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The rest of the proof is similar to that of Theorem 1 and hence is omitted.
The following example is illustrative.
Example 4. Consider the equation

(18) Yo -+ ;{'- v B3 [oalt) = e(t), 10, 230, |

where ¢(f) satisfies condition (4), a,(f)=ct or { or fsint and ¢>0 and A CHARACTERIZATION OF THE SOLUTIONS OF THE DARBOUX

gy =c,t or ¢, 0<c,<1. Here we let o(f)=¢,f or i1 or {—1 and z=¢,. Al} I S L .
conditions of Theorem 2 are satisfied and hence every solution x{f} of cqua- | PROBLEM FOR THE EQUATION PPy =F(x, v 2

tion (18) is cither oscillatory or lim x (f)=0. .
- o
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In this note we introduce the concept of solution of Darboux problem
associated with the multivalued hyperbolic equation &zfavéyel(x, y, 2)
and wc prove characterization of the solutions, using the Aumann in
tegral defined for multivalued functions, [1%, [2] [3].

Definition 1. Lef D=[0, a] = [0, 8]= R For cach (x, yyeD, let H{x, v)
be a noucmpiy subsct of R* Let & be the sct of functions b DR inle-
grable on D and I(x, Wyell(x, v) for cach (x,y)&D. Then, by the integral
of the mndtivalucd function H @ Do2R" we mean the set

U H(c, vidx dv={\§ h(x, vidx dalhed ).
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In the following we list some propertics of the defined integral above.

Proposition 1. 7/ H : D-s2R" 45 an upper semicontinuous multivalied
function and there cxists a positive real nmmber ® such that 'H{x, v)
=sup{[E| [ EsH(x, v)}<® for cach (v, x)D, then

; §§ 1 (x, V)dx dy—= §§ cony H{x, )dxdy.
Iy I

Proposition 2. [/ H,: D—2R" ReN are upper semi-continuons and
there exists a positive rcul number ® such that |H(x, ¥)|<® for cach (x, v} &
e gnd =N, ten

§§him 1 (v, vidy dv = lim (§ H o (x, v)dx dy.
]

e
Taking into account the definition 2 in [2], we have (v, y) €lim H (x, y)
iff each necighbourhood of (x, v} intersects all the sets I (x, ) with &

large enough.
. Proposition 3. I/ A is a com pact subsct of R*, independent on (x, y), then

X
2y
ere (xy, y,), (v, Vo) =)

Moreover we need the following proposition :

V== jeony o

¥z
§ A dydv={v,
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Proposition 4. If K 1s a coneex scl i a Banach space X, then the set
X,=\JBlx, ] is convex.

reK

We assume that the [ollowing hypotheses are satisfied :

(H,) F:D=xQ—2R" is an upper semi-continuous multivalued func-
tion whose values are nonempty, compact and convex sets in R® where
D=[0, a] % [0, b], Q=R” being an open bounded set,

(H,) For each : =0, the mapping (x, V)= F(x, v, 7} 1s measurable with
respect to the Lebesgue measure on ), '

(Hy) There exists a Lebesgue integrable function g: D—Rs on D}
such that |Efi<g(x, ), VieF(x, ¥, =), V(v ¥) el Y:=Q, ;

(H,) The functions s=AC([0, a] : R"), -eAC([0, 5] ; R™), satisfy the!
condition o(0}==(0) and the function «:D—R” defined by the relation;-‘

(1) 2(x, V) =o(x) +=(x}5(0)
is valued in M for {x, v)eA=[0, x,] = [0, vo]JcD.

Remark. According to the hypothesis (H) it follows that the functionl.
x is absolutely continuous in the Carathéodory sense [4, §565— §35681 on D.

Definition 2. The Darboux problem for the cquation

L {x, vishD

a2

(2] eF(x, vy, z), (x,y)eb, :eQ,

cxXON
consists in the determination of a solution of the equation (2) satisfying the!
conditions :

] #x, 0:;zcr(.t), 0 s<a |

i3 (0} = =(0} |
1 2(0, v)===(v), 0€y<b, i
Following A. Cellina [2], we have: ;
Definition 3. A function Z : D—R" s called a solution of the Darboux
problem (2} -+(3), if it 1s absolutely continuous tn the Carathéodory sense on)
D, it satisfies the equation (2) a.c. for {x, vyeD, and conditions (3) hold for,
cach v<[0,al and v<[0, 6]
Theorem. Let the hypotheses (Hy)—(H,) be satisfied. Then, the conti-
nuous function Z: D—R* is a solution of the Darbou'x problem (2) +(3) iff
for cach (x,, v;)€D. (v, 3.} =D the relation i

LE

)= Z{xe, i) +2(x0, vy & § F(E 7, Z(B.%)) dEd,

¥y

(4} Z(xy, ¥a) ~Z(x0, )

holds, and Z satisfies the condifions (3} .

Proof. The necessity of (4) 1s a conscquence of the {ollowing arguments.
fct Z be a solution of (2) ~(3) on . Then, there exists a selection f of the
multivalued function 7, /: D—R", such that
{3) Six, v 2y, poel(x, r, Z(x, V), Ly vjell, A

with the property that Z satisfies the equation
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(%, ) wflx, v, Z(x, ¥)), ae. for (x, y)= D

6
© CXEY
and conditions (3).
Choose two points (x,, 31}, (%s, ¥s) in D, and integrating the equation
(6 on =[x, %, )% [vy, ¥a), we get
1, ¥y

(7) Z(l’g, ¥a) —Z(x,, _\'2)—2(1‘,, A !) +Z(x,. .‘"'1) o S Sf(i' 1, Zf

X ¥

) Edy,.

Fall

Therebv, from (5) and Definition 1, we have

(8) § { £z, 5, 2(2 gy e § §F(E 0, 205, a)dgdr,

According to (7), (8), we have (4}, as claimed.

In order to prove the sufficiency, we prove first that the continuous
function Z, satisfyving (4) and (3), has the derivative #2Z(x, v}{éxéy a.e.
for {(x,y)el. For this, we prove that Z is absolutely continuous in the
Carathéodory sense on D. We associate to the continuous function Z, the
interval function (4, § 433, § 565],

(9) (D(S)::Z(J.‘,, ) "Z(-Vh ¥e) —&{ Xy, vy) —Z(%q, ¥}

We prove that ®(8) is absolutely continuous, using the Theorem 1
in [4, § 453). From (4), (9) we get
(10) ®(3) e § § F(E 7, Z(5 w)didr,

In view of Definition 1, there exists a integrable function f: & ~»
—R", such that (3) holds for (x, v)=3. Then (4), (10) vield

O(8)== { § f(E. 4. Z(%, n))dE dr.

According to the hypothesis (H,), we obtain

¥y ¥y g ¥,

(11) Lol < § 51450, Z(2, o) | dEdns § § o(2, n)dEdy,
y We set P o
(12) #(X)= sup ®(3) , for any r=R..

ATt i)

In view of the absolute continuity of the integral, for each ¢>0 there

Iexists 3:(¢) such that

{13) SsS glZ, n)didy, I a(%, 1)didy < ¢, whenever u(8) < 8,(z).

Let 2. 3,(g). According to (11), (12), (13) we obtain
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Ty ¥a

(21 sup§ f ol z

v

1ydide <z, wheneveru(8)<h <3z},

or . =
lim {7 =0

PG

a4

According to Theorem m T4, § 433
absolutelv continuous.

As the continuous function Z
—ax), O=vga, Z(0, ¥)==(v), g v,
absolutelv continuous.

In view of [4, § 1(1"1 the function Z is dl)HOlllt(’lV rontlnuous in the
(arathéodory sensce. I'rom ‘theorems 5, 6 [4, § 369--§ 37073, the fumtlon Z )
hae the derivative (Ziv.yjfexéey aw for (x, viel.

1t remains to prove that the function /£ satisfies the equation (2).

Taking into account the “hypothesis (H,) and the continuity of the

functmn 7 -it follows that the multw'llupl function F ‘D_}Rn’ given by
Fiv, ), Z{x, vy, tvovyeD,

‘is upper semi-continuous on D Thf_zn_iu' Theorem 9.3.1 {3, p. 69 we deduce

“the interval function ®(3} 15

(3), Z{x, )=

satisfics the relations

r_H: : [(\ V=

(15) FIBI{x, ¥), &)= BIF(x, 1), &1, (v, 1) &D,

where. Bl(x. ¥}, 8] is the open ball with, the. centre (x, y) & D and radius §

8 SI_’}:mcl TG 5L s

() BIF(x. y), ej={2=Rd(E Flx, ) <eh o
Fix f(a, vieD, I I:.‘l",”‘\")EBt{.\', vh, 8, then !

(6 i S UF ye BIFIN v, €

because, by the definition 9.1.2 15, p. 67,
F(RI(x. ), 8a)= U B, ¥y (', ) = Bilx, v, 81}

The condition (4} mayv be rewrntten as.

we have

(4) Z(x ) —Z(x, vy =£ix, ¥) +Z(x vy S im_, v, Z(5, 0))d Edr,

for the domain [r, v']» v, v'% According to (14}, from (4} we deduce
{17) Z{x', W) =Z(x, v)—Z{x, ¥ H£(x, ¥) 5 :S . n)dEdy,.

By (x', v)eB[{x, },) 3,], we obtain fx—ax'| <8s, y'| < 8;. Moreover,

3 ¥

E—x| =tdy, |n—2

(18) F(Z, o)=BIF(x, ¥, ¢
Then, through (18}, the

8, for v i, yEs v Smularlv to {16) we have

relation (17) vields

from (i1}, Z{x, 0) a.nd Z(0, v) are |
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W=r, ¥ 2 v =

2 -

(19 2 ) =2 BIF(x, v), s]dEd,.

As the multivalueéd function .I"',-givvn By (14) is upper semiconfinuous
on D, the set B[F(x, v), <] is closed in R™

In view of (%) it follows that HU(\', vy, ¢l is also bounded in R*,
and therefore it is 2 compact set. Then we can use the Proposttion 3 set
ting A=BlI{x, ¥), ¢ and v,y 1 ) v instead of 8=, v, x{ v, vof we
obtain e b i .

a  §f B

"

J, el id = (A ,\')(_\'-—'_i‘)éoi_l_y B [f {(x, ¥},
the relation (19} vields

— )
), €] is convex and thercfore

BIF(x, ¥), 1.

According 1o ‘(20_),
(1) 2L, ¥) =2, ¥ =2, ¥ HA ) =

By I’ropobltlon 4, the set BH(
(22) conv B[I-(.\', V), <]

Using (22), the relation (21} vields

L VAR —Z{x, ")

Hyjeony B.'_j:'{_-.\‘-,-_._\'), <]

(23) Z{¥,
From (23) we get

24) Z(x', v )y—Z(x, \‘):f(\ V) -E£(x, v

L2, v)E (v -V BTy, v, 2]

E(}"w_\')B'_F(,r, ¥, el

Taking into account that BU#(x, v}, 7 is closed, the relation (24) vields

lim[Z(x', y')'— Z(x,y)  Z(x, ) —4ix, \)] _ [.‘_é (x, 3)— iZ (x, }')]E

sz ¥ —x N—x ox ox

(' —_\)Bl'f(x ¥}, el

Hence
7 .
1 (¥, ).")—‘L*{ (%55
¢ gx i E
% =B F{x, v}, €]
and ' .
A
(.4.\ ('l.’ -"I"-:I %é (
a odx &
hime e __—"—-—--—— SBIF(x, v), <,
P A ey :
T
A 2ty ' -~
5) _dd(;\.) e BIF(x, v}, =]

éxeav

Slnce I‘(V V 15 closed and F is upper
g y l. t l L t e
) 1 l { p seml-coniinuous, he ILlathn
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TSFARTY 7 z . ;
£z, ¥) = Py, vp=F(x, v Z(x, y), ae. for (x vie DL
ax oy
Therefore, £ satisfies the equation (2} as claimed.
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CONTROLLING THE FREE BOUNDARIES
IN SOLIDIFICATION PROCESSES
BY

HE ZHENG-XU

{ Iatroduction. Let {2 be an open bounded region in RY lying bet-
ween two fixed closed smooth surfaces I, and Iy, and let T>0. Consider
the following two-phase Stefan problem modelling the scolidification pro-
cess of some material in (2

J. Appl. Math., 18 (1970), 533 — 538. ‘
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6(?030”:: ,[l:‘f.SInsI?(‘)l."\r‘IcA}\IA (- 8 —k,AU2=0, in O =(Q~ (0, 1)} Q7
1.2) B1(x, 0)=0,(x), if (¥, 0) EQ:
14 Br(x, Oy=0,{x), if (v, V}=Q",

9120, in Q%

{2 B2<0, in @,
(1.4) 0r=02=0, on X= Q_‘*n(f,
i e B

! (1.5) ky s —k, d-n—- —=Lr, on X,
| &1z Ty
-"- &b : .
] (1.6) -Tn-———(j, on Y=, x (0, T},
: soe
(L7 2-—= 4 Y=z, on Ly=Dyx (0, T
; ! én

Here O* and @ are the lijuid and the solid phase respectively: ! is the
emperature of the liquid and 0 is the temperature of the solid ; &,, Ay, L
and « are positive constants; n={7,, 7} denotes the outward normal to
'20~ which is required to be sufficiently smooth on X, and » denotes the out-
ward normal to I'=2Q, 0, is the temperature at time {=0, 8, HH Q) ; the
function v is the controlled temperature of the surrounding near X,
1 v<0, on X..
e that O+ is limited {on the lateral side) by X, and X while Q" is limi-
by £, and £ ; (£=0"n Q" (Qx{0, T)) is called the interface). By
), we should have

Oo(x)2 0, if (v, 0) =07,

Bo(x)<0, if (x, 0) =0,
Suppose that there is a Hilbert space @ and a closed, bounded,
ex subset ¥4 of % such that v is controlled by the rule :

ve= Bu Lu,, 1t = Haa,



