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Proof. Proof follows from lemuma 4.6 and lemma 4.9.

Remark 2. We observe that the results on deficiency indices of il
operator 1" is an extension of the previous result of Pin cus [(ih] ?n t]:(f
g(lalr;s:g;zz:; htgrc we do not require I” to be a singular integral opet“ato‘r instea((f
I,VU;UWP—IOH apps’lrently forces 11" to be a singular integral operator because

. kB}W,‘I.;;hcrc BTV is of {race class. Similar is the case for I

Remark 3. The necessaryv and sufficient conditi B : :
. to be an atom of the measure du% is that Potr L;Jc;]lgzt 10511 .-f(;)ltllil: irl‘;?lglxl‘:lllmbcr

13 | 8() Hie

—_ v .
S-—d\u{—g 5(v) dv
JoOpR—V vl
u—e n

be }f)i]nite, where 8(v) is the phase shift corresponding to the perturbation
problem U—U+B (sce Carecy [1]} appearing in lemma 4.3,
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INVARIANT BOXES AND STABILITY OF SOME SYSTEMS
FROM BIOMATHEMATICS AND CHEMICAL REACTIONS
BY
N. H. PAVEL

1 Introduction. In the first part of this paper (Sec. 2) we recall a
general result (Theorem 2.1) on the flow-invariance of a timec-dependent
reclangular box with respect 1o a differential svstem. In Sec. 3 we apply
Theorem 3.1 to the study of somc differential systems from hiomathematics
and chemical reactions, bn bee, 4 we characterize the matrices A for which
the corresponding lincar svstem A" 14 is component-wise positive asym-
ptotically stable (CWPAS). For the proof of Theorem 2.1, as well as for other
problems in flow-jnvariance theory, the reader may consutt the papers
i1 the references, in particular Refs. [4]. [3] and [7]. In the Appendix we
oive a partial answer to anopen problem in the theory of the flow-invariance
of a set with respect to an abstract differcntial ¢ juation in a Banach space.

2. Statement of the general result. Let us consider the differen-

tial system

(2.1) ai=filt, X2, s xp), 120,
with the initial condition
(2.2) xilfo==a?, A7ER, =1, .., m

where f;: [0, 4o0) = R"— R are continuous and guarantee the uniqueness
of selition to the Cauchy problems (2.1) and (2.2).

Recall that a time-dependent subset D)< R™ is said to be flow-
mvariant (or simply-invariant) with respect to (2.1} if for cach #,20 and
20 (13, .., A%y € D(1,), the corresponding solution ¥ ~x(f) to (2.1} with
x{to) = x" also satisties
(2.3) ()= D(L), iz,

(i.c. x{t) remains in D(2) a3 long as it exists to the right of #,). The charac-
_ terization of f-dependent fow-invariant sets in very general cases can be
found in Rufs. (2], [4] and [3] Here we recall only the particular case of

rectangular boxes below
DA =1{a(f), bilt)1={v={(31, -~ )€ R™
1
(2.4) a{y< v <bidl), 0=, i=1, .., W},

where ¢, b,: [0, 4o0)— R are continuously difi erentiable functions, with
ait) <<b,(8), for all i=1, ..., m and ¢=0. The characterization of the flow-
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invariance of the above D(f) is given by the following theorem
proof sce Pavel [3], [4Jor Voicu [7]).

Theorem 2.1. Let f;: [0, 400y K"K and a, b,: [0, -o)—= R sa-
tisfv the above hvpotheses. Then for cach t,2 0 and 1, — (¥, .o, x) with a,t) <
<al<bilty), 1=1,2, ..., m the corresponding solution x=(x,(1), ..., Xml(l)) to
the problems (2.1) and (2.2) satisfics

(for its

(2.5) a( < {By<hi(t), Vit i=1, .., m,
1f and only if
(2.6) il 5y o Xy, @5(t), Nexy, oo, )2 ai(t),

Filty, X1y o, X5, BD), Viprs e U SHHY),

Vit s t=1,..,om; xy<al), b;(0]; j=1, .., i—1, i+, .. m (with the
convention Xy = Ay, Xty = Ap).
3. Invariant rectangular boxes. We first consider the

enzvmatic
reactions

E4SZ2C—E P,
where E, S, C and P denote enzyme, substrate complex and product, res-
pectively. 1t is known that the evolution of the substrate and complex con-
centrations (denoted by x,(f) and x.{f), respectively)is described by the fol-
lowing system (sce Rubinov [6])

(3.1) A= —x, +(x, +a) x5, rag=x,—(x, b} 1y,
wherc 0 <a<b and 7 is a small positive constant.

Another system we want to study here is the system of Field and
Noyes (sce Ref. [4] for details)

(32) Ap=8{x,- _T1_1'2—,1',-—(]_t§-)‘ -1':,:—'5_1(_f.1';.—15?---—.\,\1-_,), 'Yt.l:w(-\'l‘_xa).

where s, w, f and ¢ are positive constants. It is cssential to note that gis
less than one (precisely ¢=8 375. 10 %). The differential svstem (3.2) is
the kinetic system for the five irreversible steps model of Field and Noyes

(3.3) AFY =X NV P BAN2N 422X Z-fY,
where f is a stoichiometric factor, I, () products and
N=HBrO,, Y =Br, Z=Cc (IV), 4=8=DB10;.

Actually, (3.3) is the quantitative model for the chemical mechanism in

the Belousov reaction.
The third non-lincar svstem we want to discuss here is
X=X l R L ! 5
B3 Sl Rt G O S,
! 10
nt? T 1 3 ] 2
{3.4) Vo= N Xp— —— A3— X, Xy - — 13,
10 0

Tg=Xgkg— — 45— X Xy 4 —— ¥,
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This i dnetic svste § - chemical scheme {of Hanuwsse sce
[his is the kinetic svstem for the L!u,mu,a . : I S et
Rp}. [4]) of two processes 4 and B with three intcrmediate species \) IZ
In (-011nJection with {3.1) it was proved in Refs. [3] and [4] that all rectangles
of the form

(3.5 D,=1[0, 5,1 {0, b1, by, #,>0,
are given by
(3.6) aby (1 —b,) 1< b, <bb{1 —b)7Y,

for all b, (0, 1). This can be proved by applying Theorem 2.1 with m=2,
AOE a.:(t)_(), by(y=b,=const, b,{{)=>b,=const. for all />0, .
l It was shown bv Murrayv (sce Ref. [1]) that the rectangular boxes

- T EG 11
(3.7) Dy={(xy, X, ¥y} 1€ 2,€¢70 S 3<Yy 1€ x;<g )

3 ery soluti in the positive octant Ry
ave the property that every solution to (3.2) in ' X
I\]\"le\:;tllall\?cl1rt)crs the box D, and no trajectory can leave D, provided that
(3.5) vo=qfl(1 ), ¥e=/12g.

In what follows we shall give more precise informations on the systems
above. To do this, let us also consider the rectangular box

(3.9)  Dy={(xn ¥e, %) 1/30,€10, 1/BL2,<100, 1/20< v,< 1 000} .

The main result of this section is given by
Theorem 3.1. 1) The positive octant Ri is a flow-tnvartant scl with

- svsie { 3.4). 2) The necessary and suf-
s pect to each of the systems (3.1), (3.2) and (3.4) Jhe .
}:f:t condition in order for the systent (3.1) to admit an invariant sct of the form

(3.10) Dy=Tay, b,)% [a, ba], 0<aiby, i==1,2

is a—b. All rectangles of the form (3.10) which arc invariant with respect to
(3.1) are given by

(3.11) ag=a{a, +a) !, ba=0by(b; +a)!

with arbitrary a;, by, >0. 3). All rectangular boxes Dy of the form {3.7) which are
twoariant with vespect to (3.2) correspond to

(3.12) nLyff(t+g). =<2 !

. -~ - . - - P s . 5 . 3.4 .
4) The set Dy (sec (3.9) is fneariant with respect fo the svstem (3 _ .
) l’re;r)f. \;\'(c 51]2(111 apply Theorem 2.1, For the part 1), sct = 0‘ in hth_(.
right-hand side of the first cquation of (3.4) {e.g.). We get 1110 &3 \'t!h}c is
greater (or ¢ jually) than zero for all x, (in particular .for .\-._.? 0} and so on.
2) In this case, by Theorem 2.1, the invariances of D. 15 equivalent to (3.6)
and

0 —a, +(a, Fd) xq, Yo, & [dy, 0],

0y, —{x;40) a., vy, [wy, b].

Obviously, (3.13) are equivalent to «,{a, +a) 1< a, < ay{a, +6)71, which
implies a>b. But (3.6) gives a<b so a=0) and the result follows.

(3.13)



= :
12 N. H. PAVEL ¥

3) Once applies Theorem 2.1 with a, - a,=| =

and #=23. Now thc conditions (2,6)1})cc2)mcj e T AT
f-""n; (1 42,) BEY f-rB'~<- (i +x1) Ya,

for all I<x,<1fy and 1<a,< /g whi j

' <1< i << Ifg which means just (3. i

we apply Theorem 2.1 with »n=3, ul..-l/;, ]b:—_l(a szz;:)l/én bﬂ}lslggsc

ay=1/20 and b;=1 000. The tangential conditions (2.6) l'wco_mc o j

- | | 1 !
cy 0 ——L1_Z
3 0o 3Tt
I R
(C2) LI R SERLIE S
8§ 10 64 8""+|013“’U'
1 1o !
(C3) SIS L . PP
2007 10 400 20"+i 29,
(C4) 10 2, x2<0
10 '
(C5) 100 x,— oyl
21—1 000100 1, +— s2<0
10 ’
(C6) L 000 3, — 10°— 10% y, -} —— 1,20
too "'

l !
for all x|, 10] x, i~ : ' I ‘
| 1 [3 . X = 3’ 00|, xy= 5 1 OOO]. I'he inequality (C1) holds
true since

min —!—1§_lL2+32 __4__
90 40

nek 10 3
To verify (C2) it sufficics 1o sce that for v, = I/3 we have
—.=2 —max {— J 20— — 42 =.!_D
8 37 8 640 "y 33} 845
The rccmaiilliug conditions above are obviously verificd. The proof is complete
P gro( ar;() 3_1],) Al solf_ffwns lo the systems (3.1), (3.2) and (2; 4) starting.
s LOF 2 . N NI T . . ’
gD, iy o), Dy and D, respectively ar defined on the whole semiaxis
) f 3 L) i - T
1.(t)f=i)'jof0j.-r‘(’t ¥ bea solution (e.g.) fo (3.4) with a(0) =x* Dy Then
éica] rc; ftr ltlll t E.[O’ ’_'m‘“) and thercfore x is bounded on [0, fnx). By a clas-
N ‘:‘ " 'llS]llnphes fmay= -+co which concludes the proof. ‘
ol _r;il?q Ll Mtf 1'c a'ssc.rtmn o[ Corollary 3.1 is nol trivial. Indecd, even for
L’(t)i—!*(lpcz Or(— mary differential equations (c.g. v'—=1?) the SOlu’tion (i.c
; /(i —1), x{0)=1) may blow up in finite time. In our ¢xample her.c'

max= 1,
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]

4. Component-wise positive asymptotic stability (CWPAS). A special
class of Hurwitz matrices. In this section we will study the [ow-in-
variance of D(f) in the case 4, {)=0, Le.

(4.1) D)= T1 10, bi(1)], O<Biff), 4= 1, ooy m; 120

i=1
with respect to the lincar homogencous system with constant cocfficients
(4.2) {f)y=4Axy), 120,

where d==(a;;), ¢, €R, 1,j=1, ..., m and 1= {1y, .., ¥n). Clearly, the flow-
invariance of D,{f) mecans that for cach initial condition x(f)=x* with
0 v(1,)< b{ty), the corresponding solution to {4.2) satisfics

(4.30) o< x(ty<olt), =t
where b(8)=b4(8), ..., bu(t). As usual, this means
(1.3b) 0L ()b ), 1=1, ...,

in view of Theorem 2.1 we can prove
Theorem 4.1. The nccessary and sufficient conditions for the flow-
invariance of Do(f) (1.e. for (4.3a)) fo be satisficd, are given by

f‘) (IU? O, T‘-'/:J} T‘, j = l, wesy H
29 b'(Hyz Ab(f), viz0.

Tn the sequel we keep the condition b,(f) =0 and in ad dition we will introduce
the asymptotic stability condition
(4.4) tlim b(ty=0, i=1, ...
Definition 4.1. The system x'=Ax is said {0 be (CW PAS) if there
exists a m by 1 vector b{) =0 such that (4.3a) and (4.4)are satisfied.

The ftheorem below characierizes the matrices A for which y=Ax
is (CWPAS).

Theorem 4.2. The system x'-=Axis (CWLPAS)if and only if 1) a;20,
Vi), ¢, f=1, ..., m. 2) a, =0, 1==1, ..., m. 3N A has tw Hurwitz's  pro-
perty (the real part of vach vigenvalue is aegalive).

Nieessily, The condition 1) 1s cquivalent to the non-negativity of
solutions starting from &% (One applies (2.6} with a;{f)="0). Furthermore,
from (4.4) it follows that there are >0 such that ] (¢) 0. By Theorem 4.1
we now have

(4.5)

, ML

()>4l,,~bi(i;)+§(t,‘,b,(l,-), jaéf:, £=I, e,
=1

which yiclds 2). Clearly, 3) is a consequence of (4.3b) and (4.4) in conjunction
Wwith a classical result.

~ Sufficiency. If (1)—(3) arc fulfilled, then the system (4.2) is (C\WWPAS)
With b(f)= x,c, for cach m by 1 vector 5, >0. This is because (1) —(3) implics
£)>0 as well as (4.4) (so we take b{f)=x{) =x,e*). The proof is complete.



Remark 4.1, Actually, (CWPAS) of (4.2} is cauivale 4
tcn(c)c of]somc m > 1 vectors ¢ oof ('om)ponel(lts )d] ERDEIMUTILD il
¢ =0 such that (4.2) is (CWDPAS) with b(t)=v ¢ 1 We will si

» i ; TAL : . ill simply sayv
(4.2) is (CWPAS),,. Indeed, Theorem 4.2 can be restated aslTnp.\ TR

Theorem 4.3. The svstem {4.2) is (CWPASY {#f- . Geriii
g, e 2) a0, g 4 )3) ‘Iv(-..() ASY dff: 1) a0, vigj,

>0 and of some numbers

)

i=Tm

. . I m
0 \csmm{— A — =~ E g vy i;éill ;
i |

Remark 4.2, Tt follows that under hy
] 4.2, s thi T hypotheses 1) and 2), the matrix A
ha‘“l the Hurwitz's property if and only if there are some b\f)l vectors vl"\.-lo
;um that dz<0. A simple algorithm (which can be readilv implcrﬁcﬁted
'V computer [4]) to compute such vectors o is given by .
Theorem 4.4, L¢t A =(ay;) be a m o m matrix with the property

(P)

Fhen a neeessary and sufficient condition
veelors v =0 such that Ay <0 (
ts fhat

(4.6) Ay >0, k=1, . m—1: p=1 ., m—k

. : .
where dyy are inductivel y de fried by

a4 <0 a;20, i, 6 j=1,.., m.

‘ for the existence of some m x|
or cqutvalently for A to have Hurwits's property)

A 13 k1) |
(4.7 Iy, diy=| M bl
d-k =1} d!k-—l)
- P Y-kl m—i+1, m—k+1|
Li=hoom; k=1, m—1: fog=1, .., m—k.

Proof. We have to find some positive
the syvstem of incqualities

(4.8)

numbers »,, ..., v,, which satisfy

€y uy + 4’“imvm 0: 1= [n .-

gundcr. hypothesis (17)). Because dmm << 0 and
15 cquivalent to (if a,, > 0)

o ML

Qom 2 O, Whpe=1,., m—1(4.8

Tt En i
i -1 —d ==
(4.9) " ‘Jl+“- + Um_1 <Um< Pl Uy ... -+ —.&_l e
mm “mm " o
p Enm

We conclude that {cven if pn=—0) v,

. ...y have ¢ i sati
cessarily and sufficient) mCRavORelusly tosatislyt(ne

4, gt
(4.10) iy vi— o —dP 0., <0, p=1, ..., m—1,
where
(ne Uy,
{(4.11) d,',‘,(',r-[ T bog=d, L m
Ty Uy

) i -
hencc,‘d,,,,so, for p#4¢. Accordingly, the conditions dpe >0 (p=1, ..., m)
?re nf_(‘;essa.ry. 'he main remark now is that the matrix in {4.10) also satis-
1es a condition of type (P) (with —dye in place of a,.). Therefore we can
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climinate v, , from (4.10) as », was climinated from (4.8), and so on. ll'ms,
Jfter the elimination of v, Yu 1, o s the remaining variables vy, #, satisfy
[X

_u im-2)
] . —dyr S A7 7
(4. - A e = e
{ ) i P

—u _a, = sy Vi ] iva-
with @y, dyr¥20: 477", d§® >0, In these conditions, (4,12} 1s equiva

lent to
[.1,:.1 3 d{f‘]}:—-} o, = _Jlm—]: Yy < 0
(4.13) e dns® 1 11

henee dmY =0 is a necessary and sufficicnt condition for the existence fw'f
some >0, satisfying (4.13). Obviously, in (4.13) », may be assigned Pogis
tive values at pleasure. Then we take a #,>0 satisfving (4.12). In '.isuch ‘.1‘
manner, going back {rom (4.13) to (4.10)_;11_\(1 (4.9), we prove t?ac .(.:.\l.ffl‘CVI-IL‘(,.
(sufficiency part) of vy, ..., ¥ 2, v, >0 {with »,=0, arbitrary} satisfving
(4.8). This completes the proof.

Remark 4.3. A Fortran programme to computce such 2y, ..,

by Gherasim (sce the references in [4]). .

© APPENDIX : On the extendability of continuous and dissipative func-
The theorv of diffcrential equations on closed subscets (on which
' {o the following problem (sce author’s paper [4]).
() Let D be a non-empty closed subset of the Banach space X and let
A: D—X be a continuous and dissipative function, which is tangent to [)'
(see (4], (3.9), Ch. 2). Can A be vxtvn.dcd to X preserving both continuity
and dissipativity ? The answer io this question 1s given b'\'.

Theorem 1. Let A : D—X be as in (P). If X=R (real axis) then A can
be extended fo X preserving both continuity and dissipalivity. This fuct may
sol be true if he dimension of X is greater than one. =

Proo]. Let X = I. In this case the fact that A: D& R-» R is dissipative
means that A is non-increasing. Denote by 1, the complementary RN D of
D. Take an arbitrary open interval Ja, 6{< /), with —oc <a <b < 400, Hence
g, beD and Aaz Ab. Set
(1 Av=Aa+{p—a) " (Ab—Aa) (x—a), v=[a, b].

In such a manner, A can be extended to K as a continuous and‘non—l.ncregsmg
function, q.c.d. If the dimension of X is greater than one (i.e. dim Xz2),
then we have the following counterexample to the extendability of 4 to X,

w,, Was given

tions,
this paper is based), leads

DX Ry D=f(x, ¥); v R, ¥ 12, A, ¥) =[x, 2]¥?)
4 is the gradient of the convex function
flx, yj=x¥y. yell, v-0

d therefore A is dissipative. Morcover, 1 Is tangent to D, Indrcc.d, we
ve (x, 1/2) +hdA(x, 1j2)=D for all v=XR and /=0, hence (3.9)xink [4]
apter 2 is verified. We now prove that o cannot be _cxtcmlc(! to X as a
ipative function. To this goal, assume, by contradiction that there exists
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a dissipative extension {denoted also by A} of A to the whole Y. Set A(0, — 1)
—(p, g) with p, g= R. Then the dissipativity of A vields

(4) <A(x, y)—A00, —1), (xr, y+1)> <0, Yre R, vz 12,

where <...> denotes the inner product of K2 In view of (2), the inequality
{4) becomes ,

(5) (4fx) ((1/3)— 1) +p3+o(3 +1)<0, VAR, y>1/2
Substituting v==1/2 into {3) we reach the absurdity
(6) 4x*+2px -+3g<0, Vx & R

which completes the proof.

Remark 1. We have actually proved that grad f cannot be extended
to Rt It follows that if FF: R2— R* is a function of elass Ct, such that its
restriction F/D to a closed convex subset DD R?is convex, then FfD cannot
be extended to 2 as a convex function of class C'. We have to recall that
even if X =R, a continuous and convex function F: De R— R (with D closed
and convex) cannot be extended to R preserving both continuity and con-
vexity. A standard counterexample in this dircction is the following : D=
=[—1, 1], F(a)=—(t—x*)¥2, x<=D.

Remark 2. Obviously, A given by (2)

on the open subsets U={(x, y): ¥>0}>D. Consequently, the following
problem arises : (P,) Let D and 4 be as in (P) and let dim X3>2. Is it true
that A cannot be extended to any open subset U = I) preserving both conti-
nuity and dissipativity ?
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is continuous and dissipative
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ON QUAS‘ICONFORMAL MAPPINGS IN RIEMANNIAN
MANIFOLDS
BY
v. T. BORCEA and A. NEAGU

Introduction. Tn this paper, we consider quasiconformal homeomor-
phi=ms according to Gehring’s metric definition and in Markushevich-Pesin’s
sense in Riemannian manifolds and we prove their equivalence in the casc
of differentiability with Jacobian different {rom zcro.

1. Let us denote by Fpa Ricmannian manifold, hence 17, 15 a topolo-
gical space separate Hausdortf, paracompact, which has a cou_ntablc basis,
% of class €= and has the partitions of unity ol class C=. If I, is connected,
then it may be organized as a metric space. For this, let us consider the sct
C{x, v) of all piccewisc differentiable curves ¥ joining x and y of V. The
distance from 4 to u is defined by -

b
: : [ dx
1 d(x, v)= inf S =L dt,
(1) (v 3= ot M2
where the norm ||. || is given by the Ricmannian metric gon Vyand v I—=Vy,

[a, b1 1, yla)=x, v{b)=y (g is a scalar product on the tangent bundle
T (V). The topology induced by the metric d(x, y) on V. coincides with the
topology of the manifold.

Let g, be the associated matrix ol g
exists a unique linear connexion such that its cocfficients

(U, ) are given by :

in a local chart (U, 2). There
in the local chart

Uy {045 D8k agu)
2 ry o L g o280y O8u Ry}
9 i 2 kZ,,,r (Ox Axt 9x*
alled Tevi Civita connexion, A curve y given in the local chart (U, 9) by :
) ri=x'(t), tel

Il be a geodesic on Vi, if it satisfies the following system of differential
nations :

[LL = i I rﬁ’ {gk
di*  sim dt dit
One proves thal for every v, €U, there exists a neighbourhood Uy U

% and == /. such that for every x(x')=U, and every X(XH=T(Va)



