{ H{5), '} the morphism
5 [s€(S, G(I). Indeed, the choice of morphisms assures that the defini-
tion is correct, while the lemma proves that g—o gives the inverse map.
Since =9 o, it follows the other asserted propertics of this bijection.

Remarks. From the general theory {3], it follows that :

a) H commutes with the colimits and ¢ commutes with the limits
(il thev exists).

L) There exists natural arrows :
wilg—Goll; viHolG=l,;

w is in fact identity. If W eObz, then oy {G(IV))— 1 is the canonical
projection, i.c. if 4 € 17 is a non-void increasing subset of cancellable clements
then @ op{d)=v s, {in ).

sed

One verifies casily {using lemma 4} that the next compositions are the iden-
tities : _
GOVY =L GHG(IT) == G(IF), VIV e Obe
and :
Hu vH
H(S) —— HGH(S) —— H(S), ¥S=Ob %

¢) A is isomorphic with the full subcategory of e, having as objects
the hyperharmonic cones, which satisfy also (H4) from [2]. Since there
exists hvperharmonic cones 17, such that the cancellable clements are
dense in W, but V does not satisfy (H4), it follows that e and A are not
equivalent categorics. Also, this fact proves that there is no hope to obtain
an adjunction situation, when finitc morphisms are replaced by arbitrary
01}11?3, despitc the fact that the functor /f can be extended to gencral mor-
phisms.
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