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ITERATIVE PROCESSES OF MAXIMAL TYPE IN METRIC
AND BANACH SPACES
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MIHAT TURINICE

0. Introduction. Let X be a Banach space and let 7" be a continuous
mapping from the open sphere By==B{x,, go)= X into X, Concerning the
solvability by numerical procedures of the eperator equation Tv-=0, the
following result established by Kantorovich {137 mayv be considered
as the start point of our developments.

Theorem 1. Suppose that

(i)  Sy="T"(x,)"" cxists as an element of L(X)
and wlso that, a couple of points ty€ R, 6, {0, g0} and a function f: [ty 1,
col— R may be found with the properties .

(i) IS0 xel eof(ln), where cy=-—1[f"{t;) >0,

Git) ST (D) I€eof (), provided |x—x,0€t—ty<a, with [ conti-
nuons on [ty {,+04],

(iv)  f(=0, for at least onc 1€ty 1,7-0,].

Then, the xegeneraled Newfon process

(l) "\‘n+1=xu'_’1”(xn) Ty, ”E‘\',

exists, remains 1n the closed sphere Dy— B™(x,, 0,) and converges lo a solatfion
in D, of the operator equalion Tx=0.

As alreadv Kantorovich indicated in his paper, Theorem 1 represcnts

through its immediate consequences — a useful method for the numerical

treatment of non-linear operator equations {cf. the 1970 Ortega-R hein-
boldts monograph [17] or the 1981 Kantorovich-Akilov's trea-
tise {14, ch. XVIIL}) and, for this reason, the problem of extending it ap-
peared as a quite natural one. Aside from the technical developments of
Theorem | performed in the above quoted works, an essentially different
way of solving this problem, due to Altman [3], may be formulated
along the following lines. Let (X, d) be a complete metric space. Given
the closed mapping 7 from D=X into the Banach space (£, |. |} (that
is, (x,;neN)in D, x,—x and Ty, ~z imply v D and Ta=z), the following
local result about the solvability of the cquation Tx=0 can be stated.

Theorem 2. Swupposc that the continuons increasiing function b: [0, 00)—
— [0, 0), with

) &= § (b(s)/s)ds <=, 10,
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[ 5]

the point xoeD, and the constants ¢={0, 1), «>0, 3 >0, with

(i) 2°(M [T x,|et )< 2(l —q),
are such that, for each x in Dy==Dn B (x, a) there exist x" 1 D and = in|
{0, 1] in such a wav fhut

(2) |Tx'—(t—e)Tx |z eq|Txl, dix, 2 )< eb{M[Tx]).

Then, Tx=0 for at least one x wn 1),

Roughly speaking, the basic feature of Theorem 2 is the replacement §
of the sequential Newton-Kantorovich process indicated in (1) by a non-
sequential one (expressed Ly the generic transformation x1") constructed
under (2) and treatable by transfinite induction (sec in this direction
Altman [i1], as well as the above references) ; an equivalent argument,
based upon the use of the Brézis-Browder ordering principle [5}
may be found in Cramer and Ray [8). As established by these aut-
hors, Theorem 2 may be viewed as a commen cxtension of some related
contributions in this arca duc to Pokhozhacv [19], Browder [6],
Zabreiko and Krasnoselskii [29), Kirk and Caristi [13],
Downing and Kirk [10]; on thce other hand, it was observed by
Altman [3] that, under further restrictions on the function f (including
the standard quadratic case) Theorem [ may be identified with a certaing
constructive portion of Theorem 2 under some appropriate hypotheses!
involving the Fréchet derivative of the ambient map. However, a close
analysis of this last result shows it does not cover all situations described:
by the first one so that, a unified treatment of them — having as basic
instrument a maximality principle established by the author [25] — would §
be of interest. It is exactly our main aim to show that, as a candidate for@§
such a unifying device, a mapping theorem involving (real-valued) operator @

equations of the form Fx=0 may be taken, the special feature of it, being @
the use of a “comparative” maximization procedure in a related ordered
metric struclure. As immediate consequences, two results {onc of them§l
providing us with a direct extension of Theorem 1) about the numericalig
solvability of the (vector-valued) operator equation Tx =0 via functional
super-additive and, respectively, sub-additive Lipschitz type assumptions§
upon the Fréchet derivative 7" are stated and proved. As another conse- |
quence of the main result, a related mapping theorem (of a ,functional”/i§
type with respect to (2)) is given, to conclude that Theorem 2 is also reduc-§
tible to our statements. A further discussion about the relationships bet- ’
ween these two strategies of solving operator equations will be performed
clsewhere. [
1. Preliminaries about maximality principles. Let X be a nonempty
set and let < be a quasi-ordering (i.e., a reflexive and transitive relation)
over X. Given the function o : X— R, call the point z€ X, g-maximal when!
z<w implies g(z)=o(w) (that is, ¢ is constant on X(z, <)={reX ;z<x})]
An important problem involving this notion is that of determining undet
what conditions each point of X is bounded above by a ¢-maximal element.
To this end, a basic assumption (used throughout this section) about the
ambient space must be made, namely
(C,) each increasing sequence in X has an upper bound.
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Under this requirement, a fundamental answer to the above posed problem
is that contained the 1976 Brézis-Brow der's ordering principle [5]
which, in a convenient manner, can be stated as follows.,

Theorem A. Let the funclion o be decreasing and bounded from below.
Then, to cach x&X there corvesponds a g-maximal clement ze X wilh x<z.

In view of its increasing importance to convex as well as nonconvex
analysis {cf. the above reference) this prineiple has been extended in many
ways until present. To statc the most general of them, obtained in 1985
by Kang [12], let d : X*—[0, 00) be a psendomelric on X (in the sense that
d{x, x)=0, v=X) and call an clement z € X, d-maximal provided d(n, 2)=0
for all #, v =X with r<u<e. As before, the point is to determine under
what conditions cach element of X is bounded above by a certain d-maximal
one. In this direction, the announced Kang’s maximalily result is

Theorem B. Suppose that the psendometric d on X fulfils

. for cach v&X, ¢>0, there exists v=y(x, e} x such that,

(

diu, vy <<e, whehever y<u=w,
Then, to each x&€X there corresponds a d-maximal element z=.X with x=z.
As already precised in that paper, an cxtra condition like

] Jfor each £>>0 there exists 30 such bial x<v<s and

OO\ e v, dix, 2 <8 imply d(v, 2) <o
makes Theorem B reductible to the 1984 author’s result [28] which in
turn cxtends the 1982 Altman’s ordering principle [4]. The obtained
Kang's contribution, as well as the above quoted ones are, of course, in-
teresting from a practical viewpoint but we must say that, in ail concrete
cases when a maximality principle of this type is to Le applicd, a substi-
tution of it by the Brézis-Browder's one is always possible. This fact raises
the question of whether or not this generalization of Theorem A is effective.
The answer is negative as it results from the argument below.

Proof of Theoremt B. Without any loss onc may assumce d{x, v)<1,
x, yeX since, otherwise, passing to the pseudometric

e{x, V==min{l, d{x, ¥)), ¥, vedX

(fulfiling this property) condition (C.) will remain valid. Let the {decrcasing
and bounded below) function ¢ : A—[0, ©) be defined as

reX.

By Theorem A it follows that, given x <X, a point =X may be determined
with (a) x<z, (b) z<w implies 5(z)=o(w). On the other hand, o(z)>0 is
impossible by (C.). So, ¢(z)=0 and the result follows. q.c.d.

_ The obtained cquivalence between these two results raises the ques-
tion of whether or not cxtensions of Theorem A exist without being (techni-
cally) reductible to it. This scems to be a very delicate question ; as an
attempt of solving it, the following statement may be taken into considera-
tion. Let again 4 stand for a pseudometric over X. The convergence pro-
perty of a sequence (x,; #eA) in X towards an elsmont x<= X (written

2(x)=sup {d(u, v) ; r<usv},
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x,~7x) being introduced as lim, d{x,, x}=0 denote im(xy,) = {vel: v—
—x, Xy, neN} and call the point z & X, sequentiallv d-maximal when
X{(z, <)=olim(x,} for some increasing sequence {x, ; #<XN) in X, The basic
problem involving this notion being the same (under what conditions we
have that each peint in X is bounded above by a sequentially d-maximal
one) an appropricte answer is coniained in

Theorem C. Let the pscitdometric d on X be such thuat

( SJor cach x€X, ¢ =0 there exisls yv=1r{x, &)= v such
that di{v, u) << whenever uz v,

Then, to each x =X there corresponds a sequentially d-maximal cloment z e X
with x<z.

Proof. Let x&X Dbe arbitrary, but fixed. It immediately follows by
(C,) that an increasing sequence (v, ; #<N) in X mayv be constructed with
xgx, neN, and

dv,, v)=2" vzx, ne\.

Let z be an upper bound of this sequence {existing by {C))) : it is almost
evident, in view of the above inequality, that = is our desired element.
This cnds the argument. q.c.d.

Now, clearly, an extra condition like (C,) reduces this result to Theo-

rem 2 in the above quoted author’s paper which, as precisvd there, contains |
in particular the Brézis-Browder's ordering principle subsumed to Theorem |

2. The converse of this assertion remains an open problem in the absence
of (C;); we conjecture that the answer is negative,

2. An existence result. Let (X, 4) be a metric space and let € be a
quasi-ordering on X. Given the sequence (v, ; #€N)} in X, let us term it
asymplofic when lim inf, d(x,, x,+,)=0; correspondingly, the ambient space
will be said to be g-asympfolic provided each increasing sequence in X is
asymptotic. At the same time, calling the subset D of X', <-closed when
the limit of an increasing convergent sequence in D belongs to D, we shall
say the quasi-ordering < is self-closed provided X(x, €) is g-closed for
cach s =X, Also, given the function G from D=X into R, let us term 1t
feft-Isc{usc) provided (x, : neN) increasing in D, x,»yel), v, <x, neN,
and Gx, <MGa,>1), neN, imply Gy h(Gxz1) ; for example, if G is decrea-

sing (increasing) in the usnal sense, it is necessarily left-Isc{usc). Finally, |
given another metric space (Z, ¢) and a mapping H from D into Z, call it
; #eN) increasing in D, v,—x and Ha,~z imply |

g -closed provided (x,
xeD and Hx=:; in particular, if 1) is g-closed and H is left -continuous
(that is, (x,; # <€) increasing in £ and x,—x imply Hx,— Hx) it is neces-
sarily <-closed.

Suppose further X' is a g-complele metric space (in the sense of [25])
under the metric 4 and the sclf-closed quasi-ordering <, and F is a function |
from D= X into {0, oc). Given the couple of ordered metric spaces (M, d, €),
(Q, d, €), with g seli-closed in both M and Q which, in addition are <-
asymptotic and <g-complete, let again d stand for the “product” metric
on M xQ (that is,

d{(x, =), (¥, o))=max(d{x, v}, d{=, a)). (x. <), (v. s} =M x Q)
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and < the ,product” ordering on A xQ (introduced by
(v, D)< (v, o) if and only if xgy and =<aq).

Our main intention, concerning the (real-valued) operator cquation Fx=0
i« that, given y, €D (which, without any loss may be taken so as to satisfy
Frvo#0) a comparative procedure (imagined as a maximization process In a
related (€-closed) subset of the metric structure (M > Q, d, <)) be deter-
mined in order that the underlying equation be solvable in a certain D-
sphere around v, To this end, for a number of reasons we shall explain
in the sequel we have to intreduce a . derived” function /™ )— [0, ) and
(with {Z, ¢) being a complete metric space ) an “associated” mapping G:D—
—7 which is supposed {o be <-closed in the above sense. Under these pre-
liminaries, the main result of the present paper 1s
Theorem 3. :Assunic thal a <-closed subsct A of M X Q with

(1, 2y A and ~=maximal clement 1 Q, imply t=maximal clement
in M
a couple of noi-maxinial clemeits se= M, 5,=Q wilh (5o, s} &4, a couple

of deercusing functions g, &t from A indo [0, e0), aid a couple of functions [ Y—

{0, ), 70— [0, s with Fuo&f(sa), FTye2 /" (54), as woll as

(v)

f—1is Lefleuse o Do M owhere Doy=={vall; y,<y,
d{ ¥, ) €g(50. 00), c(Gro, GEX)SI(Sa, o)}, and f7—F7
1§ left-Isc o Dh= &), where Dy== {xel) | vp<y,
d(ve, X} <g(Sa, 7o), (Gyo Gx)<h(5., @a)}.

(vi)

f(s)=0 at cach maxinial clement 5" =M, and glt, <} =0,
(vit) 4 k(t, =} =0, at cach (f, 7y =M < Q with {=noi-maximal i
A M ow=non-uiaximal n 0,

may be found so that, for cach x in Do and cach {t, =) in Ag=A((Se, 6o}, €}
with Fxs0 and _
3) { Fxgf(t), FTax/7 (=), d(yo, 1)€8(s0, go)—g{t, =), ¢(Gy,, GX)<
h(s,, Ga)—h{t, )
there exist x'zx fa D oand (£, 2)y>(0, =) in A with
@ { FX<ft), FXx'sf(2), d(x, )<gll, ) —g(t', ),
(G x, Gy, ) =0t =)

Then, Fx=0 has af lcast a solufion i1z D,.

 Proof. Assume by contradiction that Fxz0 for all x=D, and
let E<E(D,, A,) denote the subsct of all (x, ¢, %) in D,.x A, for which {3}

takes place, metrized by the standard product metric and ordered by the
convention (cxtended over Dox A,)

{ (x, £, 2y S(x", 1, =) if and only if agy’, (£ =)<(!', <)
and the second half of (4) holds.
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Let ({3, ln, 7o), #€N) be an <-increasing sequence in £, namely, x,<
£ X, (tm g ) (lm: Tm)a and

'15) d(xn- 1-m)‘-'(r-,tf_.’(lu- Tn) g(tm Tm)u ﬂ(Grn, me)éfl(f_.,, Tﬂ)

As (g(ty, =) ; neN) and (k{f,, 7,) ; neN) are decreasing {hence Cauchy)
sequences in [0, o) it is clear that (v, ; n<XN) is an increasing Cauchy se-
quence in D, and (Gx, ; 2€N) a Cauchy sequence in Z so, by our complete-
ness/closedness hypotheses, x,—x (hence x,<x, veN) and Gy,—Gx for
some x=D,. At the same time, it is clear (by the hyvpotheses about M,
and 1) that (¢,, .)—{l =) (hence (¢, =)<, =), ne) for some ({, 7) €4,.
As an immediate conscquence of these facts, we get, by (3),

dlx,, MY<glty, v —glt, 1), e(Gx,, GX)h({,, =) —Mt, ), nsN

that is, (x,, fs 7)< (x, £ 5), €N, with (v, 1, 7y =Dy = A, We claim that
(x, 2, =)=k, Indeed, in view of the inequalities (deduced from the second
nali of (3))

Mt ~w), If n<m.

d(}’n- xrs)sg(so: 60) _g(inl Tn)' C(G'\’o, G'\'ﬂ)‘g—k(sm GO)_]I(IM '.',,), n G*\’.-
combined with the above one, it is transparent that
@(ya, XY E(S0, 00) — gt 7Y, e(Gya, GAYSA(Sy, Go) —R(t, =) :

on the other hand, as £ is finer than < (the product quasi-ordering on
Dox Ay it is also clear that the relations (obtained by the first half of (3))

(6) At =Fx.20, f7(z)—F~x,50, neX,

give, by (vi) (the first kalf) f({) -Fx>0 (whence, by (vii) plus (v), velj
(and, consequently, x,<D;, neN)) and by (vi) (the second half) f™(z)—
—F~x<0, proving our assertion. This shows all conditions involved in aut-
hor’s maximality principle [25] are {ulfilled so, given (¥, 5o, go) in E there
exists a maximal (modulo ) element {x, {, t} in E with (y,, 5o, go}<{%, ¢, 7).
However, as Fa#0 and (3} takes place, ¥ €Dp so, there exist by hypothesis
2'zain D and (¢, ') >(/, 7} in 4 (hence in /1,) such that (4) holds and this
immediately gives yo<x’ and
{ A(yo, 7)< d{xo, x) +d{x, ¥)<8(50, 7o) —g{t, =) +Hglt, =) —
g, ') =g(se, o) —g(t", 7).,
{ e{Gyo, Gx')<e(Gy,, Gx) +elGx, GA' ) h{s,, ao) —E{E, =) +
e, Y=, 2 Y=h(Se, o) —A{t', 1)

Therefore, (¥, ¢, <)l and morcover (again iavoking (4) (thc sccond
half)) (x,¢ +)S(x', ¢, <) since, on the other hand (¢, <)#(t, =) we get
{x,8, )£ {x", ¢, v'), contradictiny the maximality of (v, ¢ 7) in (E, =).
Consequently, the assumption Fy#0 for each x =D, is false and the result
follows. g.c.d.

As a visible particular case of Theorem 3, vt (£, ¢) be identical with
(X, d} and G be the identiiy mapping from D to itsell (note that in such a
circumstance G is £-closed if and only if D is <-closed) ; then, the following
practical consequence of the main result may be formulated.
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Corollary 1. Assume there exist a <-closed subsct /A of Al with the pro-

erly (v}, a couple of son-maximal elements so€A, 0, €0 wat];w(sn' g A,
¢ decreasing function g A=[0, w) and a couple f: M=s[0, c0), f7: 0—[0,00)
with (vi) +(vii) as well as Fyo<f(so), F~yo2f " (ca), such that, for cach x in

Dy D(¥a S0, 00) = {x =D | ye< ¥, d{re. x) <glso, o0}

and each (t, 3) in A, with Fx#0 and
Gy Fysfit), Fazf~(2), d(3e, ¥)<g(s0, 00) —8(L, 7)
there exist x'=x tn D and (£, 7)Y =(t, =) in A wilh
{4)’ Fagflt), Foa'zf~{(=), dx, «)<glt, <) —¢(t', S

Then Fx=0, has at lcast a solution i Do==fxeD: vogx, d(v,, -Lf)fng(so, q,,)}
Now returning to the general case, supposc the whole information
about the variables lyving in Q would be climinated then, as another prac-

' tical consequence of Theorem 3 we have

Corollary 2. Asswme there exisi a now-maxinal clvmenl. s M, a couple
of decreasing functions g, h from M to [0, o) and a function [ M—[0, )
for which (vi) (the first half) and (v11) hold, as well as Fyo<f(so), such that,
for each x in

Di=D(x0, So)={x =D 1 d(ye, ) <g{sa}, (G, (rx) < h(sq)}

and each £ in Mo=M(s,, <), with Fx#0 and

(3), Fr<f(#), d(ya, ¥)gg(ss) —glt). e(Gyo, Gx)<h(ss) —A(d),
there exist x'>x 1w D and ' =4 in M with

(4)" Ex'gf(t), d(x, )<gt) —g(t"). clGx, Gx)<h{t)—h({E).

Then, Fx=0 has at least a solulion in Dy={veD; y,<¥, Al y,, x}<g(50),
e(Gyo, G2)< M5} B |

L A basic problem concerning the (transfinite) process xl-x° upon
which we based our argument is that of determine under what circumstan-
ces it becomes a constructive onc in the sense of Altman [3]). To this
end, given x,=Dj and (f, 7o) in o, for which Fx#0 and (3) holds with
(%, ¢, 7) replaced by (X, fo, 7o), let X212 in D, and {f,, 7y} ={fa, 7o) In 4,
be such that (4) is fulfilled with (x,, /,, 7,) in place of (", ¢, 7). Assuming
Fa,#0 (hence x, D) let x.2 5, in D, and (f,, 72) =(f;, =1} in A4, be given
by (4) with (x,, ¢,, =,) in place of {x, ¢, =) and (¥., £, 72) I place of ('.v',_t', <)
and so on. By an ordinary induction argument we obtain (if one climinates
at each step the possibility of accidentally deriving by this procedure a
solution of the equation Fx=0) an increasing sequence (v, ; #€N) in Dg
and an increasing sequence {{f,, =,) : #=N) in A, satisfying (5) +(6). Now,
by the same reasoning as in Theorem 3 we get x,~x (hence x,<x, neN)
and (t,, 7,)—{t, =) (hence (¢, )< (¢, 1), neN) for some xeD,, (I, t)eA,,
with the properties (deduced by (5) +{6) through a limit process)

{ Fa<f(t), F¥x2/~(<), d(xn, }<3(ts, =2)—Hm, g(tn, 54,
L’(me Gx)g]z(tn' Tn) '_li‘nn ""’(f-n, Tn), nen,
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This relation fells us that, if cither /e or =€ 15 maximal, the point
¥=D, is necessarily a solution of the underlyving equation — in view of

(&) {aii)

tion formula given by its second half. If however, ¢ is not maximal in 3/
(henee, by (4), < is not maximal in Q) but

(7) lim inf, f{£,})=0

then, under the requirement 7 is left-continuous it is clear that passing
to lim inf in (6), the point v &/, is again a solution of the considered equa-
tion approximated in the same way as above. (Note that (vi) as well as
the <-closedness of A were not used here). Some partial extensions to the
metrizable uuiform case of these developments were performed in author's
papers {24] and [27].

3. Newton-Kanterovich Processes, Let X be a Banach space, 3,=
= B(x, ¢o) an open sphere in X and 7" Be—.X a mapping. We want to
determine under what conditions (comprising those of Theorem 1} the

process (1) exists and converges to a solution n 5, of the equation Fx=0.
Since one intends to realize this via the preceding results, we have to in- |

troduce the model of the underlying process which, for the first part of our
developments is to be taken as follows. Let s, R and the function YERER

5y -FgaJ— R be such that a point s* in (s,, 5,+¢0) may be determined with

(\'iii)‘ [ s strictly positive on [so, s*) and continuons on :
[Sﬂs S‘-l
(ix) () <fO/{t=5"), sest<s’
glty=sup{| f'(s)| ; se<s<t} cxists for cach f in
() -

[Se, 87) and G{l)= { g(s)ds <cc, teTs,, s*).
I

The following simple fact will be essential to the considerations bellow.

Lemma 1. Undcr the above hypotheses, the Newton process gencrated |

by any t, in {s,, 5%
“)‘ fn'1=tn_f(f'n)-'l_fr({n): neN

exists, reiitains in (5, 87y and converges tnereasingly fo s°, the unige solution
1 [Se, '] of the equetion f(t)=0.

Proof. The fact that (1) can be offectively constructed follows imme- :

diately from the inequality

=0 () <s", se<igs’

obtaincd by (viii) (the first half) plus (ix). As an casy consequence of this |

construction plus {x) (the first half)
0<f(f-,,):]f'(f,,);(f,_,_1 !n)‘{:g(fn)(tnﬂ_fn)‘<-G(!n) G(ln'—l)- neN

so, by {x) (the sccond half) f{t,)—0. On the other hand, if we denote =
=lim, £, one has f{t,)-/{f) in view of (viif) (the sccond half). Henee fi=0¢
that is, /=s" and the proof is complete q.e.d.
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approximated by the sequence (v, ; 7 €N) (referred to in the
sequel as an abstract Newton-Kantorovich process) under an error cvalua-

{

Sharstly, it is manifest that fs°, henee ¢ =7 —f(O)/f () exists and § < - s

Remarks. 1) Tois evident that the multiplication by a positive factor
of the function f is of no effect Tor the statement of (siif)—(x) or the cons-
truction of ('l)" so, without any loss one mayv assume ['{s,) -1 (hence
f(se) <8 —5a. DV {73)). . .

- 2) It would be interesting to {ind out \\'hcth(:r the conclusion of the
lemma remains truc m the absence of (x) - we conjecture that the answer
is negative. ‘ o , -

3) A sufficient condition for (ix) to be valid is that /7 be strictly in-
creasing on [sq 57) 1 this follows at once from the Lagrange mean \':11le
theorem. - .

4) A slight extension of the above lemma may Em obtained 1f one
replaces in (1x) +(x) as well as in the construction of (1) the bilateral deri-
vatives by right derivatives.

.\'0\':', refurning to the problem under ('(msi([uratim}, assume that an
clement s, =1, a function f: s, s,+ze)— /N and a point 5" (s, 5,4-¢o)
satisfying (viil) - (v) plus ['(sg)= — | {sce the above rcm'arks) may be found
with the propertics © 77 s continuous on D= B {v, s —5,), ;[_1'0}§f(so),
7 has a Fréchet derivative T'{(x)€L(X) at cach v<Dv=B(y,, s"—Sq).
boundedly invertible at v, in the sense ’rhat. I"{va)7t exists as an clcrpcr}t‘
of L(X) {of coursc, without any loss — passing to the map U= 7T"(y,)"* 1
if necessary — one mav suppose 17(vo)==/, the identity) and satisfving
in addition

. { ) =T kS ()

(x7) :

<f-—3,
In this casc, as a first answer to the above posed problem, we have

Theorem 4. [ “ndcr the assumptions we just formulaied, (he Newlon-
Kantorvovich process (1) geiveraled by vy exists, reains ju D" and converges
fo a solution in' 1} of the cquation Ty==0,

Proof. Letting < and « stand for the trivial quasi-ordering on X and
the standard metric on X induced by the norm, respectively put Fy= [ Tx|,
xeD, and, indicating by M the closed segment [s,, 8] endowed with the
usual metric and ordering, put g9

f(s) whenever.x, vab?, fr—y g

F— Vo €8, (V= Vo $85—5p, [, 555, 5}

-s' 1, te M. Belore effectively developing
the argument, denote, after Potra and Ptak [20].

b1 () l=L(X).

As'simple facts about this number obscrve that if A=L(X) is boundedly
invertible then +(4) -0 and |41 1/y(4) in which case, after the well-

infdfldxi; jel=1t,

“known Banach inversion theorem (sce, ¢.g., Kantoroevich and Aki-

lov [14, ch. V) cach Bel(X) for which [B~d| Zy(e) s J)()Lll‘l(ledl}'
invertible too and (/)= v{.1) - £ .1 . With these preliminaries assume
xeD® and =M are such that

O T < D, I

Yol Sl Speng(sa)—2(0).

secondly, as /7(v) =1 wo have by (1)

Py =T (o) i) 41 = 1= (1" ()



18 MIHAEL ‘TURINICI 10

s0 that T'(x) is boundedly invertible and
AT N2 AT QD)= T () =T (v} |2 1 ([ () +1)=—f (D).
Denoting a'==x—7"(x) '7T'x, it is clear that

v P BT AT (N —f S ()=t —t =g () —g(F')
hence x =% ; at the same time, if we put

()= (v o(n = x)) = = T (1) (x”

O )= (T (x4 (2" = 2)) = T (a2
which gives (by (xi) plus the above relation)
IO VS LU A= =)~ ) 1), O =<1

50, by the Dieudonn émean value theorem {9, ch, VIIT] (scealso Turi-

nici [26])
WO = U CO IV =£() — (0 f () =1(t").

This shows all conditions of Corollary 1 (under its variant with no informa-
tion about the variables lyving in Q) are fulfilled and therefore the opcrator
equation Tx=0 has at least a solution in ). To complete the proof let
(vo:;neN) and (s, neN) be the Newton-Kantorovich process (1) and
{1)" respectively, starting from v, and s, respectivelv. By the above lemma,
sa=3s" (hence f(s,)-»0) so that, combining with

0g <1,

x),
x),

one has

g1,

Py fls,), n <N, Iy, —vull<s,—s,, ngm

itis clear that ¥’==lim, y, is a solution in ) of the operator equation Tx=0
{approximated by this sequence under an error formula expressed as | y,—
~¥'|<s"~—s,, neN) and the result follows. g.e.d.

A simple inspection of these reasonings shows in fact that, for each
vo= DY satisfving

T g = (),

the Newton-Kantorovich process (1) generated by x, exists, remains in
D* and converges to a solution in 1) of the cquation 7x=0. Tt is natural
to ask at this moment whether the set of all solutions in D of the underlying
equation reduces to a single clement ; the answer is positive and may be
obtained as follows. letting z /) he a solution of this equation supposc
x&° is such that

Xo— Vol =£lh—5, for some {, =[5, 57}

i Vi r—f, |5 Vol € r—3,, ¥l l—-5, where

VU reis,s], fels, 5.
(=) =T(x 4=z —x)—=T" () —x), 0< =<1
then (remember that 77(x) is cxisting only when reDv)

F (2) = (1T (x be(s ) — 17 ()

Denote

x), Og=<t

e R
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combined with (a7) @ives at once

Fr(=h g fif 5=t Iy —ftr—1), 0g 71

<0, by the mean value theorem of Dieudonné we alreadv quoted, one has
(iri view of Tz=0}

W (x)z =2 T {3 T x)
fry—fity =/ (r—1)
in which casc (adding the fact that {7"(x))2 —/'(f)),
et fig e =N O =SB <y =L
Iixyvla, =t —f(t)/f{t), and
{ P BV (), ser 5"

-
==F s F=4 .

Iy 1) - x)1 = 11(1) - T(0) i

where v’ =¥

As an immediate consequence of this evaluation we have (see the notations

of Theorecm 4] ]
Ee N €Sy, M EN

where (r, . 1€ XN} is the Newton process (1)’ generated by o= (undr_ar the
above convention about the casc 7==s") ang therefore as s,~+s", r,—s", one
clearly has :-=1", and our claim is proved. _

‘Concerning the kev hypothesis (x7) it must be noted first at all that
a particular case in which it holds is that characterized by the situations :
T has a sccond order derivative 77'(x) at each v& D", f has a second order

derivative f"({) at cach {=[s, s7) and

iy T xyif'it) whenever x €D x—y, | €1—S,,
Xl . ¥
( for some t it [$y, 87}

indeed, x and v being as in (xi), put U(r)=71{y +=(x—1}}, 0<=<1 and

observe that, bv virtue of the above assumption
Ua) = (v o=y =) (s e et —s)){E-s), O< =<
s0, by a mean value argument
[T — () = () - U0 i</ (1 (s)

proving our assertion. 1t then follows Theorem 4 extends directly the })asm
result of Kantorovich [13] subsumed to Theorem I {cf. also Kan-
torovich and Akilov [U14, ch. XVIIH]). Secondly, h}'}pthc51§ (xi)
turns out to include a rather large variety of Lipschitz conditions invol-
ving the derivative /. More cxactly, assume that a continnous strictly
Increasing function o : [0, «)[0, 20} satislying (0)=0 and C(m“)_fi for
some 1, in (0, :,) may be found so as, denoting 17= B(ya, M), the Fréchet
derivative 77(v) exists at cach y < and satisfies the {functional) Lipschitz
condition
{xii) FAEY

Uy ety whenever a, velr x -v st <,
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then, if i addition ¢ s supes-addifiee, that is
(8) el

condition (x1) holds with s,
[

sygelt)--e(s), Ogsgt o

0, 5" =, and f(1)=Clma--t}), 0€i<m, where

(; (1) = Sc(s)ds, fz0. In fact, let 1, veD" be as in (xi) then, by (xii) plus (8) §

{ifo)-f%ﬂ <c(t )
7

and our assertion {ollows : morcover, under this cholce, (viil) —(x) will be
satisficd too, as it can be readily verificd. For example, the case eft)==77,
120, for some x2 1 is contained here (and, in particular, the ordinary Lip-
schitz case =1, extensively treated in the 1970 Orlega- Rhbcinbeldt mono-
graph [17, ch. X117 (¢ alse Pofra and Plak 7207)). However, when 0o z-21,
this procedure does not work because (8) is not fulfilled. To get a satisfac-
torv answer {o this casce
developments -

clmy s (o))<, —8)—cim,—I)

assume  that, instead of satisfving (xi), the mapping 7

15 continuous on D=5 (v, n,) and its derivative T (cxisting on D) sa- |

tisfies (xii} with ¢ being sub-additive, that is

8y e(f—=s)B () —cls), O<sgt=x,

Denote by 8 the translormation (7, <} {f', =') from {0, m,” =20 (0, 17 into |

(0, 2} K defined as

f=Ct=), ~=x—rlt =)

and assumne there exists a subsetr o aof (0 ] > (0, 17 twvariaif under S, |

that is

(xiil) (', =)y e whneeer {§, 7) =4,
The basic facts about the couple (S, .1}, used in the sequel, are collected in

Lemma 2. The following propertics hold .

fa) (¢, oy implies 14, 7 7.
neN) the (decreasing) sequence of ilorates generated by (fo, 7a)=(t, 7) we
necessarity have t,/7,—0 {henee t,—0)

(b)Y {fa, =ay = dmplies t,/=g =i ;
putting v, =C{r,) 2, n&N_ where (4, =) n&N) is the sequence of S
iterates generaded by (Lo, =) then (r, ; 1 &€N) converges decreasingly fo sero.

Proof. (a). By (xuii) plus the choice of A, we have {0, <" =0, which
gives 0-<c{tf=} =7 (hence ' -27) and '=C{/7)€H{c(tj=)/<) -<f. At the same
time

lr:ué“!n TpEl 1":7‘ ':r.--l). ”C_:'-\-

and this proves our claim because =, =<,,,—=0.
(b). In view of {(a) (the first half) c{fof=s)

Now, letting (r,:

successively,

le=e(mq) 50, 1o/7o-<a
neN) be introduced as before we have r,<#,/+, and,

A

ra=C{ra) 7oL Cltof 7o) [m1 =11/ 71
= GO Ol ammtef g

which brings us into the second part of our |

morcover, indicafing by ((f,, =) 5 |

o addifion, giicn ro =10, fof=y] and |
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from which, by (a) (the seeond half) i is clear that r,—0. Morcover in view
af these relations

e C(r M7 rale(rfmd < rle ol 2 ) <

f':-"—'c{"l)lﬁg":("(rl}e"—'l)szrl(f‘(’lf’l_-l)/ﬁ)‘:71'----
and the assertion follows, q.e.d. . - _

Now. returning to the problem under l“()HSlL]L‘I’(llI(_)]],':lSSUI]](" .lllcrc
exists &, in {0, w,) satisfving (sq, 1) =, for which the inequality 0 I veailg
<\ holds. In this case, as a sccond answer 1o the problem we formulated
=9 o . - -
at the beginning of this scction, we have o ' .
‘ Theorem 5. nder the hypotheses we. just lndicated, coliclusions ol
Theorem 4 renidin palid with D and D iu!rr;'d_ncmf as before. -
Proof. Define Fx=}Tx|, x=1, .1"‘.\'=~_.'(['(.\')): ye=voand, letting

V= [0, m,) 0:=[0, 1], endowed with the usual metric and _t‘hvlusuul dual
;)rdcrix{g, put” gt =)y=c'(=), A=t [T (== t=l, raLd Tuking voe
and (s,, 1} = a3 starting elements let veDvand (¢ <) in b be such that
t<s, <1 and

o< rxlgt, (T ()2 = [x—y <o ()=~ (z)
By the Lipschita property (xii},

HT () =T v s ele ()= (5) <=y (T (1))
50 " (x) is boundedly invertible : Nence x'==x—7"{x)71 7y exists and nm-rci)u
ver (since (8)" implies ¢ 1s super-additive)
n T R R R T e CE A R e CO T
As an immediate consequence of this evaluation, we get by a mean value
technigue (see the corresponding arguments uscd in Iheorem 4) plus Lemma
2‘ (a)‘ P e g 0 ' Sl 1
- BEx == § = T =T () (x — )<l Ty==t <t
at the samc time, again by (xii) plus (a) of Lemma 2, T =T {x") <
<cf/=) <=, in which case
[ T ‘,'(’[“(.V'));‘_'(’["(T)) B -}”(\) '”“]"(.Y') i.? '.--—UI:!,"'.} _._;.
This shows the Newton-Kantorovich process (v, n €N) constructed by
(1) from thc starting point v,, exists and remains in Dt moreover il we
denote by ((s,, =.): #=XN) the sequence of iterates modulo S having as
:‘;éta'.r'ting element (s, 1) =4 one has by the above relations
| et} ¥

{ Vo VS0 Ha,)—e e, n<gom,
Tyl gs,, «(T'(V))26n nEN,

nd therefore, in view of Lemma 2, (a), the clement 3" ==lim, v, is a solution
D of the underlying equation, approximated by the elements of this

! )
' Voo viige Ha ) —o Y lim, g}, N

Our theorem is completely proved. g.e.d.
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As already noted in the first part of the section, the above result
savs in fact that for cach v, =/* satisfving
0= | Txallgde, AT (vo))z 2, 30 Yollse (1) —e¢ o)

with (4, =) =4, the Newlon-Kantorovich process (1) generated by x,

exists, remains in % and converges to a solution in 1) of the equation 7' x=0.

Concerning the uniqueness problem, assume €D is an arbitrary solution

and let veD¢ satisfy the requirements written for x, above with (¢, =)

in place of (f, v}, as well as |z —xf<r<m, Defining V(s)= T'(x L5z —
) =T'{x){z—x), 0<t< | and observing that

Fzy={T{x - =T o)) — ),
gives at once {by an argument we already used)
[T =+ () T = [T+ T () (e =2) = | F (1) = {0 i< C{r)
we have (in view of the cvaluation +(77(x))2 =)
{(9) PR

This relation tells us that, if J:—v,|<s, then {see Lemma 2, (b))

e =]

lz—x"li<r'=C(r)/=, where v'=y.

fr—yuligr,, neN, with r,—0

$0, necessarily z=y", proving the underlying equation has a unique solution |
in Dy=DB(¥,, o) <), but when s, < iz — y,[|<#,, this conclusion is no lon- |
ger true, in general ; however, under some reasonable hypothescs, an appro- |
priate uniqueness property mayv be obtained along the following lines. s
Denote by 1 the transformation (4, =, r)—{#', =', '} from (0, Hg = (0, 17X
A0, miy] into (0, x) = R« (0, ) defined as
F=Ct), o =-—¢lif),
and assume there exists a subset B of {0, m,] -
under P in the sense
(xifi)’ (¢, =", V=B (with r ~r) whenever (t, = rie B
and satisfyving also
(xiv) if ((fa, =n ra) 0 WEN) s the sequence of P-iterates gencrated by
: { {fo, T, o) =B fen r,—0 |
(note at this moment that, in view of Lemma 2, {a), we also have It
7' <7, in addition to (xiii)’, and {,/=,—0, in addition to (xiv)). Also, let us |
admit that an element & in {0, m,} with {s;, |, m,) =B mav be found so as
to satisfy 7y, s Since the reasonings of Theorem 3 remain entirely
valid when A is replaced by B it firstly follows the Newton-Kantorovich |
process (1) generated by v, exists, remains in 1) and converges to a solution
vieD of the equation Tx=0. Secondly, =D heing another solution of
this equation, in view of (9} one clearly gets

= Clr)f s

(0,170, s, | invariant

c—llsr=m,, =y g, el

where {(s,, 64, ra) | # =N} is the sequence of P-iterates having as starting
element (s;, 1, m,) and therefore, by (xiii)’ +(xiv), =" follows at once,
proving the equation I'x=0 has a unique solution in D.

(11)
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5]
e

Since the whole discussion contained in this part of the section was
motivated by the hélderian case cty=/*, {>0, for some o in (0, 1} {observe
4t this moment the case c(fy=LF, {20, for. SOMe L:--O: 2 in {0, 1] reduces
to this one by suitably changing the ambient norm) it is natural to ask
what happens with our specific hypotheses under this particular choice.
Firstly, the transformation S being

£ =(f=PF{x-F1), 2 =<—(1]5)"

as a candidate for (xili) one may take the subset 4 of all couples (£ <) in
(() 1] (0, 1] satisfying A< H=*7 where H is any solution in (0, 1) of the
inequality

(10)

Joti at the function A(H) defined by the left member of (10} is strictly
il?::'g:l%itllgttin (0, 1) and A((O))\:], Afl) =1, it follo:.vs t‘hc above inequa]it_v
admits a maximal solution H, in (0, 1) {for which it becomes cquality,
and thercfore the best choice of s, appearing in Theorem 3 is, of course,
so=H/*. Observing in addition that affa-tl)< Hy it f'ollow‘s our.correspondmg
statement cxtends directly some related .contnbutlons in this area due to
Keller (unpublished result, quoted in Rokne ([22]) and Janko
{11, ¢h. I1] for « in (0, 1] and, respectively, Rheinboldt [21], Col-
latz [7, ch. If}, Ostrowski [I8] for a—1. It is worth mentioning
these procedures may be also applied — without major changes — to the
study of ,perturbed® Newton-Kantorovich processes

A(H)={H (a2 41 Mt L H

Xpi=1,,—U(v,) Ty, nel

(where v (i{x) is a mapping from D® (o L{X) approximating in a certain
sense the mapping v - 7'(x) and possessing a contractivity property of the
form (xii)) in which case, they may be deemed as an alternative to Rhein-
beldt’s convergence theory (sce the above reference as well as Ortega
[16]) which is, until now, the basic tool in studying such processes from a
convergence viewpoint especially. Secondly, the transformation F” having
the form

- {={tf=p abt), e = )

‘a candidate for (xiii)’ +(xiv) is the subset B of all triplets (/, :.,_r) in (0, 1]
% (0, 1]x (0, 1] satisfving #< H+**1, r < K(a-1)7, where (H, K) is anv couple
~in (0, 1)x (0, 1} for which (10) and

i+ A< (1—H)"

‘hold. For example, an immediate solution of (10} +(11) is H==1—(1/(x+1))*.
'K=I/(<x+!) in which case, the correspondig version of the uniqueness
property we already stated may be compared with Theorem 3 of Janko
[11, ch. I1] as well us Theorem 1 (the non-perturbed case) of Rokne [22].
Of course, this hélderian choice of the function ¢ is by no means the only
possible one which is to be treated by these methods ; some further aspects
of the problem will be discussed clsewhere.
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4. Altman transfinite processes. As already precised in the Introduc- Adding the fact that e=(t—t)/({—a(t)) onc gets, by (xv) +{xvi)
tion, the result of Kanterovich subsumed to Theorem 1 has 4 non-construc Fygt’, dix, 2y <d(h)—9(t), [Gx—Ga' i< p{t) — (')

tive counterpart (stated as Theorem 2) obtained by Altman through
a4 transfinite induction argument [1] or. equivalently, by ordering techni- co. if we let f=i {the identity) and g=1d¢, k=9 (observe at this moment
ques 4. Concerning the relationships between these two statements it 415t without any loss (¢ and ¢ being increasing on their existence domain
was observed in [3] that under some restrictive assumptions about the -md.qn(l)>0, Gy >0 at each {=0) onc may assume o(0+)=3{0-+)=0,
function f {including the standard quadratic cas which enables us to complete the definition of these functions at the origin
by putting 2(0)=14(0)=0) conditions of Corollary 2 are fulfilled and the

proof is complete. q.c.d. N
It as now clear that Altman’s result subsumed to Theorem 2 follows
from the above one if we let a{f)=gf, >0 (hence w{f)=((} +g) (1 —g))t,
{==0) for some ge(0, 1) and assurPe b is increasing and strictly positive on

f(1)==2{s" -3, s g igs

¥

with 7 =0 suitably chosen) Theorem | mav be identified with a certain
constructive portion of Theorem 2 under some appropriate  hypotheses
concerning the Fréchet derivative 77, Since, however, a general reduction
result of this type scems to benot possible, it 1s natural to ask, in a first approxi-
mation, until what extent {modulo the results of Section 1) can Theorem 2
be generalized and then — under an appropriate positive answer — to in-
vestigate the relationships Letween their corresponding extensions

Let (X, d, <) be a quasi-ordered metrie space with < being self-closed
and (Y, @) complete. Given the subset [ of X and the Banach space (£, |
i, 1), remember that a mapping 7 from D) into Z is said to be <-closed
when (x, ; n=N) increasing in D, v,—x and Ty -~z imply veD and Ty==z. |
With 7" having such a property and the element v, = 1) satislving 0<||7yv,]|<
<s, for some s, 0, we are interested te determine sufficient conditions of a |
local type under which the equation 7x=0 should have a solution in a |
D-sphere around v,. In this case, as an immediate application of the develop- |
mnents of Seciion 1, we have .

Theorem 6. Suppose a couple of funetions a: (0, ©)—=(0, %), 7: (0, 20)-
— 10, ) with a{f) <t and «*(()—0, for afl 10 (where o deiotes the w-th iterate
of ) satisfving :

| its existence domain and ()= | (b{(s)[s)ds <o, #>0 (in which case (f) =
q i U

=b"{i}q), t>0) ; scc also Cramer and Ray (8]. However, the result of
Turinici {28 seems to be not reductible to Il‘leorem. 6 bgcause j:hc
function & appearing in that statement need not be increasing. Concerning
the possibility of attaining a solution of the cquation 7'x=0 through a
constructive process of the form xbx', the following practical criterion
may be formulated. Given x,<=Dg with

0 < | Txoil<ts, d{ys, Xo)Syl(so)—4(te), 17¥i—Txolis o(s0) —2(to)

for some 1, in {0, s,], let 0,2 x5 in D and ¢, in {0, 1] be such that (2)' ‘holds
with (x, 2")={x,, X)), e==g,; denoting {,=(1— eolly -Feoa{te) assume Tx #£0
(hence x, < Dj and 0 <[{Tx,||<ty) then, again by (2)' one may select a couple
4,2 x, in D and ¢, in (0, 1] satislying that relation with (¥, .v')_'(x,, %),
e—¢,, and so on. By an ordinary induction procedure an increasing (mo-
dulo <) sequence (¥, :neN) in D, a decreasing sequence (7, ; n €iN) in
(xv)y ()t - a() < {2(t) - s(s)H{I—s). L s=0. alt)<s <f {0, 5.} and a scquence (e, ;7 eN) in (0, 1] can be constructed with (see the
' reasonings of Theorem 6)

as well as a couple of functions b {0, 00)—=[0, =), 2 (0, w)=0, x) with b
not identically zeve inoany Inderval (0,0}, >0, and

{(xvi) o(O)/(t - alt)) < (L(f)—2(s))/(t--5), ¢ s=0, alf)<s <!
wiey be found with the property © for cach v in

Diy=fxeD; vo<x, d(ye, ¥)<U(s), [Tyy—Tx <i(s,)}

0T i<t tusr= (1 2a)ts +eaalla), # eN
d(tm xm)gq"(tn)""'{ (tm)s |]Tx,,—Tx,,,]}éq:(ﬁ,,)——fp(im), ES D

As (p(t,); n<N) and (4(t,); »=N) are decrcasing — hence Cauchy —se-
quences in (0, co) it is clear that x,—x", x,<x7, ne¥N, and Tx,—Tx" for
some-x' =D, and therefore, to draw the conclusion 7'x"=0 it suffices that
' the sequence (/,; #<N) be zero-convergent. Supposc on the contrary
f—i" >0, and let us admit

(xvil) lim sup {(a(s)) <{, for cach >0
s— i+

;tlzd cach ¢ i (0, s,] with 0TIt there exist X'z x in D and ¢ in (0, 1]
Iuiﬂl
(2)' Ty (L&) Ty <ealt), dx, v')< bl

Then, £x=0 has ! least a solution in Dy={xel; v,<x, d(v,., )<9{s,),
Tyy=TxR< p(s0) ). '
Proof. Denote M ={0,s,] endowed with the usual metric and the
usual dual ordering and put fy—= Ty, Gyr="Tx, v, From the above
relations {2},

remark at this moment that, by a result of the author [23], a(f) <¢, >0,
us (xvii), have as immediate consequence @"(f)—0, 1>>0). I'rom this fact,
) <hs (hence s—a(s)>(1—2)s>(1—r)") for ¢ <s <<t 49, where >0 is
fficiently small and 4 suitably chosen in (0, 1) and thercfore, in view of

Elln—a(t Vst —tys,, HEN

'y g(1—¢) T +ea{t)g (1 —s) Feall)=t <! ..
1S _clear that, for a sufficiently large n{f')eN

b—s
Ty —Tx <el Txl-ralf))< e(t +Falh)).

Matematics 203



26 MIFLAT TURINICI 18

{13 e <ty—t, iy, n2n(l’).
Now, the series & {t,—!,+:) being convergent one obtains a contradiction

nEN
provided we stipulate that

{xviii) the series X e, 1S divergend.
nEN

Summing up these developments we found that, given the sequence (x, ;

neN) constructed under the requirements (2)’, the associated sequence §

(e, ; n=N) of which satisfying (xviii), its limit «* €D, is necessarily a solution |
of the underlying equation provided the supplementary hypothesis (xvii) |
is accepted. Particulary, when a(f)=g¢f, { >0, for some ¢g<=(0, 1) the corre- |
sponding variant of this criterion reduces to that of Alt man {3] obtai-
ned by a different method.

Concerning the reclationships between Theorems 4 and 6 remember
that for each xeD¢ with

0<|Tx|gfl), [¥vo—x|i<t—s, for some {, (5, 57)
there exist 2’ in D and ¢'=¢{-—f(8)/f' (1) in [s,, ") with |
(T [<fE)=U—fOf ). [x—a" <t ~t=—f)]f"(1) :

s0, conditions (2)" will be surcly fulfilled with e=1 provided i

(12) Se—=fBIf O)<a(fit), —fOf (<), sest<s".

These relations turn out to be satisfied in many particular cases, For example, |
when f is described as :

i
flB)==n(s"—1)*, s,<t<s”, for some 20, x>0 F
the second of them, having the form

("= a+1) <A™ =1)77), set<s

will be satisfied (with equality) if we take
b(t)=ptV=*b, >0, for a suitably chosen x>0
while the first one becomes
(5" =Haf{z -+ 1)< a(h(s (™), syt <s'

a solution of it (again with equality) being of the form a{f)=gt, { >0, for an
appropriate ¢=(0, 1). At the same time, concerning the relationships bet- |
ween Theorems 5 and 6, we recall that, given x=D° and (¢, 7) in 4 with I
if
]

0<|Txjict, (T (M)27, yo—xi<c ()= ()
there exists x’ in D satisfying

[T« | Cltfz), v{T'(x'))2r—c(tf=), lx—x"lgtf
and therefore (2)’ will take place (with e=1) in case
(12) C(t/r)<a(t), < b(b).

To discuss this eventuality under the standard choice c{t)={*, {20,
some & in (0, 1) observe that, in such a case these relations become
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(tj=P -l all), ¢r<b(l)
and since, as a candidate for A, we may take the subset of all {#, 7) in (0, 1]x
(0, 1] satisfving
< H=2% {or, equivalently, (¢/=)*"'<HI),

where H is any solution in (0, 1) of {10), the above inequalities will be surely
fulfilled if we put
a(t)y=(H(x+1))t, b{t)=(HHM=+Y, ¢0.

Of course, the possibility of satisfying (12)-(12)" in gencral, is still an
open problem but, anyway, the standard cases arc contatned in this reduc-
tion scheme. For a number of interesting applications to nonlinear analysis
of these problems we refer to Altman [2)
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University of lasi i
6600 1451, ROMANTA where ¢, g . [ts, €} R={—, o), f,g: R—R arc continuous, ¢{{) nonnega-
tive and not identically zero on any ray of the form [£, ) for some £>1..

We will assume that

2(¥) =0 for v#0, g(v)20 for y=(0, ) and g'(y)< 0 for

(2) e - ) R— i :
yei==.0. [(=%):
(3) xf(x) >0 and f'(x)20 for x#0 .

(4) —f(—xy)=flxy)2 Kf(%)f(y) for x, y>0 and K is a positive constant,
Furthermore, we assume that there exists an oscillatory function %: (7,
w0]— R such that

{5) c(ty=-{1). Ef(t)—%) and y(f)=0 as t—co.

- We are concerned only with continuable solutions of equation (I)
which exist on some ray [fo, cc). A solution x(f) of cquation (1) is called
nonoscillatory if there exists a 6,24, such that x(f)#0 for ¢>¢,, and is called
oscillatory if it has arbitrary large zeros. ,

Some qualitative behaviour of equation (1) (with ¢(f)=0) has been
studied by many authors. For some contribution in this areca sce the papers
of Lalli [1] and Wong and Burton [3]. However, nothing much
OE s:g.mflcancc.scems to be known about equation (1), therefore the purpose
of this paper is to establish a criterion for the oscillatory and asymptotic
behaviour of all solutions of equation (1).

~ Our main result is the following theorem :
Theorem 1. Let conditions (2)—(5) hold. If



