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The proof results from Theorem 1 and [1] (Remark 1)
Theorem 2. Let f: D—D" and h: D= D" be diffeomor plisms K (res-
pectively K')-qgc according to Gehring's metric definition. Then, the diffeomor-
phism 1=hof is K . K'—yc according to the same dcfinition.

Proof.
- :Ell)';!(u(x), (V)
___sup d(u(x), w(y)) lim—== m‘i(”(-"):_"()'))
8(")_]11,11 YES( ) r-s0 ¥ v a(x, v)

: < : =
gt alu), wiy)) nf dulx), 1) pyd x), 0 ()

==

¥ €5{2, r) Ty YES(E, 7}
e e d(x, )
e d(u(x), w(y) d(f(x), f6)) g ), M)
_ o d(fl dx ) twein  d(/), [9)
(

) T3)
lim 4l (x), u(y)) d(f(x), f(»)
T=d{ f(x), f()

= (). f(9)

e A(x ) A (flY) A
lim 2/, f() W{Ax) M)

e Ay )

e
Ax, ¥y e A0, T

=pi(a) - Hi(fx))s K-K'
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ON A CERTAIN BOUNDARY VALUE PROBLEM FOR THIRD
ORDER DIFFERENTIAL EQUATIONS

BY

B. G. PACHIPATTE

1. Introduction. In this paper we shall be concerned with the study of
ponlincar boundary value problem (BVR) for third order differential equa-

tions of the form
(1) V=gt v, VL VY E( YL L YT N,
(2) wa)=0, ¥{0)=0, ¥c)=1,

where % is a real parameter, ge€C[a, ]XR®, R], FeCl [a,clx R, R,
# denotes the set of real numbers. In the past scveral years, an Cnormous
amount of atteution has heen given 1o the study of special forms of boundary
value problems of the type (1)—(2), particularly for second order diffe-
rential cquations, under various types of boundary conditions (sec for cxam-
ple {3, 9, 10, 14] and the references given therein). Many sufficient condi-
tions arc known for the cxistence and uniqueness of solutions of BVP
() —(2) when ['=1 under varions tvpes of  boundary conditions (sce,
[1, 2, 4, 5, 7)). The main purpose ol this paper is to obtain sufficient con-
ditions for the existence, uniqueness and continuous dependence on para-
meter % of the solutions of BVP (1)—(2) on [a, ¢]. Our formulation of BVP
(1)—(2) is motivated by the studv of a very intercsting class of boundary
valuc problems by Nchari [101, Moroney {9], Hoo ker [3],
Ullrich [14] and others and a class of Loundary value problems studied
byKamenskii and Mys hkis [6] for sccond order boundary value
problems. The method employved in our analysis is an extension of the method
used in [6] which in turn is based on the application of a suitable version
of the well known Banach fixed point theorem.

2, Main results. Let Bfa¢, ¢] be the class of real valued functions

(l=C* [a,c] wilh norm

asi<ge,

a<b<c,

max | z'{f) |,
(C-—:E): agisgce

1 max | z({f) |,
2 (Cu—cl)“ﬂé"-ﬁc

|z j=max {

max | £"'(f) |, max | =7} [}
2{c—a) est<e ai<e
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It is casilv scen that Bla, ¢] is a Banach space with respect to the norm
defined in (3). We also use the notations

(1) K,=max | g(0,0,0) |, Ky=max | F(t,0,0,0,0,3%}],

aslise assigce

and B, [a,c]={r<B[a,c]: |z |<e}, where ¢ >0 is a constant. In the spe-

cial case when max | “'( ) 1 is absent in the definition of norm given in (3},
aggi=se

we denote the space B[a, ¢] by B[a, ¢] and the set B, [u,¢] bv B, [a,¢
It is known that the BVP (1}—(2) is cquivalent to the integral cqua-
tion (see [13, p. 671])

(3 Y)=i6(t.5) gls. ¥). ¥'(s). ¥ (5)) Els, (5,

where G(¢, s) is Green’s function for the BVP
(6) ¥ ()=0,

3

o' (SEAES), 3 (s}AR)Ids)

asi<e,

(N y(a)=0, v(b)=0, »(c)=0, a<b<c,
and its explicit form is given by (sce [[3, p. 719])
¢z
1 (C——Sl—w— {t—a) ({—b)==g\;, b<s<r, agi<s,

2 (c—a) (¢ h)

b<s <c, s<i<e,

L)m._._ (toa) (fomrcY=gs,, a<s <b, agi<s,

f£e

=
tn
S
/A

]
o [—s)i=
g 2( )=

In order to cstablish our main results, we need the following known
results :

Lemma 1. [/ G(1,5) @5 Green's function for the BY'P (6)—(7), then

3

{8) F1G(, s) | ds<{(2{81) (c—a)?,
(9) ;’ |Gt 5) | ds<(1/6) (c—a)?,
(10) 016Gl s) | ds<(2)3) (c—a),

a4
Jortela, ).

Lemma 2. Lot (E, } b
the sphere S={v€L :|x ;C_:

¢ o Banach space. Let T b: a mapping of
bito itself satisfying the condition | T(x)—
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T = v, for BE(OE). Lel o 10) [ and m<a(l - B). Then
T has a mnym fived pom! \‘, which is the Uimil in the norm of E of the seqience o

vy 1(0), aa=T{x)), xg="T{x), ...

Lemma | 1s a su:t(nhh, version of Lemma ;,1\vn bvIoebel'kov and
Kobvakov [8] and Lemma 2 mav be found in Kamenskii and
Myshkis [6, see proof of Theorem 1],

Let 75 be the operator defined by the relation

N(s) sy, xT(s) M, vs),
1) ds,

for f={ua, ¢]. Deline the sequence of [unctions

(1) (Tay) (=16, 3) gls, (s}, ¥'(s), (),

{12) Mo v 1, YD) =G, 8) 2(s, 0,0, 0) (s, 0,0,0,0, 2) ds,

for t=[a, ¢l and k=1,2, ...

We use the following hypotheses.
(11,) There exist nonnegative constants 7, /7, such that

VIS Lo G UG, 2, w50 L) g Y

R (4, v, v, 0, ) e a, 6] X KA

Fa(t, v v,
for {(f, y, ", vyela, o]
(H,) The function g satisfics the condition
gl ye v, Yo IS Lo | y1—=xa | +Mo | ¥j—va | N, | 7= 3ls
on B, [«, M, N, are nonnegative constants and denote
{(13) ay={2/81) Lolc—a)*+(1]6) Malc—a)?-(2{3) Nofc—a).
(H;) For 2= R, I satisfies the condition

FEQE A, a0, 07, w7 )

<L | w

Lg(l, vy, vy, v}

¢], where L,

—I(t 2, v e, e, b))
Yo | FM{yi—ye [N | 27—y [+Q | 3" =3 |,

gln B, {a,¢], where L, M, N, @ arc nonnegative constants
S0

{14) wa==(2/81) L{c—a)*--{1/6) M{c—a)*+4-(2/3) N
H,) For ), 7.= R, I satisfies the condition
1:({' II' !If. :\Ilf' j'lf! 7‘ )_1;(! \ :}'J

By [a, ¢c], where pis a nonnegative constant,
We are now ready to establish our main result on the existence of a
ique solution of BVP (1)—(2).
Theorem 1. .tssime that the iy potheses (H,)—(Hg) hold. If o=+
Poo, <1 and :

) KK,

and denote

(c—a) +0.

i) S| ri—r |,

<:(l—2),
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then for cvery h= R,
This solution is the
defined by (12).

T Proof. Ttis cas
Bla, ¢] into itsclf. Irom the
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the BV {1)
imit in the Bla, c] norm of the sequence

(2}, has a wunique solution in. Bla, el
of functions

v to observe that the operator 15 defined by (11) maps

definition of operator 15 the cquation  (5)

becomes the operator equation

(150 ), t=]a, ]

(16) (t)
Clearly the solution of the op
of the BV {1)—(2). We verify now that
ditions of L.emma 2 on By [a, c]. Let v, ¥E B, [a, ¢l then from
theses (H,)—(Fl;) and (3) we have
(17) | ()" (= {030 | <
<) ety ¥, ¥'(0), ¥ () {2, 0, v, X, )

_F(L R, YO, Wy e, N

FLEE D, 0, 300, 30, 0 e ¥, ¥, ¥
—glt, (0, ¥, Y@<
(!

rator cquation {106) corresponds to the solution
he operator 15 fulfils all the con-
(11), hypo-

< P\[L| v{t)—7F
+Pu[['ﬂ | )'(t)_jj(i) l ‘l'A”n l| }”(t')_'jf'(t') l "I‘L\;o | .'y”(t')_-&“(t) |] <

(P +Pe) [| v =5 =0} y=F |-
From (11), hypotheses (H,)—{H3), (3) and (10), we have
(18) Ly = (3" G 1<
<1 1Gull,s) gls, ys), ¥'(8), ¥7(D) Fs, y6), vi(sh, ¥'(s) ¥s)h B —
i —gls, Fls), TS, T s, Fls), 1), F(s), Fs), 1) L ds €

cal y=F U] 1Gult9) | ds<a@f3) =t 1y=T I

Similarly, from (11), hypotheses (Hy)—(H3), {3), (9) and (8) we have

(19) ) (=13 (0 | <« (1/6) (c—a) || ¥y—2 1,
and
{20 (1) @ — (1) () ] <. (2/81) (c—a)® hy—¥ I

The inequalities (17)—(20) and the definition of norm in B [a, ¢] imply.

@1 | T — 153 €2 | y—F | -
From (1), (4) and Lemma | we obtain

(22) L(150) () ] S KK,

(23) 0) () 1< Ko - (2/3) (=),

(@) | +M (O =T @ [+ 0= IERARSOESANONS .j

h}
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(24) | (130} (1) | <K, K, . (1/6) {c—a)?,
(25) [ (150) () | <K,K,. (2/81) (c—a)
From (22)—(25), (3) and (13} it follows that

(20) | 750 [ KiW.< o (1 —a).

Thus all the conditions of Lem i
Thus : > cond s of Lemmua 2 are satisfied, and hence the
{I\f' Ih‘:rcf:iilll:\?lu-wL hxcc! point in By {a, ¢] which is the limitL E:F t;}: f‘?br;}tor
Ve ol _In (12). The fixed point of 75 is however a soluti .Llumf‘i
(1) (“)'_. his completes the proof of the theorem iution Sl
y Ho]utit(;;;cgt:[}g{?'tlsm a sufficient conditions for the continuous dependence
ity {(1)—{2) on the parameter 2. The idea of the rooF' bLan
on he csult given by the present author in {11, TI : P i
e , Theorem 2] (see, also
Theorem 2. In addition {
' : - o the hvpolheses of Theore ;
z;';,:: k;!)c(),ti;e.szs (H,) 1)3__)‘:;1’-_[1’1!;4. Then the sotulionf y(f“}O;‘ Z} IB’\fl;w;m A
belonging to B, [a, ¢} 1s continuous with respect to “the wariables e
SO ¢ variables (¢, X)) in
P'roof. From (11}, hypothese :
e ety })1 i._,IE Rl’cxs (H,) and (I1;) and Lemma ! we have

(27) [(Tu2)™" () —(1e2)""" ()
(28) (1) (O—(T2.3)" (1)

'~<~. I’]{J. | }»1

P | =2,
[4

< 1,1“ | }\1_“')-2 | J‘ IG” ff‘ s) Ids..g

a

Yo | . (2/3) {c—a),
(@9 1 (Ta) O—(Toey) () | <Paw | 2a—a | | |Golt, 5) | ds<
S | M= |. (1/6) (C_“)zva

(30) | Ta) () —(Toa ) () | K Pip | hy—~2s | ; (G, 5) | dsg

<P | h—2y ). (2/81) (c—a)2.
{30) and (3), it follows that
31 o g
) 7%y =T ¥ 1 <P | la=2 |.

from Theorem | there exists a uni i

1 sxists a unique functio 2 SUC p
_g(t, A} and Ty,3{t, 1) =v{f, %) i‘or t=u E]y(t’ Rl
m (21) and (31) we have o

|98 7)) =, 2o} || B Toay(t, W) — ToaviE, 2q) ||+
+ ” 2‘11-'}'({, )\z)—T}kz;\'(ts )'2) ||""<"
el y(t 2)—x 2) | +P
. (3 GAE] 1 | hi—ha |
m (32) it follows that i

L3205 %) | < Pall(1 =) [ 22 |

:rom (27)
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‘This shows that the function v(f, ) is continuous with respect to the variable
5. in It uniformly with respect to the variable ¢ in [¢, ] and conscquently
v{f, 1) is also continuous with respect to the two variables (f, %) in [q4, ¢]X
w I and proof of the theorem is complete.

3. Some special cases. In this section we indicate some interesting
special cases of BVD (1}—{2) and relatc our results to previous works ing
this arca. The BYP (1)—(2}, in the special cases when (i) =1 and (i)}
g==| ,It.‘cduces io the following boundary value problems '

g £

) S y=g(t YN agt<e,

(34) ylay=0, y(b)=0, y(e)=0, a<b<e, k
and J!
(33) Y 33 ¥ Y W agi<e, i |
(36) v{a)=0, y(b)=0, y(c)=0, a<h<c, )

respectively. Many authors have studied the BVY (33) —(34) under the vas|
riant of boundary conditions by using different techniques (see [1, 2,4, 5,71).0
Here we note that the hypothesis (H,) is not required in order to establish’
the results on the existence and uniguencss of solutions of BVP (33)—(34)
and BVDP (35)— (30).

The [ollowing result is an immediate consequence of our Theorem 1o

Theorem. 3. Assume that the kypothesis (H,) holds. I1f a; <1 and
(37) Kr{:;(]""-"«l)'

then the BVP (33) —(34)
the Limit in the B'[a, €]

has o wnigue solution iu Bi[a, ¢). This solution 1s
norm of the seqience of funictions defined by (12);

i cuse when IF==1. 2

\We remark that the result obtained in Theorem 3 can also be founds
in [1]. For several other results on the existence and uniquencss of the solu-
tions of BVP (33) —(34) wilh various types of boundary conditions we refer
the interested readers to Barr and Sherman [2], Jackson and
Schrader [4, 3]and Klassen (7] p

We next present the following results as immediate couscqucnces“.
of our Theorems | and 2.

Theorem 4. .Assiwme that the kypothesis (M)

Kool —a),

holds. Tf o, <1 and
(38)

then for cvery he R, the BVP (33)—(36) fas « wnique solution in B, [a, ¢l
Fhis solution is the limit in Bla, ¢) norm of the sequence of functions defined
by (12), in case when g=1.

Theorem 5. Tn addition to the hy potheses of Theorem 4, assume that the
hvpothesis (Hy) be fulfilled. Then the solution v(t, %) of BVP (35)—(36) belons
ging fo B, [a, c]is continuons with respect to the variubles (t, 7 in [a, e} X R. 3

Finally, we remark that the existing literature contains a number
of results on the theory of BVP (33)—(34) with different houndary condis

ON A CERTAIN BOUNDARY ‘v'.-\l.l'l:.. l'l{Ol:’;l,.EM _E)I
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tions by using various methods {see,

! for example, [4, 5, 71). The guestion,
whether or not the various methods

developed in [4, 3, 7] for boundary
vahue problems of the form (33)—(34) can be extended to {he more qa-nor;il
BVE (1) {2} or BV (33) — {36) remains an open problem. The results
abtained in this paper are an essential step towards a general theory of such
fvpes of houndary value problems and it is hoped that 1t would lead to
gignificant progress.
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