Oproiu, Elena Vamanu, Gheorghe Murdrescu, Mircea Craioveanu, Lili-
ana Mavim, Auwrel Bejancu, (heorghe Zet, Adrien  Roman, Gheorghe
Alanasiu, Dan Brdanzei, Alexandru Neagu, Valerin Sava. Ilie Burdwjon,
Neculai Papaghiue, Profira Sandovici, Constantin Fetecau, Elena Maco-
vei, Gheorghe Procopiue, Francisc Klepp, Victor Blanutd and Gheorghe
Munteanu. Twenty-sie doctorships got under the scientific authority of
Professor Gheorghe Gheorghicv is a performance in the history of Mat-
hematics in Romanid.

Professor Gheorghe Gheorghiev has also permanently consecrated
his skilt, devotion, gift end energy to society, by carrying on a rast
politicai and public activity. .

Even being 80 years of age, Professor Gheorghiev is still the same
tireless man of science, explorer of some abstract ficlds of splendid
profoundness and beauty.

We have the opportunity to render our respectful homage to Pro-
fessor C(theorghe Gheorghier, and we are doing it with all our love and
regard thot his enormous work devoted to the Romanian education and
science deserves, by wishing him many years of life, health and joy.
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A CHARACTERIZATION OF MORPHISMS OF H-CONE>
By

EUGEN POPA

§ 0. Preliminaries. We use the theorv of /-cones, as presented in (17

Let us recall [4] that, S being an H-cone, we denote by S the sct of
all mappings «:S5>R., such that:

1) vy afa) +2(v), Vi, vEST 0 2) a<umalp)<a() |

3) ¥F=S" increasing and dominated @ ooV F)=sup afu)

el

4) there exists an increasing family A=S™ such that .

alu)=sup s(), Yas5"

o red

S has a canonical structure of an”ordered convex cone.

We denote by 71(S) the set of alt parts FeS, which are : nonvoid
increasing, solid and such that =/ and .1 dominated in S=Y.del
H(S) was introduced by Eriksson [3]. H(S) and S are compared in [57.

Let $ and 7 be H-cones, We call morphism of H-cones (from § to T)
any map :

which 1s:
additive : is —f)=—=5is) +5if), Vs, =5,
monotonr ; s< =55} 3(f),
continuous : 'S increasing = (v [}==3up »(s).
s
The domain of the morphism 2 is the set ;

D(p)={s&S| »(s)= 1"}

A morphism 7 is called semi-finite if D(p) is dense in S. The set of all
morphisms from S to 7 is denoted by Hom(S, 7). The set of all semi-finite
morphisms is denoted by (S T,

The main result of this paper is th. +, which insures the existence of
a bijection between the set of semi-finite morphisms between two standard
H-cones and a class of functions, defined on the product of the spaces of
representation. This chatacterisation i obtained using the following result,
due to Cornea-ttallein (2]
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Theorem. et A 2 8o¥ Tos Ry be such that
Als -t wy=A(s, n) +4 {(f,w), A(s, u dv)==A(s, u) +A(s, v},
Afas, u)=A(s, ap) =24 (s, u). x=R. J
A(s, WS A(s', o'}, s2s', u Su'.
If T=1"" then therc exists a uniquely defined o € H(S, T
Als. uy=u(s(s), vses, ve 5.

In § 1, we exten t
) ¥ I nd this result, o
arbitrary morphisms. oot

§ 1. Morphisms and Biliniar
) : F
cones. Suppose that S is such that : SEEL

ST separates S and S is dense in 5

salisfying

amning thus_ characterisations for

em 1. Let S and T be H-

VESS increasing and t<§ -

(VF) ‘_ség(s AlY, (in §),

Let 4 :Sx TR, b such that -
1) ¥s, sfes u,1'=7

Als 45", +u')= 4 (s, u)+A(s", 1) 54 (s, ') +A(s", 2 :

2) YFeS, F'e T increast

) YFe S F'eT titcreasing and domiinated - A (VF, v F'y=sup 4 (s :
3} Vses cek 4 2
3) ¥se& IFcT wereasing, such that Yy e T s

A(s, u} -—;‘SUFP ie{f).
€

Then, there cxists q wique o<=Hom(S, T ), such that
w(plsh)=A(s, u), Vses§ wel",

Proof. Since A has the propertics 1) and 2), there exists a unique map :

S 7 H{S)>Hom(7*, R.),

ale(sN=A(s. u), VseS, waT

218 addlti‘(‘ moiio one dl‘ld C()"t“]] ous, I;‘ (i I 1111 on 15 [)1 0' IIO]“ ]
v : 1 ’
not s chn 101 5 [ $4 part
I{J-. ) , thc plope! t ‘ -;) assures thal -4 t(ll\LS ltS \ dluef) mn '1 - I l]la]l V I (
dlthIlS 1111[)05(2(1 on 5 are Sll“l Ilt

‘ - the con-
and necessary) in order that .§=H(S)
Remarks, a) Suppose that 7 has the following properties :
YieT, t#£0 is a2 weak unit, -

Vil 1#0 3usT" such that u{f)#0.

(%)

—
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Then the condition 3) on 4 can be ommited.
b} Conversely, if S separates S and y=Hom(S, T), then:

Als, p)=ul{s(s})

defines a mapping A : Sx T"—Ry, having the properties 1), 2), 3) of the
theorem.
c) If we suppose that, morcover, 1 satisfics the samc properties as S,

and A has the property @

) YpeT* 3d4°cS’ increasing, such that Vse&S .
Als, w)y=sup (s
\_,EA&

then there exists a unique p € Hom(S, 7} which has an adjoint. and satisfies:
A(s, @)= plp(s) = 9" (wl(s). vse§. Yol
The converse also holds.
Proposition 2. Let S and T be H-rones, satisfyving the condutions from
th. 1. Let §'cS and T'= T be dense, convex subcones. Let: 4:85xT'-sR:

be a mapping with the properties 1). 2) from th. | and
3) Vse§' the set:

jue " Als, n)<x;

ts dense m T
Then there exists a wnmigue peH(S, T} such that .

5‘1(.0{8}'.:' & ‘4(5, .IJ')- VSE‘Q", V?-":]r

Remarks. a) Supposing also the symmetric of 3'), one gets a characte-
risation for the fact that o' exists ans is semi-finite.

b) If we ask, moreover, that §'==S and T"== 7", we obtain a charac
terisation for finite morphisms (i.e. such that D(g)=S5).

§ 2. Morphisms and Separately Hyperharmonic Mappings. We begin
with some notations. Let .4, B, C be sets, and f: .4 % B~ be a map. For
aeA, resp. b= B, we denote:

£, B=C, resp. fp 1 A—=C
the maps defined by :

Yoe B f.(h)=fla, b) and Yaed: Fold)=fla, b).

The map f*: B~ .d—C is defined by : /{6, a)=f(a, b}.

Let S be a standard H-cone of functions on the nearly saturated
space X. Let B be the natural Borel s-algebra of X. B, will denote the
universal ag-algebra -

n %,

il Es;l

Each » €S extends toa measure on B, . A< X will be called exterior negli-
gible if 1 4B, and 0(A)=0, ¥u=S;. Henee, for each p&S;, there exists
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a Borel set 4* &8, such that : A< 4, and ui.1¥)—0. Anyv exterior negligible
set is negligible 10, henee, of A= X s exterior negligible, then X { is s{ill
nearly saturated.

Let S be a standard ffocone and 87 he represented on the nearly
saturated space X7 Let 1 e a standard H-cone of functions on the nearlv
saturated space Y. Lot 85 resp. B, be the universal s-algebras on AT
resp. Y. We shall consider ¥ - V" endowed with the universal g-algebra :

N B
HETY
€

Proposition 3. 7.¢t /.Y " N'SRo be g wittecisall v mcasurable map.
such that .

VieN':if, =7 yreY : fes
Thew the following statements are cquivalent
_ N There cxists weak wnils 4 eS8, resp. ot €T which are Hemeasures
e XNT. resp. Y, such that ] s V'@u-intearabic,
2) There cxists exterior negligible sets A= X', A=Y such that -

VOSXNT AT el VyeY o f, &8

Proof. 1)==2}. let Ve baey be a countable, dense part of ;. We
denote :

A= eX L =T}
An= {7 &X" f.. 15 not up-integrable;,

Since there exists 2, 0 such that : oy, = E #mibn =T it follows that
m—1 ° i

. .

A=z U A,. Fubint’s theorem shows that cach A, =B {5 5 negligible, Vs

LA
‘©8,. Hence, A is exterior negligible. Analogously: {v el £, <8 is exte
rtor neghigible.
=1) Yx' &' A7 [ 18 s-integrable, Vs SSeVyeYs d, £, is u

ntegrable, vu e 7. Hence, we can find 2.0 such that o — L TN
|

-

=17 is a weak unit. 1o the same wav, there exists v &8 weyl unit, such
that, by Fubini’s theorem, f be v'@u-integrable.

Theorem 4. Lot S be a standard H-cone, with 5° represeitfed as a stan-
dard H-cone functions en the nearly saturated Spuce X7 let T be a standard
t-cone of functions on the ncarly saturated space Y.

Fhen theve exists a bijection between : H (S, ) (the sct of semi-finiic
morphisms from S fo TV and the set of all functions f:Y = X'SRy, which
are auntocysally measurable, ¥1' e X" fEl. Viel, fye‘g', and such {hat
there exists exterior negligible sets A'= X" and AoV such that: vv' e X* . 4*
S €T and ¥ye¥ |, fes

Lhe morphism o and the function T oare related by -

’
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il ={sh) \‘ff\‘, Vel (ufE N
S

Ve, VseS which wre H-measuis.

) i . i $ R T M \
Proof, a) D we identify vcach v =, orres lir

form S 'ﬁnd)(-uch v with the corresponding element from /7,

' X vy defines o function s Y - V=R

that ¢ fo{v, v v{z(x7)) defines a vi . .-

\:}i(;u.'v (f) .(o'{\') and {f:)1 =27}, it follows that: ¥y =Y, (f),e

es' s vy'e \': v(f..J. e \\‘L‘-])l’()\'(.' now that /. is universally m(-ffr.:urahlc

. o (2 Ten 137 eNT weak unit, such that wlup=71. If wo

*with the corresponding clement
i follows

et us choose 2 lemmn
denote

Y o iveY slelivism

" is npolar sct TR,
: is turadly measurable, and Y Y, 1s a polar set. He
then: earh Y= Y is naturally measurable, U.

LS
it i= enough o prove:
1) Lemma. f:fY, N s waburaliv s e
.I 155 au i L, o« 3.3.] 4 (v, resp. (A
Proof. This is an adaptation of l},’ Col. 4"“'\l1""1,1 L‘.I_I.g\‘n) rc%p] o
: sequences from Y, resp. X7 to vELY, T05p. VS
: irally convergent scquen 1 rasp. A7, i e
l:'{l'atll"()r cach j)eg',, such thal p<a, andd for each  =>0 there exists i
such that : . -
vHEH L PN, .
We get:

e valol PN Yalplri) 2 exalan)
Viza, o vulo(p) S vaz(n)) Sem

lim inf v,(z{p))<lim inl v, (3(¥a)) enn.

] LIS

since o{p)=1"7, it results: o o
o vio( e lim ind v (z(p).
Since = oand poare arbitrary, it f{ollows that:

{zp{y))<lim inf Ve

1

Let now we T and s=S be H-measures on Y, 1esp. A" since
S fe(v, .\‘)cl(_u@&)—j S((f.\.")s_f-;(_\’, .\'*A:I:_L(cl'._\w
YRy Ya ¢ |
and . » .
§ /e, Aafdy) = § (f)ada=n{l o d==lz (=7 ()00
3ol . 3

We obiain finally:

§ el 2)d(a®s)= | 2" ()l =5z ) ) =(e(s))
\-

Y oA
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l) s N . £ . o1
it ”;ll;‘t.l.(.lll‘:l}l‘l.}_ using again (2, lemma 1.3] we can construct a weak
L i‘ , \\];r:ch 15 an H-measure and =D{g) ; and a weak unit :J'El:j(}‘
s an H-measure and : o™(p(n)) < L s F 1
. e <. Hence, £ is i
) We define . CJe 15 T @u-integr:
‘) We define now the inverse correspondence S~ The hy grable.
on f show thai hy: o ¢ Bypothescs

Afs, w) -,S,\-f('\!J V)d(u®s), YuesTl) Vses,

is defined a mapping : A : S, 13 .
cAd S T3 —Ry, having ihe . .
th sore ) ox Lo—Ry, having the properties re i
m;—‘rtggorun of C ornea-Héllein [2]. Hen:::e thcg)e cI\)gist;Lb required in
phism p=H(S, 1), uniquely defined by : : a semi-finite

;.:.(:_3,(3)) : S"_f(.\" ‘1.*)13(;_;.@5-)’ Yuel), sel,

This equality extends to

_ 1 xter any H-measure

1{ wueT;and s=S is a H-measure, and %

S, such that: s= \ s, then - '
nEN

§ S ¥)d(u®s)- -é.u(dj')\s.fy( EISUXT) = [S(f).inldy) = fsup s,(f;).

X
v

ufdv) = svipjs,,(_f,).p(d)}=sup § Ay, ) (u®s,)
{ B x e - h nrpe

by Fubini's theorem. Indeed
($2) is an increasing sequence from

d) Finally, let us ;

. , prove that the two corres @S

J:;'e%fr :nr]e mverﬁe onc to another, If 9,<q,, then fgg E%‘l_‘_l;’llcte{:‘/;itﬁ—l:‘f?b.az'n’ci

oy V:\I‘;LYO\ t/‘;fn succesively : there exists 4'= Y,’J.-negli.gi.blc sucl utl:nls.

means that : f.<g s—a\&c“:; rV‘i_:sS,,_ Her&cc: fy<g, on X' yyvein ‘I]’ 'l?iltis;

3 e ) IrEL T B =5 .u"—d. '., ! o o e ! i , ) r

V' X" hence fb<-,’ on Y. X", ¢, YusTi We get now . ~Eg. on Y
Remarks. a) The bijections

&k ) jections o—f, and fos; are additive T
homogeneous and bimonotone. Moreover, thef foilIO\x'i;gdfgiltll:L\1lta:s p}(])gllélfel}'
fo=fr and ()" = 3,
b) If ¢ : Vs

o X is a H-m icularlyv z i
4, is defined by ap {particularly a harmonic morphism), then

F(v, X)) =G (z(3), x7)
where G : X» YR, is the Green function.

§ 3. Complem i
wElgar plementary Results, a) From part a) of the proof of th. 4

~ Corollary. Let S und T
cxists then
11) nearly saturated spaces ¥ and X° for T resp. §°
(i1} A wuniversallv measurable function i Y\(X'-aﬁ;
B VyeY  LeS VeeXN  f.e .
fas related to o by the relation J

be standard H-cones and PEH(S, ). There

which satisfies :

wlals))= § My, )d(a0s),

which holds for any H-measures uel”, ses™

6
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b} The proof of lemma b) gives the following extenston of [I, cor.
4.5.37.

Proposition 5. Let S and I be standard H-cones, and weHom(S, 1)
be a morphism having adjoint and such that

there exists o weak unit 11 €S, such that p(u) is dominated by w wniver-
sally bounded, naturally confinuous element from T7°.

Then the map .

D{g) % D(g")—Ry (s, w)—u(p(s)). s naturally Ls.c.

¢) Using prop. 2. we have the following extension of th. 4.

Proposition 6. Let S and T be H-cones §8 and T'2T7 be dense,
conves subcones. Suppose the following hold

S* separates S and S is dense in ST,

1" separates 1 and T 18 dense tn 177,

S* is an H-cone of functions on X7,

T is an H-cone of functions on Y

the Stonian topology on Y {cf. [I, ex. 2.81) is metrisable and separable
any ue 1" is representable as a measure on (Y, B,).

any s&S' is representable as a measure on (X*, B"), where B® is the
smallest c-algebra for which any u<sS” is measurable.

Then there exists a bijection (which is biminotowe, additive and positively
homogeneous) belween

a) the set of all morphisms ¢ from S to T, which has adjoint and :

S'eD(o), T'eD(e") .
b) The set of all B, ®B -measurable functions f: YV x X" —=R., which

are such thal . _ ~
Vi eX'  f.el; Vrel: f ey,

Vs<S' the set: {uel"if is u@s-integrable} is dense in 17,
vue T’ the set: {ssS'ifis u®@s-integrable} is dense in .
This bijection is uniquely defined by the relation :

a(z(s))= § (3, ¥)d(u®s), VaeT ¥saS'
YxXr
Moreover :
Jer=12 1 {ps) =31,
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