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{denoted also by A) of A to the whole . Set A{0, —1)

a dissipative extension
Then the dissipativity of A yields

=(p, q) with p, g R.
(4) <A(i\', 3)—_{](0, —'1), (,’\‘, '\,1_{_]):., -<~.0, V_’\'ER, },21/2'

where <.,.> denotes the inner product of R2 In view of (2), the inequality
{(4) becomes

(5) (x3f3) ((1/3)—=1) +pa +g(y +1)<0, VoK, 4212
Substituting v==1/2 into (3) we reach the absurdity
(6} a2 +2px 4-3g<0, Vel

which completcs the proof.

Remark 1. We have actually proved that grad f cannot be extended
to R: It follows that if FF: R*—= K is a [unction of class C*, such that its
restriction F/D to a closed convex subset L)< R* is convex, then F{D cannot
be extended to I? as a convex function of class Ct. We have to recall that
even if X = R, a continuous and convex function ' : De R—R (with D closed
and convex) cannot be extended to R preserving both continuity and con-
vexity. A standard counterexample in this direction is the following : D=
= [—1, 1], F(x)=—(1—x3)¥, x=D,

Remark 2. Obviously, A given by (2) is continuous and dissipative

on the open subsets U={(x,y): ¥>0}>L. Consequently, the following
problem arises : (P,) Let D and 4 be as in (P) and let dim \X>2. Is it true
that A cannot be extended to any open subset U = D preserving both conti-
nuity and dissipativity ?
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ON OUASICONFORMAL MAPPINGS IN RIEMANNIAN
) \TANIFOLDS
BY
V. T. BORCEA and A. NEAGU

Introduction. In this paper, we consider quasiconformal homeomor-
phi=ms according to Gehring'’s metric definition and in -.\I'.u'kush:~v_ich-1"csin’s
gense in Riemannian manifolds and we prove their vquivalence in the case
of diffcrentiability with Jacobian different {rom zero.

1 Let us denote by T, a Riemannian manifold, hence V, is a topolo-
gical spacc _separate Hausdorff, paracompact, which has a L:Otl_ntablc basis,
!5 of class €= and has the partitions of unity of class C-. If I, is connected,
then it mav be organized as a metric space. For this, let us consider the set
C{x, v) of all piccewise differentiable curves ¥ joining x and y of V. T'he
distance from x to v is defined by

b
%]
dt

13

2 e

(1) d(x, v)= inf

vECH, ¥)

where the norm ||. tis given by the Riemannian metric gon V,and v : I-V,,
[a, b1, v{a)=x, {b)=Y (¢ is a scalar product on the tangent ‘pundlt’
T (V.)). The topology induced by the metricd(x, 3) on Vs coincides with the
topology of the manifeld.

Let g;; be the associated matrix of g in a local chart (U, 2). There
exists a unique linear connexion such that its coefficients in the local chart

(U, ¢) arc given by :

IEER N 08ki
2 ry— L gre{ 28y 28
')' ’ Z,Ef (Ox‘ Ay’ ax*

fled Levi-Civita connexion. A curve y given in the local chart (U, ) by :

yi=xi(t), tel

1 be a geodesic on Vi, if it satisfies the following svstem of differential
nations :

w o n . k
il n Z T},‘d—l ‘iﬁ =)
dts  jaie dt ot

One proves that for every xvy U, there oxists @ neighbourhood UleU
%o and ¢ = /', such that for every x(x')=U, and cevery X(XY =1 (V)
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with | A7 1= ¢, there cxists a unique  geodesic vx 1 (—2,2)=1, which

satisfies the initial conditions :

el o
ve(0)=xs — |=X.
di |

In the local chart (U, 9} the geodesic Yy which satisfies the initial condi-
tions : A
x|

dt Jime

A0, x,, X)=x", =X
is given by a'=x'({, a4, X).
\WWe observe that for every a& R—{0}, the curve v,
-\

3

(—27., 23() _’L"l

defined by x'=x'(af, £, —Y) 1s again a geodesic with the same initial
o

conditions, hence :
() ‘l'x{t):"(:v(dt)-

-4

The point ¥y €717, i called the cxponential of vector X & T.{V,) and will
be denoted by exp ,N. From the relation (5) {for a=1/{) we get:

(6) expy(IX)=Yux(1)="x(t}
We obtain a differentiable map :
7 oxps: We T(Va)—= 1,

called the exponential map, where W is an open neighbourhood of null vec-=
tor 0, 1.(1",) which depends on «. o

Then we can consider the local chart (U, exp;t) where U=exp; (W), in =2
which the coordinates of a point are called normal affine coordinates, i

Because the images of lines which pass by the origin of T.(l’,) are
geodesics passing by ¥, it follows that in normal coordinates the geodesics
which pass through v are given by the equations:

(8) ;\‘=f.xi.

A geodesic v : [a,d]—=T. is called minimal, il its length is at most
equal to the length of every piccewise smooth curve which joins its end-
points.

A Riemannian manifold 17, is called complete if any regular geodesic
may be extended indefinitely. If 17, is a complcte Ricmannian manifold,
then anv two peints of 17, may be joined by a minimal veodesic and any
hounded subset has compact closure.

A Riemannian manifold 17, is complete as metric space iff it is a com-
plet Ricmannian manifold. A useful property in the sequel is that the expo-
nential map has a behaviour of an isometry for the distances measured !
from 0, :

vX & 1,(1,), d(0;, X)=| X |l=d(x, exp; X}
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Let f+V,— W, he a map, with 17, and W, manifolds of class Chlzl,

i we denote by (1, 2) and (1, 0) two local charts in v, and f{x,) respec-

tively, then [ s differentiable of class C* (k< 1), if the map:
Fe=dofop™ 1 p(1)—p(1V)

is of class C*. The Jacobian matrix of fin x, with respect to (V, o) and
(1, ) 15 [are(xg)f0x'] where A ==["(x'} is the expression of f in the consi-
Jered local charts, The rank of fin &, (equal with the rank of the Jacobian
matrin) does not depend on the choice of the local ¢harts, I fis a diffcomor-
plii=n then : rank f(x)=m=n, hence Jilx)=det [DF*(x1)[0x']#£0 for every
NE l'u :

2 In the sequel we will denote by 17, a complete Riemannian manifold
and by [ De 1, ==y T, a homceomorphism, where D is a domain
in 1. .

Definition 1. We call modulus of dilatation of the homeomorphism f
al a point xy =10 i a divection S €1, {V,) the quantity

aftx) = lim 4(f(3), [xa))

(9) : .
as e d(x, x,)

where < 18 the geodesic which passes through xy and has tangent vector S.

i et 17 be an open neighbourhood of 0,, such that W and U-=(expya,©
ofe Cxpe) (1V} be contained in the domains of definition of the diffeo-
morphisms €XPpz, and expria, respectively,

Lemma 1. The modulus of dilatation of the homeomorphism [ in the
poind x,, 1 the direction S, coincides with the modulus of dilatation of the
map :
(10)
in the puint 0, & TV, and the direction o

Proof. Let v be a geodesic which passes through v, and has tangent
vector 5 €1V e T (V). If x =y then there exists X =15, such that

d(x, v,)=d(X, 0.)= X || and cl’(f(x),f(.\'o))zd(F(.\'), F(o))= F(X) I
It follows that:

F=expyi,ofo expy,: W—-U

e IFCO T \aﬁ(oh)
po X | 9s

Definition 2. An A-point (affinity point) of the map f, is a point X,
characteri-ed by the properties :

a) [ is differentiable at x,

b) J(xo)£0, where J{xo) is the Jacobian of f at x..

Remark 1. 1f we use normal coordinates at X and flu,), we deduce
hat J,(v,) -~ J.(0,). If x is an A-peint, then the linear tangent map:
g) To f=DE0.) 0 TolVa) = Treal V)

§ an affine transformation.

= Matematisn ane
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Remark 2. 1f vy is an A-point of f, then 0, is an A-point of F.
et us consider an ellipsoid Ir, = with centre 0y, semiaxes 4,2 da.2,...
2 a, and characteristics

(C) Pm= ﬁ("”ﬁ‘l, ol ”—1) . ak‘
fy

where o arc the directing cosines of the axes . p=a,fa, is called the prin-
cipal characteristic parameler of the cllipsoid E,,. We define an ellipsoid in
1", as being the submanifold €. = exp, (12.). We denote by X, &1V, (i=
—1, ..., n) the vectors of an orthonormal basc in T, {17,) and by v;, (i= 1§
—1,...,n) the geodesics yi{f)==exp,, ((X ) which pass through x, and are
tangent to N If -+ Y, (1=1, ..., n) are verlices of the ellipsoid E,,, then the
lengths of the semiaxes arc a=| Y | and the dirceting cosines of the semiaxes

at=cos (X, Y})-

By definition, the axes of the cllipsoid &,, are the geodesic segments
E{t)=cxXPx, Yy, te[—-11], and the vertices the points af=cxp,, (+Y).
It follows that the semiaxes of the eliipsoid &,, will have the lengths :

d(xg, xF)=d(0y, Y=Y |=a
and the directing cosines :

cOSs (Yi: ck)=COS (zYl', Yk)———“‘df
By these considerations it follows that E. and &,, have the same charac- .
teristics (€). An ellipsoid €,, with characteristics (€} will be denoted by
€., (C). [

Definition 3. A homcomorphism f 1s said to {ransform an infinitesimal |
cllipsoid €, (C) nto an infingtesimall ellipsoid 8.(C7) if il transforms, fors
cach x, the ellipsoid GXC) with ax=1, into a surface contained between two

homothetical ellipsoids (5}'(3((?'), ;,'ﬂ (C*Y with minimal semiaxes by and
b ves pectivelv, so that lm By [he=1 us G (C) shrinks homothetically to x.
]

>0

"3, Let f: DEV, =D =f(D)y=V, be a homeomorphism. We define
L{x, )= sup d{f(x), f(x)

yES{x 1)
x,r)= inf d(f(x), f(3))

&S, )
where S(x, r)={y:y=V,, dlx, v)=rt<D.

The lincar dilatation of f at x <D is defined as:
— L{x,7)

S(x)=Iim ——
(+) =0 [(x,7)

(13)

¥

(14)

Definition 5. e honeomorphism f s said fo be K—qc (K-quasiconfor
mal), 1< K <co, according to Gehrings's metric definition if 3(x)< K, for every
xsD.

A familv of hipersurfaces {submanifolds of dimension n—1) {oa}
as(0,1) of class C7 (p>0) is said to be regular of paramcter k=~(x,) relati-’
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vely to a point vy, if a,=0[5(0, o] where o is a homcomorphism of the
unit ball B(0, 1)= k* onto a neighbourhood of the point x,—2(0} — is s0
that :

sup fix, %ol
lim &%
3200 inl dfv7.xe)

TEC,

= h{x,) o0,

(13)

A homeomorphism fis called regular at x, =0, if for at least a regular
family {o,} of parameter A(x,) relatively to x,, the family {f(o,)} is a regular
familv of a parameter &' (x,) relatively to flx,).  The homeomorphism [ 1s
<aid to be regular in a domain 1 if it is regular at cach of i1s points. '
The quantity :

qlr=inl k(v . k*(x),

10 |

(16)

where the infimum is taken over all regular families relatively to x,, 15 called
ihe characteristic of the regular homeomorphism f at x,.
Definition 6. A Jlomecomorphism  f, vegular in D, is called K-qc,
{ ¢K<w, in Markushevich-Pesin’s sense if q(x)< K for every xel),
Lemma 2. /At an A-point v, of a mapping f, the following double ine-
qualitv holds

(1) Pobayy gy () L20

i} T fiG) 05
1

With cquality on the left side for dilatations in the dircction of the maximal
axis of the cllipsoid according to the affine transformation 1, f and with
equality on the right side for dilatations in the direction of the minimal axis.

Proof. Let &, (C) be an cllipsoid in cxpy, (W)= D, with centre at x,
and characteristics (C). Then, the ellipsoid £, (Cy=cxps! (G, (C) is
an ellipsoid with centre at 0,, and characteristics (C). By Remark 2, Lemma
1 and {2} (Lemma 2, p. 131) we obtain (17}

Lemma 3. A¢ a point of differentiability x, =1 of the homeomor phism

ﬁ.f’i---}bn i .]f(xﬂ) & N

we huve .
af(-"uH
18 Alx,)=s Lt
(18) {x4) e |
{19) As {xg) =inf 0f(%e)
s 08

where :
(20)

= d(f(x), Al o, o ), [(x)
Ay =1 AR JAR0 Ly gy ) = lim AL
Axoy=1lim T, 7% I N : 1 i

Pl

-
. <

&

e

Proof. By Temma | and [2] (Lemma 3, p. 132) #t iollows  that
A,(xn)—.m(M)_) m 1'(‘\) :;“p Mj)—r") .—_S!lpl M
e, (¥, %) TS sl 165 | APYS

Where » Delongs to the geodesic (1)

expy, (£5) and N=cxp;}(x). Analo-
ously we prove (19). ) Bl
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Lemma 4. Af an A-point xo€D of a mapping f: D= D" the following
relations :

(2 i) Ag(vy) E-'-lblp dfa(:U) V'Pl---/’n v fxa) |
& . f’)f(.\'[.) — 7 /)3 Pu 1 .
(}ZL Fofxa) = infl =2 1 = Ji{x)

The proof is a consequence of the Lemmas 2 and 3.
Corollary. At an A-point xo=1) of a mapping fwe have

Ay(vy) .

{23} - . RENE

Ar{xy)
where Py is the principal charvacleristic parameter of the affine transformation
HEdE

Remark 3. 1f 18,} is a regular family of hipersurfaces of parameter
k relative to a point x,, then {74}, s =expii{o,.) is a regular family of the
same parameter % relatively to 0, (because expy, Behaves as an isometry
for the distances measured from 0.0

F(24) = (expiky ofo0xPs) (72) = (XP7k, ©f ) (0a) = eXPTian{ floe)) ©

Lemma 5. Let f: D—D" be a regular honmeonorphism of class Ch
Then any regular hypersurface Jamily {oq} of parameter k, a=(0,1), relatively
to an A-point x, 1S mapped inlo a vegular hypersurface family of parameler

B iff the affine transformation T, f maps the fomily {zal, 7a- exprt {oa),

into a regular hypersurface fumily of parameter k.

Proof. If %, is an .L-point of f, then Oy, is an A-point of /. Let {as} be |

a regular hy persurface family of parameter & relatively to x,, then {7,} is a
regular hvpersurface family of parameter % relatively to 0,. If {flaz)} is @
regular hvpersurface family of parameter £ relutively to f(x,), it follows that
expyl, (floe))=F(ra) 15 a regular hypersurface family of parameter k& rela-
tively to Oy, By [2] (Lemma 7, p. 147) it follows that the affine transfor-
mation T, f=DF(0;) maps the regular hypersurface family {=,} of para-
meter k into a regular family of parameter i

Conversely,if {7} i1s a regular hipersurface familv of parameter k
relatively to 0, ST, (Vi) and the affine transformation 1, f= DF(0,,)
maps {7s} into a regular hy persurface family of parameter k", then by [2]
(Lemma 7, p. 146) it follows that  maps the regular family {7a} of para-
meter & relatively to 0, into a regulat family of parameter £, hence f has
the same property.

Theorem 1. A diffeomarphism [ DS I, =D eV, is K-ge (1<K <c0)
in Markushevich-Desin's sense iff it is W-yo according 1o Gehring's melric
definition.

Proof. Let f be K-ye in Aarkushevich-Pesin’s sense and x,&D, it
follows that x, is an A-point of f. By Remark 3 and Lemma 5 it follows
that f and 17, f have the same characteristic gly,) in X, By [2] (Lemma I,
p. 130) we have g(x) —py(xy), where pyis the principal characteristic para-
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meter of Ty, [0 hence g(xp= K implics py{a) <K in D, Let S{x,, r) be the

sphere with cenlre v, and radius ¥, Sy, 7)< D and 1!, ¥ €5(x,, #) so that:

AA), fa) > sup df(). Sl er
), Sl < ol d(f(x), flx) +er

T EN[Xy 7]

g R D, fe e
P inf d(f(e), fl) 0 AU, Sl =<
[rr d(f1x), [(xa)) +] f - [d(f(.r),f(xo)) _E] _ Afxd e

d(x, x) nl{xe) —¢

ez, d{¥, Xo) el
7 € Slxg.r) ® E5(2,, 1)

tor e—0 and by Corollary of Lemma 4 we have:
Afxa)

1y(%o

3o < = pi(ve) =q(ra) €K,

and @5 X, was an arbitrary point of D, we are allowed to conclude the K-
._111.hu-unfm‘malit_\' of fin I} according to Gehring’s metric definition.
ot us consider now that fis Keye in the sense of Gehring's metric
definition. Let B(0,, 1) be the unit ball and B(0,, a) the ball of radius a
in the tangent space T.(1,) with ve D). Let the diffcomorphism /i B(0,, 1} —
—~ B0, @) he defined by HX)—a. X for cvery XeB(0,., 1) Let a be a
fised real sufficiently small number cuch that the map exp.: B{Oy, a)—V,
be well defined. et as denote g-=cxpoh : B(0,,1}—1,. For every a=(0,1),
let us consider the hipersurface
6. (50, a))==cxp, h(S5{0,, «))} —expaS{0,, ax))={y 1 d(x, V) =daax}.
1t follows that:
sup d(x, v)
Tm e =1
cooinf d(x, ¥ i

YETy

hence the family {o.} is regular relatively to x.
Set =,  fla.)={ foexp,oh) (5(0x, «)), then :

sup d(f(x), f(3)) t_iﬁj_l_?,,f‘n(f("")' f (33}

By =m1(r)€7¢ _T : —3x<K,
W AT, O e it U0 JOD &

Hence g(v)=inf k(x) . R (x)=inf 3(x)< K <o, implying the K-quasiconfor-
malily In Alarkushevich-Pesin's sense.

. Corollary 1. A diffeomor plism  K-ge according to Gehring's melric
definition has the inverse K-gc according to this defintiton.
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The proof results from Theorem 1 and [1} (Remark 1)
Theorem 2. Let f: D—D" and Jr: [->D" he diffeomor phisms K (res-
pectively K')-gc according lo Gehring's wetvic definition. Then, the diffeomor-
phism au=hof is K . K'—qc according to the same definition.

Proof.
sup d(u(x), #(v)
___ sup )d.(u(x), w(y)) iim &S0 " m]_]d(”(-("h__“(}'))
S(x)_ling-ye_"”r” . I8 i 4 _gme d(x 3}
&, e OV S DY i () (2)
= dl), W) AW 0 g WA, B
e d(f(2), [(3) 45 9) g A1), J0))
tim A(x), #(3)) A(f(x), () 1im ), HA)
==d(f(x), [0 d(x ) Aaie d(f(x) f(9)

= ), )
L ¥ d(x, ») _ Ay () ] A {x)
1im 4U/(%), SO M) Mlx)

e dxy)

=p¥) P ()< K-K'
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ON A CERTAIN BOUNDARY VALUE PROBLEM FOR THIRD
ORDER DIFFERENTIAL EQUATIONS

BY

B. G. PACHPATTE

1. Introduction. In this paper we shall be concerned with the study of
ponlinear boundary valuc problem (BVR) for third order differential equa-
tions of the form

(1) ynr:g(t' :‘l, :’\’:’ yrr) }".(f' :’\,, -,\.r' :\lr' .'.vlff‘ )\), ﬂ%tgc,

() via)=0, ¥(b)=0, y)—=v, a<b<c,
where & is a real paramcter, eeC([a, c}X R*, R}, FeC[ [a c]xX R, R,
1 denotes the set of real numbers. In the past several yvears, an enormous
amount of attention has been given 1o the study of special forms of boundary
value problems of the fvpe (1y—(2), particularly for second order diffe-
rential cquations, under various tvpes of houndary conditions (scc for exam-
ple [3, 9, 10, 14] and the references given therein). Many sufficient condi-
fions are known for the existence and uniqueness of solutions of BVP
(1)--(2) when I'= ander various tvpes of boundary conditions (see,
(1, 2, 4, 5, 73). The main purposc of this paper is to obtain sufficient con-
ditions for the existence, uniqueness and continuous dependence on para-
meter 3. of the solutions of BVD (1)—(2) on [a, ¢]. Our formulation of BVP
(1}—(2) is motivated by the studyv of a verv interesting class of boundary
value problems by Nchari [I0], Moronecy [9], Hooker {31,
Ullrich [14] and others and a class of boundary valuc problems studied
by Kamenskiiand Myshkis[6] for second order boundary value
problems. The method emploved in our analysis is an extension of the method
used in [6) which in turn is based on the application of a suitable version
of the well known Banach fixed point theorem.

2, Main results Let Bla, ¢] be the elass of real valued functions

(f)=C > [ua, c] with norm

max | 2'(¢) |,

l
— max | z{f) |,
{c—u)® agi<e

2 (c-—u)Pasise

| = {|=111ax{

max jz''(#) |, max | z"""(f) | }

2({c—a) asrt<e ai<e



