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3.Si gy, M=(1/2) (¢ fviayhyE oa Lo (M, L) est un espace
Lagrange alors nous avons la ihéoric des courbes de L% En particulicer,
lorsque L{v, V) est un Jagrangicn homogéne, nous obienons la théoric des
courbes dans les espaces Finsler Fe([4]).

4 Le théoreme fondamenial démonsiré pour le cas de I'espace
Lagrange geénéralisé WM™ (M, gy, V) n'a pas ¢ démonstré jusqu’ici ni
dans le cas classique (M, L) ({37}, ni pour les espaces classiques Finsler ((47).
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THE INTRINSIC GAUSS AND CODAZZI EQUATIONS FOR THE
CARTAN CONNECTION AND THEIR APPLICATIONS

BY
MASAKE FUKUL

Recently, M. Matsumoto developed a systematic theory of
Finsler hypersurfaces in [10]. His theory is based on a Finsler connection on
the ambient space and the induced connection. And R. Miron founda
new method which is based on an intrinsic Finsler connection in a Liypersur-
face and its lifted connection in the ambient space {11} In the present
paper we will set up the direct relation between the Cartan connection in
the ambient space and the intrinsic Cartan connection in a hvpersurface,
especially Grauss and Codazzi equations.

The other purpose of the present paper is a generalization of a concept
totally umbilic” in the Riemannian geometry. And we will examine what
propertics can be inherited to a ,totally umbilic” hypersurface. We nced
intrinsic Grauss and Codazzi equations because many geometrical propertics
of a Finsler space arce expressed by tlie Cartan connection. The author wishes
to express his sincere gratitude to Professor M. Matsumoto for his valuable
suggestions and encouragement.

§ 1. The intrinsic Gauss and Codazzi equations. Let F*=(M", L{x, v}}
be an n-dimensional Finsler space, where M" is an underlying manifold
and L is a fundamental function. We put

(1.1 V=L, go=6:8,L%2, hiy=gy—Uly, Coyr=8rgull,

where a,=¢/6y* and indices {7, j, ... ran over the range 1,2, ... #. Let a
hvpersurface 3"t of M" be given by x'=x'(a*). We put

(1.2) Bi—ex'|aw’, Bia=2Bi, Bl —=BibBh.

where Greek indices =, 8,... run over the range 1, 2,..., n—1. In the hypersur-

face theory, the supporting element v is assumed to be tangent to A",
so that we may write

(1.3) ¥y, v)= Bi(u)s*.

Then the function L{n, v)=L{x(x), ¥{(x, v)) gives rise to a fundamental
function of M*-! and we get a Finsler hypersurface fr1=(}" LL(u,v)),
wh?lrc L(n,v) may be written as merely L(x, ) in the sequel. We have
casily

(1.4) l,=1:B;, ga;~——§;;5§:p. h’:lﬁ"""""i.‘B:ilJ:."s. Cai?"'"ciikB;';.:kv'

£ — Matematicd 243



[N}

74 MASAKI FUKUI

We define a unit normal vector B'(n, v) by

{1.5) guBiB'=0, guB'B/=1,

and denote the inverse matrix of (54, BY) by (5. By). I we put
(1.6) Moa=C,,BiB*, M,=C«BiB'B*,  M=CB'B'B*,
then we have

(1.7) 4 Bi=:0,  2gB'=—2M3Bi—M,B".

The Cartan connection Cl"—(.‘;k, l:‘j Ci) on F™ is uniquely determined
by the metric function L{x, 3) and the (intrinsic) Cartan connection CI'=
=(l:‘ET, I‘E Cg,) on Fis also detenmined by L{n, ). We define N%, I by
(1.8) Ni=Bi(Bl;+TiBY).  Hy—B{Bl-+TiBY),
where the index 0 means contraction by the supporting clement y* or %
Then from i‘}=~;|‘,,-w—Cjk-‘,-$o (cf. (17.7) of [9]), we have
(1.9) T3=N3 +H M3,

Let 3 and 3, be respective 8-defferentiations with respect to CT and CT.
Then we have

(1.10) S:=DBis, +H 5, Hi=HB'—H MibB;.

Here we define IF§, and Hg, by

(1.11) Fiy=Bi(By, +ThBI),  Hy= BBl +THBE).

Then we have

(1.12) I:§T=F§,—H°(C§,M;—{—C‘;,:\I;——-Cﬁ@l:) -H(MEH, +M3H;— Mg H?,
from Thy—vhy—Clal P — Chal P +CunlTe" (cf. (17.3') of [9]).

Relative & - and v-covariant derivatives of a mixed tensor, for example
Y:, are defined as follows:

(1.13) Vi g=3,Y4 +YI(I%, B +CLHY - YiTT,
(L.14) Vig= YL +YICHBE— YiCh.

Then we have

(1.15) gffa=g¢JAB§+§tJ.aHﬁ=0- guza=me§—0.

From our definition of relative covariant differentiations and (1.11), (1.12),
(1.15), we get the Gauss and Weingarten formulas as follows :

(1.16) B; ﬁ*f‘lggBiJ*’I‘ggB-:«. B;|3=.11353‘, B‘g*—HGgB;, Bﬁ5= .'11%3;‘
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where we put

(1,17) T5,=H (CLAME—C5 M) — (MSHz— My H?),
(1.18) Ho=Hyy M Ha— HM M

Then we can easilv show that

(1.19) T H MY, T3=0,  Th=HM .,

(1.20)  Hy=Hy Hpo=Hy +H My, &Hy=H +Qu +H Mg ME,

where Q== Cipi o BIBLBE

Now we are in a position to find so-called Gauss and Codazzi cqua-
tions with respect to the Cartan connection. At first, we define the mixed
h- and he-curvature tensors Ky, P, by

(1.21) Ryt gy R B P [ BYHA— 8% 14+ SIS 1L,
(1.22) Dgee= D B 4-S B,

where the notation 3 i v denotes terms obtained by interchanging the indices
4 and v in all the preceding terms. We obtain in the same way as Mat-
sumoto [10]

(1.23) Rl = BIBiR ey (18 A Te TS~ Ha H—BlY],
(1.24) Mo Wy = B BiR e — [Hap y - Tap ey — B7),
(1.23) PO = IBIP ) — T8 — T8Ch - Hp MY — Mo H',
{1.26) Mo Pi=BiBiP, oy — Hopry HoCl Mg —T5M o,
(1.27) S5 = BIBLS oy B A M g M3— MM A,

(1.28) B BiS; aBEt = Mg — M s

These equations have already been obtained by Comic (2].

§2. Definition of a totally umbilic hypersurface. From the Gauss and
Weingarten formulas (1.16) the tensors H,s and M,; may be called the
second fundamental i-tensor and z-tensor, respectively, of a hypersvrface
with respect to the Cartan connection. Hence we define a fofally h-umbilic
hy persurface and a fofally c-umbilic hypersurface by

(2.1} f[x;,xt‘g,g, (22) .-“'Ia.rg—'-L"ﬁ'kﬂ{;,

respectively, where the scalar function ¢ is called h-mean curvature and k is
e-mean curvature. In particular, if c=0 (resp. £==0), then the hypersurface
:(s called fofally h-geodesic (resp. {otally v-geodesic). We can casily show by
1.20).
Proposition 1. 1/ H,z= g, thert we have Hy=cvy and H,=1L%c.
Proposition 2. 1he condition M .=0 is equivalent fo I,=0 and Q,z=0.
Tl}(l)e‘;! the hypersurface is called a hvperplane of the second kind {Matswmoto
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Remark. The equation fl,—-0 is a condition lor a hiypersurlface o be
totally geodesic.

For the later use we preparc .

Lemma 1. For a tensor of F™ defisned on I'"71, projection oilfo a hypersur-
Jace amd indicatrization are commudafiue. That is, for o tensor Ty, wy have

(2.3) (T BSY="(T ;) B,
where the prime denoles indicatrization (T)="T hih; and (Tao)== Tshihs.
Proof. Tt is evident from Buhi=linl3y.
§3. Totally v-umbilic hypersurfaces. A Finsler space is called S4-like
[8] when there cxists such a tensor E;; as

(3.1) Sim=hi B b E = kih

and parliculary, the space is called S3-like if E;, is proportional to Ji.
Trom the Gauss cquation (1.27) for 5 we have

Theorem 1. A w-umbilic hypersurface of a S4-like (resp. S3-like) Funsler
space 1s also Si-like (resp. S3-like).

Next we are concerned with 7-tensor of a Finsler space which is defined
by T.;m="(Cisx). Differentiating the last equation of {1.4) and using (1.6),
(1.14), Lemma 1, we have

(3.2) Tans="1 i1xn h&?—?& M Moy Moy M s A MM
Many authors bave studied Finsler spaces satisfying ({41, [7], [131)
3.3) T” p = L- 2).(}‘1,;}1 i +hi l'hjh Lh th ;_).

(The equalion (3.2) leads to

Theorem 2. Let Tt be-a w-umbilic hypersurface of I'* with v-mean
cnreature k. If F7 satisfies (3.3) with 3., then "1 also satisfics (3.3) witgh 7. k=

Corollary. If a Finsler space F® has vanishing T-tensor, then a totally
v-geodesic hypersurface Fr=' of F" has vanishing T-tensor.

§4. Totally Z-umbilic and totally w-geodesic hypersurfaces. Indica-
{rizing (1.23) under the assumptions of Hais=¢gas and Me==0, we get from
Lemma | and Proposition |

(1) (RSp) = BIBY (R 1) By +ethaght — i)
A Finsler space of R p-scalar curvature [6] is defined by
(‘1.2) '(R;i”‘):" B’(h;;‘-h;f—k Mh;).

Irom (4.1) and (4.2), we have

Theorem 3. Let F be a fotally h-umbilic and v-geodesic hypersurface
of F* with h-mean cuwrvature c. If F" is a space of Rp-scalar curvatire R, then
Frt ds also of Rp-scalar curvainre R+c®.
As to a hypersurface of H,s=0, we can casily prove

Theorem 3. A fotallv h-geodesic hypersurface of a Finsler space of Kp-
scalar curvature R is also of Rp-scalar curvatire R.

H. Izumi and M. Yoshida define a space of perpendicular-
scalar curvature R in 6] by
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(4.3) (R )= R{ltpehii — Fophh) H L2 CR™WIC s g+ (R ) Ciop— ke B

Theorem 4. Lef I/*7" be a totally h-umbilic and lotally v-geodesic {or only
totally h-geodesic) hypersurface of Fr. If F" is a space of perpendicular-scalar
curvature, then FmV is also of perpendicular-scalar curvafure.

‘ Proof. \\'.hm} I Usatisfies fp=cg,s and 1 ,3=0, contraction of (1.23)
with ¢* and indicatrization vield

(4.4) "(R%,)=B¥(R'») B
From this and the last equation of (1.4), we have
(45) ’(]‘756\‘)(‘51:5:'( ‘,,nI?-)Cr::JkIS:SB;Bg$ --.‘fng,"'(Rm"h)B?Bf'{.

The sccond term of the right side vanishes from }M,,==0. Substituting (4.3}
into (4.1), we complete the proof in case of I g=cgm, Map=0.

In case of Hoz=0, we have B R'yBgy=0 from the Codazzi equation
(1.24). Therefore B (R BB = B, i R i B BE = 13, R™', By B S h: =0,
From Hyy -0, we have (4.4) and (4.3) similarlyv and the second term of (4.5)
vanishes. The cquation (41) 1s satisfic!, too, with ¢=0. We have only to
substitute (4.3) into (4.1). Q.LE.D. o

~ § 5. Totally h-umbilic and totally v-umbilic hypersurfaces. By the
definition of T§, we have '

o ?roposition 30 If Hopy=rgas and M= L khyy, theit we have T§,=ck(hg I*
-~ hil). ' ‘
Contracting (1.26) with ¢, we have . .

Proposition 4. If H,i=cg., M,s=L"kh,; and ¢, b are constani, then
we have Qua=—ck,;. : S : '

A Finsler space is called a “P-space ([37, 137 if

(5.1) PR ..P.‘Jknf‘)h'(:u 1%
In general, we get {rom (1.23)
(5.2) Py BAP B 15,05, — T ot -H M2,

}:]\ppl'}-'ing Proposition 4 and the identity A3, = — LY (&3, +hy 0"} to (5.2), we
ave

|j5.§) P, = BIP ,BR -+ LckC?,,.
From {5.1) and (5.3), we have
Theorem 5. Lot F" ' be a totally l-umbilic and lotally v-umbilic hypersur-

Sface of F* with constant mean curvalure ¢ and k. If F* is a "P-space with ).,

then F" v s also a "P-space with 3 -ck.
If H,=0, the equation (3.2} is reduced to P%. = B7 7, B4, Hence

-

Theorem 5'. .1 totally geodesic hypersurface of a *P-space is also a *P-

Spd('(’..
1 Now we are concerned with the property ® ({6], [12]), which is defined
{5.4) "(Ry) =Mhiz; —hiz,.
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In general, contracting {1.23) with o we Lave
(5.5) Ry,=BrRaBi HQM. HoBIP W BRMY— T3~ T T, +H Hy=3 0,

(5.6) Riyy== B Rin Bt — HyQ3 1810 AT Tl +Ho M —H* .

Indicatrizing (3.5) j;rlhnd u:stirgt I.oml{la 1. Proposition 4 and (3.3), we get
MRS )= RBY (R 655, so that we have
b Y)'Ihéi}cg\()‘?)lﬁ:mf’“' be a tolally h-umbilic and totally v-wmbilic hypersur-
face of F™ with constant m:mz%r-urwturrs ¢ and k. If F" has the proferty &,
et P has the property . _
IIIEJIH:-— 0, the cquagonp(ﬁjj is reduced to R%, = B} R'nBgy. Hence we have
Theorem 6'. A fotally gcodesic hypersurface of a Finsler space with the
operty X has the property & _ ) _
pmjm;\' Finsler space 01? scﬁlar curvature R is defined by Rg=L2Rh,. Applying
Proposition 4 and 3 to the equation (5.6), we have . i
Theorem 7. Lect ™ be a totally h-umbilic and fotally c-umbilic hypersii-
face of F* with constant mean curvatures ¢ and kIf F" 1s a space of scalar
curvature R, then F* ' is also of scalar curvalure R 4c2 -k ]
Remark. A similar theorem is proved in 14] by means of Gauss and
Codazzi equations for the Berwald connection. . o
§ 6. Hypersurfaces of an isotropic Finsler space. An isotropic Finsler
space is defined by

(6.1) R = R(g::3—gm)-

As to such a space, the following theorem is well-known (132 )

Theorem A. If a Finsler space is isotropic wilh nonzero R, the he-
curvature tensor P satisfics Pla= Py and the v-curvature tensor S vanishes
tdentrcally. . ) o
The property of Pyiy=Pj'n is called P-symmetry (8]. We prepare

Lemma 2. If a Finslcr space is P-symmelric, then the ho-curvature tensor
salisfics P i mz_—I) ml‘k_Pimjk- !

4 Proc:ﬁfj'.it P isj writien in general as Piion=Cim ,—C,-;.-:. ,-f«,--C”,P:u.—
Cix, P . Therefore P-symmetry means P;”,,,—P,,-”=(_T”,P,-_,,—C,ek,P_,,—
Cone P +Ciay Plyp =20, and Pjiwm—=Pimiv+DLinie=0 18 easily obtained.

Theorem 8, Lot F*t be a totally h-nmbilic and totally v-wumbilic hypersur-
face of F™ with constant meat curvatures ¢ and k. If F* is isotropic with nonzero
R, then Fr is also isotropic with R4-ct+c*k®. ] )

Proof. Trom Proposition 4 and Theorem A, the Gauss cquation {1.23)
is reduced fo

Ry, =BiBiR, aBS: +BiBL P, W [ B3(B H, ~H MEBY —8|v] +
- 6%{ 2338 — gy 30) otk (agh— ).

And the Codazzi cquation (1.26) for I’ is reduced to

(6.3) BiBiP Bt =L ="k Pyy, +HcCosy— L7k N5l

Applying Lemma 2 to this cquation, we get

(6.4) BSBiP o (BABYH, — 81+) = 2k (hapl®, —Tiglal — B %)

(6.2)

-~}
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On the other hand, because of P./yp=0 and P-symmctry we have

(6.5) BiBy P/ i BEBIAMG—B =0,
Substituting (6.4) and (6.5) into (6.2}, we have
(6.6) R, =(R+¢* k) (2338 —£..53),

which shows the conclusion. Q.E.[).

The following theorem can be casily proved from the Gauss cquation
{1.23) without using Theorem A.

Theorem 8'. If the ambient space F* is isofropic with R, then a tolally
h-geodesic hypersurface F™ is also fsolropic with R.

In case R=0, we can prove in the same wav as Thecorem §

Theorem 9. Lot FF77t be a totally h-wmbilic and totally w-uwmbilic hyper-
surface with constant mean curvatures ¢ and k. If the ambient space I'® salisfies
Rpw=0, P-svimmetry and S)=0, then F* ' is isofropic with c*+c*k

Theorem 10, Let F*t be a totally h-umbilic and totally v-geodesic ly-
persurface of F* with constant mcan curvature ¢, If F" salisfies Riyw=0 and
P-symmetry, then F" U s an isofropic space wilh ¢
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