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§ 1. Introduction. Taking into account the fundamental results on
the grometry of almost semi-invariant submanifolds in a Sasakian manifold
obtained in [I] by A Bejancu and N. Papaghinc and also the
studvol A. Bejancu and D Smaranda in[3], we have considered
in [3] the casc of almost semi-invariant submanifolds in cosymplectic
manifolds,

The present paper continues the studv of almost semi-invariant sub-
manifolds in cosymplectic manifolds which are supposed now of constant
F-sectional curvature. The study of cosympectic manifolds of constant
F-sectional curvature is not far from the case of Sasakian space forms,Con-
sequently many of the following results will be proved by methods similar to
those nsed in [8] by N, Papaghiuec.

§ 2. Preliminaries. Let 37 be a (2n41) - dimensional almost contact
metric manifold with (F, £, 4, g) as the almost contact metric structure,
wherc I is o tensor field of tvpe (1,1), £ is a vector field, » is a -form and g

15 a Ricmannian metric on M satisfying :
2. 1) FX=—X44®3%: I5=0; 4oF=0; +()=I and
{2.2) e(FX, FY)=g(N, Y} —4(X) (), VX, Yel(Ti).

us we get

3) (X, FY)+e(FX, Y)=0, V¥ X,YeI(TM).
Let @ be the fundamental two-form associated to the structure F,
ined by (X, Y)=g(X, FY), ¥ X, Y eD(11). Suppose that all the addi-
nal conditions are satisfied on the almost contact manifold M, such that
becomgs a cosymplectic mantfold (sce [3]).

If M s a cosymplectic manifold, we have :

1

J) "':'x‘:',—O, V.\'*:I“t_]!':fl}, where s the Levi-Civita connection on M.

7 ¢F=0 and
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Now, let M be a Riemannian manifold isometrically immersed in a 7. Proper almost  semi-invariant  submanifold  when D#{0Y, DLx{0}

cosymplectic manifold M and suppose 2= (1M). Then we denote by the D# 40} . - :

came svmbol ¢ the Riemannian metric on M. Denote also, by 7 the Levi- Denote by v the orthogo . =

AULTEA & . e : ; by sonal complementary vee

Civita connection on M with respeet to g and by 7L the linear conuection in FME Then we have lh: fl)lln\\'in‘lf or ry vctor bund.l(? to FDL@cD

) - ... _ J i . = : r have ¢ orthogonal decomposition :

induced by 7 on the normal bundle 7ML, For cach bundle K, let T(K) be S 2 10 RN -

the module of its differentiahle sections. Then the cquations of Gauss and _ (2.10) PML-FDLD D,

Foaln o L 2 ) : . o .
\Weingarten are : et M be an almost semi-invariant submanifold of a cosymplectic

(2.6) G 4Y =Y +H{X, ¥) and manifold A7, Recall the following results obtained in [5];
= ar L .- - . ! Lemma 2. 1. [53]. If K s , ;= . = -
(2.7) Ty N=—AxN+ 7AN, VX, YeT(TM), NeT(TaAL), ey [5]. If K is one of the distributions D, DL, D, or {5},

where % is the second fundamental form on M and Ay 18 the fundamental
tensor of Weingarten with vespect to the normal section N, satisfving:
e(h(X, YY), N)=g{ds, Vy=g(dyY, X), VX, Yel(TM),
e N eT(TAMY).
Denote by {2} the |-dimensional distribution spanncd by 3 on M and

by {E}L the complementary orthogonal distribution to {z}in TM.
For any X (M), we have g(FX, Z)=0, then we put

(2.9) FX=bX X,

where bX eT({£}4) and ¢X (1ML,

Definition 2. 1. The submanifold M s called un almost semi-invariant
submanifold of M if its tangent bundle TM has the decomposition TM=
--D®DJ-®I3®{E_}, where

i) D is an {nvariant distribution on M, that is F{D)=D,
ii) DL ds an anti-invarian distribudion on M, that 1s F(DY)= TAIL,
iit) D is the complementary orfhogonal distribution to DeDbLe{s} m TM 4§

It is casily scen that the decomposition of T} is an orthogonal one.

From the definition of P, we get that b and ¢ are two automorphisms
of D.

We notice the following particular cases of almost semi-invariant

submanifolds :
{. Semi-invariant submanifold, when D=0 (and it is a proper one if
D#{0}, DE£{0}) _
2. Invariant submanifold, when D=DL={0} (and it is a proper onc if
D2{0}) .

3. Anti-invariant submanifold if D= 1==J0} (and it is a proper onc if

(2.11) Tai=0, X, £)=0 and V. X e['(K), vX eI'(K).

Proposition 2. 1, [5]. Lel KN be one of the distributi D
r . 1, [5]. L e distributions 1), DL
gvery direct sum of them. Then we have : A 1=l 2
i) N is antegrable if and only if K@{z} is integrable
iy N is anfegrable and ifs leaves arve tolally geodesic i ] ;
) K is 1nfeg mmersed n M 1
only if K@®{Z} has the sume property. ; AT

Theorem 2. 1, {51. 1) D) 1s integrable if and only if:
(2.12) MY, FY)=R(Y, FX), VX, Yel(D).
2) DLis always ntegrable.
3) D s integrable if and only if:
(2.13) TrbX —VxbY +A y X —AoxY sT(D) and
{2.14) WX, V) —h(X, 8Y) +7LeX -TLeV &T(cD), VX, Y eI(D).
4y D@ DL is integrable if and onlv if:
(2.15) ) Ape X+ FX (D), VvXeI'(D), Y=I(DL).
5) D@D is integrable if and only if:
(2.16) h(bX, ¥)—h(X, bY) +VLeX —VAcY €T(eD), VX, YeD(Da@D).

Theorem 2. 2, [3]. 1} D is integradl di /
Smcrsod 11 if am} o;?{y 1‘}”:1 grable and s leaves are totally geodesic

(2.17) HY, YyeT(v), vX,Yel(D) and
2.18) ViZzeD(Di@D), vYXeT(D), Ze<T(D).

D@®DL 15 4 ; . .l .
)ui e 1‘}? integrable and ils leaves are totally geodesic immersed in M if

4. Almost invariant submanifold if 1= {0} (and it is a proper one if D#{0}, -19) X, b2) +vJ‘,¢Ze[‘(Cf)@ v) and
o ’ ) e
])#{OJ) . 20) YR VA _.r]cz_\ e]“(]).L@[))r VUEF(D@I)J-), ZEFU"))

3 Alinost anti-invariant submanifold when )= {0} (and it is a proper one
if DLJ0} and D#{0}), |
6. Pscudo-invariant submanifold when D — DL={0} {and it isa proper oné
it D#{0}),

D T oo . X o o
)ly ?}1) is infegrable and ils leaves ave tolallv geodesic tmmersed in M if and
21) WX, Y)Y 49ieY eD(eD@v), VN, YeT(Dab).
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Recall that the sectional curvature ];:(X, ¥ of the 2- planc of M for-
med by the orthonormal basis {X', Y}, is given by (K (X, V)—g(R(X, Y)Y X)),
see [0]). If Xis o unit vector orthogonal 1o 2, we s av that \ and FX spm a
F-section. If the sectional curvatures A () of all F-scctions are independent
of X, we say M is of constant F xoctlonal curvature. D, E. Blair has shown

[unpubh:hcd) that in a cosvmplectic manifold of constant
curvature £, we have (see [6]) :
R(X,Y)Z=

(2.22) Fi(X) (Z) ¥ +a(Y) g(X, Z) £ (2, Y) FX 40X,

+2 (X, Y) FZ}, VN, Y, ZeD(TM).

Then the cquation of Coduzzi is given by :

L) FY +

% :
(2.23) DT VD= (DA (X.2)= Le(2,bY)eX —g(2,0X) oY —24(6 X, Y)oZ} §
VX, Y, ZeU(TM), where (Dxh) (Y, Z) is defined Dby ;
22y (D3R V2=V, 2) =Y, D)= MY, VxZ),

VX, Y, ZeT(TM).

§ 3. Some basic results. Denote by H, I, or H, one of the d:strlbu—
tions D, DL, D, {£} or cvery direct sum of them.

Remark 3.1. Y X €T(H) then bX eT(H), %

Definition 3.1. An almost seni-invarian! submani fold of a cosymplectic’
manifold £ is said to be (H,, H,) - geodesic if WX, Z)=0, VX = I(H)),
Z<TI'(H,). i

Remark 3.2. By using (2.11) we obtain that M is (H,, H) - geodesic
if and only if M is (H,@{Z}, H.®{E}-geodcsic.

Lemma 3.1, sz M be a (H,, H,)geodesic almost semi-invariant sub-
manifold of a cosymplectic manifold M. Then we have :
1) Every X €T(H,) and Z =T(H,) satisfy :

{3.1) N xZ =T xbZ —A,,X and
(3.2) CV.YZ=V§CZ.
i) AyX is ascetion of the divect complement of H,@®{E} in TM,
Uel(T ML)
Proof. 1) From (2.4), (2.6}, (2.7
s (H,, H.)»-geodesic in M.

11) We complete the proof by using (2.8) and taking into account the hypo-
thesis, i

VX eI(H)),

), (2.9) we get (3.1) and (3.2), since M

f"-sectional :

b4 :
eV DX —p(X, Z)Y —(X)g(V, Z)E— (Y )n(Z)X +
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Lemma 3.2, Lef M be a (H, H) srodesic  almost  semi-invariant

submanifold in a cosymplectic manifold Al of constant F-sectional curvature k
and suppose Hy and H. are orthogonal dustributions. If H, is integrable, then

we have

(3.3) (£/2) g(bX, ) cZ=h(Y,VxZ)—h(X,7yZ), VX, YeT(H) Ze€l(H,).
Proof. Let X, Yel(H,) and Z=T(H,) be arbitrary vector fields.

From (2.24) we get:

(3.4) (Dxh)y (Y, Z)=—MTxY, Z)—h(Y, VxZ)},

since M is (H,, H.)-geodesic in M. By using (3.4) and the integrability

of H,, we obtain;

(3.9) (DY (Y, Z)—

since M is (H,, H.) - geodesic in M. Taking into account the remark 3.1.

in {(2.23) and by using the orthogonality of H, and H,, we get:

(3.6) (Dph) (X, Z)y—(Dxh) (Y, £)=(k[2) g(bX, Y) Z.

From (3.5) and (3.6} we find (3.3). .
Remark 3.3, By using (2.8) in (3.3) we obtain:

(Dyh) (N, Zy=h(X,VZ)—h(Y, VaZ),

k . L
(3.7) 280X, Y) [ eZ |P=g(4.2 ¥, VxZ)— g(A.z X, VrZ),

vX, Yel'(H)), ZeT(H,).

Kemark 3.4. If we take in the lemma 3.2 H,=D.L, then we obtain
hX, TeZ)=h(Y, VxZ), VX, YeD(DL), Zel(H,).

Definition 3.2. Let M be an almost semi-invariant submanifold of a
cosymplectic manifold M. Then
i) H, is said to be Hy-parallel if we have :
{3.8) TxYel(H,), vXel(H,), Yel'(H,)
) FDL is said to be H-parallel if we have .
( TiNeT(FDL), vYXe[(H),

Remark 3.5. Using (2.10), (2.7), (3.9), we obtain that (3.9) is equi-
alent with :

Nel(FDy).

-10) VN eT(D@®v), VXeD(H), Nel(D®v).

Lemma 3.3, Let M be a (H,, H,)-geodesic almost semi-invariant
bmanifold in a cosvmplectic manifold 31 of nouzero constant F-sectional
trvatir. {(k#0) and suppose I, and H, are orthogonal distributions. If H,
sntegrable and H, is H-parallel, then either bH,= {0} or cH,—{0}.
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Proof. Using (3.8) in (3.3), we get:

(3.11)

From (3.11), by using the remark 3.1, we got ;

k
Eg(b.\', Y)eZ =0, v, Yel(ll,) Z<(H,).

k
{3.12) E N&X |12 |l o7 |2=0. YNeT(H,), 2= H.).

Thus the proof is complete.
Remark 3.6. By using (2.11) we obtain that the condition " H, is
H, - paralell” can be replaced by :

{3.13) VaZel (H.@®E), vNeT(H,), ZeT(H,).

§ 4. Almost semi-invariant submanifolds in cosymplectic manifolds
of constant F-sectional curvature. From now on, suppose 3 be a cosym- @'
piectic manifold of constant I-sectional curvature £. All the following results |
will be obtained replacing #, and H, from §3, by some particular distribu-

tions. Consider the following condition :

(C1) M is a (D, DL@®D) - geodesic submanifold of A7 aud suppose

D is an integrable distribution.
Lemma 4. 1. If the coudition (C1) is satisficd, then we have :
k
V362 [F=ff Aoz X IPH WV Z 5 X [ eZ |,

(4.1)
VX el'(D), Z=T(DL@ D).

Proof. In the lemma 3.1, we take H,—1) and H,—DLaD. Using the

result obtained in i) of the lemma 3.1, we get:
(4.2) AXeD(D), vXeID), Z<D(DLigD).
From (2.2), (2.6}, (2.7), (4.2), (2.3), (2.9), we have:
gAY, UxZ)=g(d Y, VaZ)=—g(A.,Y, FUxFZ)=
(4.3) =g(FA.;Y, VxbZ)—g(FA,.;Y, A ,X), VX, YeD(D), ZeT(Di®D). |
Ustng (2.8), (2.12) and (4.2), we find :
(4.4) A FX=—-FA_X,
Substituting (4.4) in (4.3) we get :
gAY, TxZ)=g(FA,Y, UybZ) +¢(4,,FY, 4,,X),
VX, YeT'(D), ZeT(Dig D).

vXel (D), ZeT(DL@ D).

(4.5)
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H

Changing X with 1" in (4.5), we have also :
oA X, N Zy=g(FA..X, Vrbl) +a(A.FX, A.;Y),
VX, Y e[(D),: eT(DL® D).

cubstituting (4.3) and (4.6) in (3.7}, then taking Y=FX and using (2.1},
(2.2), (4.4), (12), we get:

(4.6)

ﬁll N ez |P=g(A N, TxbZ)—g(FALX, VexbZ)—=2 | A2 X 7,
’ vXel'(D), ZeT(DLaD).
Since Fa,,X and Z arc orthogonal. using (2.3) and (4.2}, we have:
2P AN, T pxbZ)=—g(V (P Aea), bZ)=—g(FV px( 4. 2X), bZ)=
e o(V xld 2 X), FOZ)=g([FN, 4.2X) +§arixﬁx, FbZ)=
—o(T 4 FX, F0Z)=g(FV 4,23 X, FbZ)=g(V 424X, bZ)=
2(Va.,xX, bZ)=g([Ac2 X, N+ V(e X), bZ)=g(Vx(dz X), b{)_.
o[ Vx(AzX), bZ)=—g(d.2X, VxbZ), VX <L), ZeT(DL@D).
Substituling (4.8) in (4.7), we get:
k
(4.9) 2

(+.7)

(4.8)

X R e IP=2g(A.2X, TabZ)—2 || 4.:X |7,
vXeT(D), ZeT(DLlaD).
From (3.1) wehave:
20(A N, VebZ) =T xbZ || 2] A X P— 116V Z |1,
vyel(D), Ze(DLaD).
Substituting (4.10) in {4.9) we get (4.1).
Theorem 4.1. Suppose M satisfies the condition (C1). If the dtfh.fzbu-
tion 1) is 1> parallel and k£0, then we have: cither M ods an almog_t autt-.r,ujua-
rignt subnianifold of M oorMisa semi-tnvariant submanifold of M. IfMisa

roper semi-tnvariant submanifold, then we have k0.
Proof. In the lemina 3.1 and the definition 3.2, we take If H,=2D and

=Dl ), From (4.2), (3.1) and (3.8), we obtain: i
411) A, N=0 and VxbY=0VsY, V¥X=T(D), Y eT'(D) and
12) d.2X = —bvyZ, YXeD(D), ZeT(DY).

hen (4.1) becomes :

(4.10)

4.13) !—;], X & leY p=0, VXeI'(D), Y «['(D} and respectively
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#
2

Then the assertion of the theorem follows from (4.13) and (4.14).
Theorem 4.2. Swuppose M satisfies the condition (C1). If D#{0} and
k=0, then M is an almost invariant submanifold of M,
Proof. Supposc D1s{0} and let Z<eI'(D4) be a nonzero vector ficld.
Then Z=0 and ¢Z=FZ. By applying the lemma 4.1, we get :

(4.14) 2 A X [PHS IX 2 [leZ =0, VX eI'(D), Zel(Dd).

k
(4.15) | ApzX [P+ OVAZ P2 | X]? [ Z P=0, YN =[(D).

From (4.15) it follows & <0. This contradiction complctes the proof.

Theorem 4.3. Supposc M satisfies the condition (C1). If the leaves
of the distribution D are totally geodesic immersed in M and k#0, then M
is either an invariant submanifold of M, or an almost anti-invariant subma- -
nifold of M.

Proof. Let X=T'(D) and ZeD(DL@®D) be arbitrary vector fields.
Since M is (1), DL@D)-geodesic, from (2.8) and (2.17) (sec the thcorem
2.2), we obtain:

(4.16) Az X==0,

In the lemma 3.1, we consider H,=D and H,=DL@®D. Then from (3.1)

we get i

(4.17) VxbZ=bV xZ.

By using (4.16) and (4.17) in (4.1} wc obtain :

(4.18) (k[2) | X | |l eZ ||*=0.

From (4.18) we get either D={0} or DA@® D ={0} and the proof is complete.
Consider the following condition :

(C2) M is a (D®D, DL)-geodesic almost  semi-invariant  submanifold

of M, the distribution Da®b is integrable and the subbundle FDLis D @ D- 1
paraliel. g

Lemma 4.2, If M satisfies the condition (C2), then we have :
(4.19) ApdX +04,X =0, vXeI'(I'M), NeT (FDL).
Proof. Taking H=D@®D in (3.10) we get :

(4.20) TiYel(eD@®v), VX, YeT(Dab).

Using (4.20) in (2.16) and taking account of (2.11) and of the definition of
I we obtain :

(4.21)  g(h(X,8Y), N)=g(h(Y, bX), N), VX, YeDI(TM), N<T(FDL).

ALMOST SEMI-INVARIANT SUBMANIFOLDS
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hen, 0r 2.8), (2.9) and (4.21) we get (4.19). ' . :

““n'Tl:z::eEn éi).f}.H If M is a proper almost semi-invariant  submanifold

isfving the condition (C2), then we have k<0 ] - '

mm.[\;’r:of. Taking Z— —FN=T(DY) and ¥=pX<T(D@D) in (3.3), we
(k{2) || 6X |I? _l\":f.!(X,'\—/;,.\-F‘\")-Jt(bX,V.vF:\'),

vXel(D@D), NeT(IDL).

Using (2.3), (2.6), (2.7) and (3.9) we obtain

ToFN=—bAxX +FVLN, vXel(Deb), N= (FDL).

Substitute (4.23) and (4.19) in (4.22). Since M is (D@D, DL)-geodesic in

1, we find:

gct :

{(+.22)
(4.23)

(—k[2) || DX |2 N=h(bX, 4xbX)+h(X, bAsbX),

(4.24) vXeD(D@D), Nel(FDL).

From (4.24) we get: ) T o
(—-kf2) | 6X 1§ | N [P=2 [ AxdX %

(4.23) VX e[(D@®D), N <D(FDY).

Then we obtain £<0. . - =
- Corollary 4.1. If the condition (C2) is satisfied and k>0, then A s

] ' ¥ ] J ni-
cither it anti-invariant submanifold of M, or an almost invariant subma

old of M. ‘ ‘
- Corollary 4.2, If M satisfics the condition (C2) and the leaves of the dis-

tibution D@D are totally geodesic tmmersed in M, then we have k=0, "
Theorem 4.5. Let M be a (D, D ® Di)-geodesic u_lmolst semi-tnud-
riant submanifold of M and suppose k#0. If the dist.ributwn D s ?ntegr'able m;d
the subbundle FDL is D - parvallel, then M is cither a semi-invariant sub-
) 1 invari anifold of Al.
manifold of M or a pseudo-invariant submanifo
fPJ'oof. In the lemma 3.1, the lemma 73_3 and the YCI‘f‘laI'k 3.6, we
take M, D and H.=D@®DL. Since FDL is D-parallel, by using {3.2), we
obtain :
{4.20) vyZel(DeDI@{L]),
By using the remark 3.6, we obtain cither D=1{0} or D@ D+={0} and thus
the proof is complete. B ‘
Theorem 4.6. Let M be a (D@DL, D) - geodesic almost

4 . & B hoc F L is integrable and its leaves
viant submanifold of M and suppose k#0. If D@],) S 3 "
are totully ;5!-(}{z‘gsi::f{nt??w"w{ i M, then M s cither (iscm:-uwmmnt subma

: = et s M.
nifold of Y or a pscudo-Dirvariaint s.rtfmmm_fled of !
k- 1’{001’. In tchflgmma 3.1., the lemma 3.3 and the remark 3.6, we take

H,—D. Since M is (D@ DL, D)-geodesic in A7, by using (2.19) in (3.1) and
(2.20) in (3.2), wc obtain :

vX el(D), ZeT(D®DL).

semi-tnva-
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(4.27) VaZeD(D®{Z)), VYN eT(D@DbL) ZeT (D).
By using the remark 3.6 in the lemma 3.3, we get cither D @ Dl= {0}, or
D={0}. Thus the proof is complete
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SOME THEOREMS ON SEMIINVARIANT SUBMANIFOLDS
o OF A SASAKIAN MANIFOLD
BY
NECULATL PAPAGHIUC

i 1ani i the
fet 3 be a (210 -+ 7} - dimensional Sasakian n.L-.nlfnld]\\llth 3
e l : or fie e | on.
Gaeukian structure (7, %, 7, g). where o is a tensor field of tvpe {1, ) ,
S S ¢ B Y= :

A VIR b - . B 106
tO 1¢ ) I I I < iy 1 tll‘. { L& annla L 1o B e
LM 1 f 1(1 718 a Or1M ane r1s b [ 1¢1N 1 1mm 1] 1 il 1t s

£ is . _
fensor fields being refated by - -

(1) 0N = N (N} 2 95=07 wlpXN)}=01 wl)=1,

@) o, V) =glN, V) —(X) w(V) an

(3) (Trg) Y=g(N. V) E—4(Y)
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connec Lion on M. From (3) we also have
3 s i ifold isometrically immer-
I Lot M be an m-dimensional Riemannian manifold 1 07 t ; N
o ‘ dor ficld ¢ W 1s tangent to M,
in Y/ ; i Cstructure vector ficld £ of Mo
1/ and suppose that the struc 50 tangent o 1
iﬁ;] ltlllmit:- 1(;\' '!1'{[ and 7ML the tangent bundle to 3 and ILS}‘)LL{I Lt}mm
o de N LY - - g ol 2 senti-inva-
" normal bundle to M. Then, the submanifold .\-l' of M ;fs ;.:.l_llli (-i(;:sl ”ED o)
n'a-nl‘szrhmmrr[’r:!d it it is cwdowed with a pair of distribul ,
R ; Hions - - | X,
s‘"{‘?)‘sg‘\-ll?s ]t)}“@ igfg;{}% where {2} denotes the dlstrllmt]l()m fspanm.}ilxbey 1;,
1 a = =)y 3 el ) . . D 1 Or eac i E i
g A _ b ) ,
(ii) the distribution D is invariant IJ}‘CP, that i ?.f ) ) ]j)-'-‘. T
i) the distribution D4 is anti-invariant by g, that is, o(Dz) F
ce ) _ Cme . i
E ::’\’vm!r‘rf\‘ From the definition, it follows that the distributions 1),
- . . - o ; e, ‘]] Oth\_'r.
nd {2} are mutually orthogonal to cac S - I
{-}—rlll(_.‘ semi-invariant submanifolds of a Sasakian l'fl:lljlf:)]lill;tlort,inxzxj
troduced and studied by A, Bejancu ;m'd th(-: ])}L 5;71.1 -1‘1101-1-111 méni-
l, [6]. Thev are corresponding to CR submanifolds Ul' 1\‘:‘1 ik {)\. man|
lés ihtr()ducul bv A, Bejancu in [i] amd. . 'bu-ulk('i[h lLtho F-mans
thors. In this note, we obtain some rcsqlts COIT'LLfII:; (. 1‘1\]\'[\"1]1'[] e
variant subspaces D, of T, and rr_\qpm:tn-p]_\. with “u;. c L e
ant s ces DY of 7.0 where M is a submanifeld of a Sasakia
ubspaces Dy ol T,.M,

oX for any vector ficld .Y tangent to M.



