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Corollary. Let M be a connected Ricmaniian n-manifold whose scrttonal
cnrvature 1s positive everywhere. If (Vil) Y==(V;:L) X and (Vyl™) Y=
Vel X for all X Y =TM, then M is an Ednstein manifold.
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NEW LIFTING PROPERTIES OF WEAK FIBRATIONS
BY

R. W. KIEBOOM

In this note we study weak versions of lifting propertics introduced
by A, Strom in [3], and further investigated in [2], to obtain new charac-
terizations of weak fibrations in the sensc of A. Dold (sec [1] for defi-
nitions, where they are called /- Fascrungen®).

‘Throughout this paper we work in the category of topological spaces and
continuous maps.

Definition 1. .4 map p:E-—~ B has the weak right lifting property
AT RLP) with respect fo a map P A—=X, if for coery commulative square

A melem e
) f P

! 1

Nim—=m2 P

e Top there exists a map hoX—=L such that poh=g and hoi ~f (i.c. there

¢
exisls a homotopy H from hot fo f such that pH(a, ty=pH(a, o) for all {a,t) =
e A, in short a fiberhomotopy from hoi to n.

Let G denote the class of weak fibrations, € the class of closed cofi-
brations, D the class of weak cofibrations and W the class of homotopy
equivalences (see [1] for definitions).

Theorem 1. For a map p: E=DB, the following arc cqiivalent

i) p=G

(ii) p has the WRLP w.rt. all ieDnW,

(it} p has the WRLP w.rt. allielnw,

(iv) p has WRLP w.rtl. al e W.

Proof. (i)=(ii) : Consider a commutative sjuare () with peb and
;eDrW. By [1] (2.14) and (2.29) i(.1) is a strong deformation retract
of X, i.c. there exists a retraction r: ¥—. and a homotopy 9 XxI-=X
from for to lg, rel 7 (4). Then gop: XX I— B satisfics gop(x, 0)=gir (x)=
—p Jr (2).

Since p =G, by [1] (6.1) there exists a homotopy F: X [—E such
that poF=gop and Fo=for.

p
Define % : X—E by h(x)=F(x, 1), then phixy=pI(x, 1)=g2{¥, =g(x)
and one verifies easilv that the map
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Fli(a), 1—28) for t={0, 1/2]
L(i{a), 2t—1} for t=1/2, 1]
(where L @ Fostfor) is a fiberhomotopy from hoi to f.

Hence p has the WRLP w.rt. 7

(i) = (iit) : Trivial since C=D.

(iif)=>(iv} : Consider a commutative sjuarc (") with i= W. By 1]
(1.26), i can be factored as 1=qok, with £, & € and ge W, More precisely,
by A=sZ, s a—Ta, 1], where Z, is the mapping cvlinder of 7 {sce 117 (1.11)) and
q: ZyX is defined by g[xj—=x and g[a, t]==1(a). )

IkJ<LE:qu{

W |
(") ///ﬂ 3
- L
Z; X B

Let j: X—Z;: X [X]. Then goj=14 and K : A< I—>Z ; (a, t}=Ta,t] defines
a {iberhomotopy joix4,.

1
Since 7 and g =W, also &, & W, Hence &, (n w.
Con;c,cqucntly p has the WRLP w.r.t. &, . Let 4 : Zi—E be a map such that
pol’=gog and k'ok,~f Define h: XwE by fi=h'cj. Then pch—=peh’oj-=
= ;

=gogoj=g and one verifies casily that the map
H:AxI-E: (a, t)-»{k K(a, 2ty for t=[0, 1/2]
Lia, 2¢—1) for tellj2, 1!
{where L : h'offxf f) is a fiberhomotopy from Jet to f.

(iv)=s(i) : The WRLP of p w.r.t. the homotopy ejunivalence 7 : X=X X
xI:x—(x, 0) coincides with the weak covering. homotopy property
(WCHP) of p w.r.t. X (see [1] (6.1)). Hence pe=G. '

Theorem 2. For a map p : E—=DB, the following are equivalent

() p=GaW,

(iiy p kas the WRLP w.rd. all 1=,

(iii) p has the WRLP w.rt. all maps 1,

(iv) p has the WRLD wrt all i<D,

Proof. (i)=(ii) : Consider a commutative square {-<) with p=GnW
and ieC. By [1] {6.26) p is shrinkable, i.c. there exists a section s: B-sE
of p and a fiberhomotopy L :sop=1, By [1] (3.20) and [4] lemma 2 the

P

inclusion map i: Xx0ydx[->Xx] (jtssociated with ) belongs to Cn'W.
By theorcn 1 p has the WRLP w.r.t. . Henee, in the commulative sjuare

X><Ou‘1><I~1-3—-E
i ’p

i i
Xxl—g B
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with F defined by F(x, 0)=sg(x), Fla, )=L{fta), 1) and G by G(x, f)=
=g(x}, therc cxists a map H - X I=E such that peff=G and Hoi=F.
R

Define k- XoF - v—H{x, 1), then ph{x)=pH(x, 1) =G(x, 1) =g(*) and
hi{a)=H(i(a), l)—-H?(u, 1) so that clearly /ol Is fiberhomotopic to the
map A—E :a—F{a, N=-L(f(a), 1})=/(a). Hence p has the WRLP w.r.t o

(i) = (iii) : Consider again the construction (**) made in the proot
of theorem 1. Then p has the WRLP wort. k,=C and the rest of the proof
is the same as in part (i) =(iv) of theorem 1.

(iii) = (iv) : Trivial. :

(ivi=(i) : As in theorem i, (iv)=(i), the WRLP wr.t. the map
i XX w1 x—{x, 0) (which obviously belongs to €=D) ensures that
pec

S

P (Note that 3—B also belongs to €
|

L )
B~y 7 B
B

i we consider

the WRLP of p ensurcs the existence of a section s : B—~E of p.
: Bz .
Ezein, 1}———4;:

I
i R
ExI-m7g 7B . L
with Fle, 0)=splc), Flc, 1)=¢ Gle. f)=pfe) and 7 the obvious in-
clusion map (which belongs to C since {0, 11=1 belongs to €), we obtain a
map H: E» [—F such thal poH:=( and Hoj=T. Then it casily follows

ﬁ -

that sop=F o= (Hoj)s- Hox Hy=(Hoj), = I, =g Hence peW.
Definition 2. If i:.A4—X 7s an inclusion map, we say that a map
p: E—>B has the weak lifting homotopy cxtension properly (WLHEP) with

Finallv, considering

respect to i, if for ceery commn utative square ]

Xxouds I-!;wE
) _,-. :
l |
XNyl —F™8
in Top, with G seni-constant (i.c. Gy, H=0G(x, 0) for all ve X qnd all
re{0, 12, there cxists a map H: N I—FE such that pol=G and Hoix=

F, rel Xx0. P
Theorem 3. pelie=p fas th WLHEP wrd. any closed  iiclusioi
map i1 A—N.

Proof. .=": Onc verifies casily that ToNwOyAwI—-XNxI is a
homotopy ¢ Juivalence, the map r: N> /=X Oy AT (v, )—{x, 0
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being a homotopy inverse of 1. By theorem 1 p has the WRLP w.r.t, /.
Hence, in diagram {**"), there exists a map H': X w [T such that poH'=(
and a fiberhomotopy K Hoi=T.

Define H: Xl by ?

K{v, 0, 1--3 5] for s={0, /3
H(v s)= H'(x, 35 1) for se={1/3, 1/2]
H'(v, s for s= (12, 11

An casv verificatio sing CReIMI-COMN s e T, show i :
0 cany H]{ {1 %t)li_—nl 1\111{1;), '}:::I semi-constancy of €, shows that poH =G,
K(a, 0, 1—3s)
Hiaq, 8)={ K{a, 35-10)

Kf{a, s, 0)
Define L:{(XN=0Oud Iy I-E Ly

L{x, 0, fH=—=K(x, 0, 1}=F(x, 0} for veX, el and

K{a, 0,1 -3s+6sf) for asd, s=[0, 1/3], t={0, 1/2]

for s, 1/3], a=sd
for s={1/3, 1/2], as.l
for s1/2, 17, a=..

K(a, 351,20 for asd, se[1/3, 127, t=[0, 1/2]
K(a, s, 21} for asd, sel1/2, 11, {<[0, 1/2]
Lia.s, f)= { K(a.0, 1) for as.A, s=0, 1/3(2—20], 1=71/2,1°

Ko ¥ 7572 (o asd, s=[1/3 Lis (12, 1]
e, or asd, s=[13(2-24, 1/21, 1= [1/2, 1]
K(a,s. 1) for acd, s=12, 1] and f=11/2, 1]
(Continuity verifications are left to the reader).

i One verifies casilv {using again the semi-constancy of G) that L:
Hm:rF’ rel X »(). Hence p has the WLHEP w.r.t. .

- ‘=" The WLHEP of p wort. i 35—\, combined with theorem
17 (6,12}, ensurcs that p=G,

_ Remark. 1f we drop the semi-constancy of G in the definition of the
WLHEP, we obtain a characterization of the class of (Hurewicz) fibrations.
This can be proved using the RLDP of A. Strem 73]
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COURBES DANS DEs ESPACES LAGRANGE GENERALISES
PAR
FLENA MAUOVET

H. Rund ([4] chap. V} a développee Ja théorie des courbes dans un
espace de Finsler Fr=(M, Iy et il a observé que les formules de Frenet
sont de la méme forme que dans le cas Riemannicn, mais il n'v a pas de
théoréme fondamental pour elles.

Cette Note contient la détermination d'un repére invariant et du
systeme complet d'invariants, les ¢quations fondamentales ¢t un théoréme
fondamental pour des courbes dans l'espace de Lagrange généralisé.

Le probléme étudié appartient a la géométrie des espaces de [agrange
3], des espaces de Finsler [47 ct a la théorie des configurations Mvller
dans ces espaces.

1. Soit M"= (M, gi:(v, 1)) un espace de Lagrange généralisé ou M
est une variété differentiable réelle n-dimensionnelle et g, fv, v} est uu
champ de tenseurs Lagrange du tvpe {0,2) symétrique, non dégénére et
défini positif. En M" il v a tlane seule connexion lagrange métrique
FT=(N, F, €) [3], théoreme 3.2) qui a les propriétés suivantes :

1. 1a connexion nonlinéaire N ost fixée apriori dans 1M,
(1) 3. les h- ct v-dérrivées covariantes de gy, par rapport a FT' sont
nulles,
3. les torsions T3 ct S% de FI* sont identiquement nulles.

Sj (C) est une courbe donnéc sur la variété M par x'=x'(t), {€(a, b)
alors, on peut considérer une courbe (C) de TM” ayant les éjuations
(2) Ve ai(l),  vie=2(), fe{a b),

qui a la propriété d’etre projétée sur la courbe (C) de M. Dans ces éjuations
v{14(f)} est I'élément support de Yespace ATAD
Te carré de I'élément d'arc de la courbe (C) cst défini par :

. ividx!
1s:f) =i (x(0), v(t)) ===
ds*{t) =gis(x( ‘())dt =

et la longueur de la courbe (C) est donnée par:

R T TaE
(3) “‘*SV*’”""(’)' v(1)) ‘:1‘{ %}- dt, {te, 1)=(a, ).



