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*Z(x, v)
dx dv

= ’_"(", y=F(x, v, Z{x, »)), a.e. for (x, ¥)e L.

Therefore, Z satisfies the equation (2} as claimed.
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CONTROLLING THE FREE BOUNDARIES
IN SOLIDIFICATION PROCESSES
BY

HE ZHENG-XU

i Introduction. Let { be an open bounded region in RY lying bet-
ween two fixed closed smooth surfaces ', and Ty, and let 1:0 Cpnsnder
| the following two-phase Stefan problem modelling the solidification pro-
“ ess of some material in £

8} —£,A01=0, in Q*=Q» (0, 1),
(1.1) 02—k, A0?==0, in Q=(Q¥ (0, 1)) .07,
B1(x, 0)= Ug(x), if (¥, 0) ¢,
2 B2(x, 0)=0y(x), if (v, 0)=Q,
#1> 0, in
B2g0, in 7,

[

s

(1.3)

(1.4) 810_02..- 0, 0on X-0nQ,
: 1 FIE -
B (1.5 kla— kg ——=L7,, on X,
| ¢,z iz
: €9 o, on u,=Tyx(u, T)
! (1.6) P =T
} (17) z.cj.gi+ Bt=y, on Eg--—l‘zXf_U, 1y,
4 én

Here @+ and (0 are the lijuid and the solid phase respectively; 01 is the
temperature of the liquid and 0% is the temperature of the solid; ki, 4s, L
and « are positive constants: 4=(%,, 7, denotes the outward normal to
20~ which is required to be sufficiently smooth on ¥, and n denotes the out-
ward normal to I'= 8, 0, is the temperature at time (=0, 8, = H'(€)) . the
function v is the controlled temperature of the surrounding near S
' <0, on X..
te that Q* is limited (on the lateral side) by X, and X while Q" is limi-
by I, and X; (£E=0*n (" (Qx (0, 7)) is called the interface). By
3), we should have o
) 0.(v)= 0, if (x, 0} =",
Bo(¥)<0, if (x, 0} =Q".

Suppose that there is a Hilbert space @ and a closed, hounded,
rex subset ‘M.q of @ such that ¢ is controlled by the rule:
v=Bu ‘v, usq -
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where B #4—L3(2,) isa linear continuous operator and o, & L#(X,). Naturally,
we must require that

(1.10) Bu-de,g0, Vs

For any nedl.q, denote by 0Yw), 03w), X(u), Q+(n) and Q-(n) the
solution to (1.1)—(1.7) (assume it exists) where v is given by (1.9). Giveny
a smooth surface ¥, in Q% (0, 7) which scparates Q3 (0, 1) into two disjoint]
parts Q¢ and Qg Oy limited by Zyand Z, and QF limited by I, and X, Assu-f
me that the normal 7= (7, 7,) to X, is nowhere parallel to the f-axis, i.cl
7, #0 on X, and that

(111}

U2 0, In {=00Q5

0,<0, in {=0{ny

We will be concerned with the following inverse problem
(1) Find wellay such thet

OHuy=0F, O (1)=0,.

This kind of problems have been stadied in [1], (3], (4], [3], [6]
and [9] by minimizing the ,distance” between the interface X(u) and X
or some penalizing functional of (0'(x), 0%(2¢)). The methods used in these
papers are very complicated duce to the difficultics in solving the state
cquations, cspecially in the case ¥ >1. Here we will use a different approachl
The idea is to transform the original problem into an cquivalent optimal
control problem where the state cquations become lincar. This cquivalent
problem will be approximated by minimizing some quadratic functional
over all pairs ol state and {admissible) control subjeet to some lincar state
cijuations.

Using the same method, one may generalize the results of this paper to
similar optimal control problems in one-phase Stefan problems or in melting
solidification processes with convection (for formulation of these problems)

(9]). . :

The paper is organized as follows, In §2, we will reformulate the
problem (P) and then give the approximating problem (referred as problem
(Q)). We will see that problem {Q} is a ,2ood” approximation to problem
(P). The existence of the optimal controls will be shown, In §3, we wil
derive the optimality conditions for optimal controls of problem (Q)
Based on the results of §3, we will give in §4 an algorithm for approximas
ting the solutions of problem (Q). The convergence of the algorithm wil
be demonstrated.

The notations in ihis paper are the same with [T

2. Transformation and approximation of the original
Let zte L{0QF) be the solution to

st—kAz, =0, in QF,

el e &

problem

(21 zi{x, 0)="0,(x), on {f 0}(1@_0;, =0, on X,
3 sl

£ =0 on e

on

For any u e, let z*(u)=2*=L*{") be the solution to
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B—kA=0, In OF,
23, 0)=0,(x), on {t=0}n{5,
(2.2) P
2'=0, on X, = == Bu-bw, on X,

¢ H
The existence and uniqueness of solutions 1o {2.1) and {2.2) will be shown
later (see Lemma 2.2). By (1.11), {1.10) and the maximum principle, we
obtain that:
P20, in OF, =*g0, in Q.
‘[hen it is immediate that problem (P} is equivalent to the following one
(P") Find pea such that

ez .
--;_-( ): gq, ON N,
where “hr
3 k, éxt L
d (2. Se={ o 7 ]«
(2.3) ko Cre ks [

I,

Che 2,

are well-

We will see (Lemma 2.3 and Remark 2.1) that

o
-

chr
defined and belong to L*(E,).
Consider the following approximating problem :
o ; {dre(ue) N
(Q) Minimize Jy=\——

| €Ty

— 2a| do over all u e U

Let ue,.q define y(u) by
{(v()) (2, )= l ROt (v, 0, i (v, 1) €0%(x),
k02(n) (x, 1), if {x, )y =0 (u),
where as before, 01(x), 6%u), Q*(u) and Q~(x) denote the solution to (I.1)—
(1.7) and (1.9). The following proposition shows that problem (Q)is a Lgood”
approximation for problem (P).
Proposition 2.1, 7/ {u,} 1s a sequence in Maa satisfying

J (i2m)—0,

2.4

then any weak limit of {u,) is an optimal control for problem (P). Furthermore,

if in addition
{2.5)
then

wa—" weakly in U,

(2.6)  y(un)= Ny weakly in HNQ(0, T)) weak-starin L= (0, T; H* (Q)).

© (87 Ch. 2, §3.3 or [2], we may show that 3(um)==Ym is

_G3(Yn)

— Ay,=01in Qx (0, T},

, e [ () T (x, 0) €07,
.‘rrn(f\-. 0) _\a(x) {k; o(,‘\.‘) 0 (.1', 0) EO:’

. . E¥m
=P = 0 on X, =4y, =k, (Bu,tv,) on X,

Matematich
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— . -
where 8 is the enthalpy lunction: (w, ) = L% W L3S = (e, v) & L)
krv L, v>0 is affine aind continious. B ‘ )
gvy=11[0 L1, y=0 T Proof. We will proceed by transposition as in [73, Ch. 3, § 93. do
holoy v <l £ 1er @ he the Hilbert space of all functions n H*Q) verifyving (2.11). Since
I c e normad == (0, 4,) to ¥ ix nowhere parallel to the f~axis, we may show

As (. is bounded, we mav show that {y.} is bounded in 1YL x {0, ’J‘))nj casily that the mapping £+ b—1L3(() defined by
L=(0, T; H'(Q)). Now, if (2.5) holds, and if +* is a weak limit point of {v, .} § tz I’;') Libo, kA
::ﬁ::t \ﬁ;l{;a}(eu}):a((zigc .]0811(]2"16‘-3 21\‘7, \1:2.]1;{‘1.3(1 l\;I,?:g(f)g;f ,:":iLlJfgﬁ)n_;O(il ;:;:’ is an isomorphism. Define the lincar continuous [unctional J* 1 b—K by

problem (P’) which is equivalent to problem (P). The rest of the propositionfl | Fo) = g B,(¥) 5(x, 0) dx —k SE‘-.E@_{;}:_JC Spmi};_
follows immediately. i (2.14) ' ) o ér, :
In the following, we will study problem (Q). For convenience, we will triup y I,
denote z=z? k=k., 0=0g, Then by definition, Eq. (2.10) 15 equivalent {o
Min=4{xsll; (x ¢ ceel,}, - : -
and o=t St X g (2.13) SZ(J?'{') dxdt=Fle), Vo= @,

: 5

' which obviously admits a unigue solution in L.

! Clearly, the mapping (w, v)—=(w, ) is affine and continuous.

i As  direct consequence of this lemma, Eqns. (2.1) and (2.2) admit

D(ty=int {x=Q; (x, HEQ=05}.

The set D{f) is a bounded domain in R¥ lying between I'y(f) and T',. Problen

(Q) may be written as :
(Q) Minimize

bz () P unique solutions,
(2.8) J ) =S ———gal dX,, : Because 8, H(Q) satisfies (1.11), and since X, is smooth and ¢, 1%
Sl O ’ - dowhere zero, we may deduce that the solution z(u) to (2.9) satisfics the

_ following regularity property
(2.16) z(u) & [[*1{¥§), for some €0,
where Y3 denotes a s-neighbourhood of £, in ), i.c.,

over 1t <l where s()=" Is the solution of
ze—hkAz=0, in Q,

=(x, 0)=04(x), 71n D(0), , - = - -
(2.9) 1 az"‘ viof, e 3T, H e, such that fx—x i f-t <)
z=0, on X, 7-(,;'; = Bu+u, on L, Therefore femma 2.2 imphes :

. . . . ‘ Lemma 2.3, [h: mapping
The first remark is that the state equations (2.9) do not admit a smooth

. . 3 Y & (u:l
solution. However we will use ihe following definition : =

U =
Che o
18 affine and com pact from U to L3E,).
Remark 2.1, Using the above argument, we may also show that
t};e1 solution :* to q. (2.1) is regular enough in a region in (F near x,, 50
>

g%z T,

Now, us /g is closed, bounded and convex, it is weakly compact in
@¢. Using Lemma 2.3, we may obtain

Theorem 2.4. ’roblem (Q) admils at least one oplimal control.

3. The optimality conditions. For anv ueidf, let plu)=p=LQ)
be the solution of -

Definition. Let d=C(X.), 420 !
Let wel¥(S,), ve LX), A function - eLQ) 1s called a solution to th
Jollowing equations
2—hkAz=0 in @, 2(x, 0)=0,(x) in D{0),

(2.10)

L8, exists and belongs o L3(E,).
z=w, on X, — -Ld,=7,0nk,
n

if for any test function peH*)Q) salisfying
(2.11)  ofx, T)=0 in D(T) 3=0, on £, > +z=0 on I,
on

the following relation is salisfred : petkAp=0 in 03

(2.12) gz(cp,—l-k.{\@) dxdt= —S Bo(x) o(x, 0) dx +h\ w ;?-di‘.-—kSvtpdzg. ! 3.1) ply, DYy=0 1 I(T),
R ha - Ay - .
P . S = = 2 0 - p=0 on X, P=2(O"(ﬂ gal o0 X,
The justification of this definition is standard. _ “n &ty
Lemma 2.2. For any weL*Z,), v €L¥E,), there exists a unigue solt 3y Lemma 2.2, there existe a unique solution p to (3.1). TFurthermore,

tion z=2(w, v) to (2.10). Moreover, the mapping ne has
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3,1 V'E s B G 2
{3.2) pluy =il (I, for hgxflxt. > 0. 16) S(m(”) B c,(u)) JE<M | e
Lemma 3.1, Lt w be any clement of 4L Then : e, ér,y
Lof 1 ' , L :
J@ —Ju)=—<B (‘ plu) ] v for all w v &, where i | denotes the norm of .
X !

o S a0y e
K (208 Gl
where B" ; LY E,)"=L42,)- =,
1s the dual of B, and <. ,.> denotes the scalar product in .
Proof. Let u, va. We set y=z:(v)—z{u).
Then we have
y,—kAy=0 in Q, y(x, 0)=0, in D{0),

3.4 23

(3.4) y=0, on £, x %)— “y=Blv—u) on I,
En

and

(35) 0’_)' —. 02(“) ——-————01(”) . on ;\:.0.

T Cfr Gz

Multiplying the first eqguation in (3.1) by », and then integrating over Q,

we obtain in virtue of (2.16} and {3.2) that
S;b(u) (—yLhAy) dxdt g P} vdx—

v on)

——S;‘)(u) i d.r—}—sjb(u)}-r,,dz , \kap’(“) ydZ -r

Lijv) i b

a

on &z

x, ®

So, in virtue of (3.1), (3.4) and (3.5), we get

251(““‘ i?(“))}' :12__25 2(3;:(”) - Bi(_”) )(Bc(u) —ga)dﬁ_

Nz [ i
—g(— B(v—u) — ly)p(u) dE=0
£, :
Hence _ -
Sz ( d2(v)  ex(u) )(a(:r) . ) IS =
% 0 any

, VU,
I

which implies (3.3). Then by Lemma 2.3, we get.
Lemma 3.2. There exists a constant M >0 such that

- — SB(U—H) if’(u) dZ=— <B'EP(“)

+Sk f}"g_l_tl I — Sk—:z'! plu)ds — Sk a_y_ plu) dE=0.
£

Then as an ‘immediate consequence of Lemmas 3.1 and 3.2 we get.
Theorem 3.3. u" = .ais an optimal control for problem (Q) if and only if

(3.7} i (l/J(M') i ) t—u > g0, ¥V neda.
= Is,
4. An algorithm. As gs may be obtained by (2.1) and (2.3), we assume
. that it is known, Let Af >0 be any constant satisfying (3.6). Wc propose
the following algorithm for approximating the solutions of problem (Q).
Algorithm (A).
step (i), Choose any wela.

Step (i), Solve Eqs. (2.9). to obtain -(‘f(ﬂ . then solve (3.1}, to
('{;_1. "

e

obtain p(r}). Computc
. Jt |
f‘i'll ‘Z.L(H.,—_:B (—-P(H) ! ) X
4 %,

Step (). H () eN(u)={v, el ; <y, c—u> <0, Yvellu}, Stop;
(by Theorem 3.3) x is an optimal control for problem (Q); otherwise, let
w(t) be any clement of (N)~(u(u))
that s (1) € 7 and (i) € N(w(n)). Caleulate

' (= Min <uli), wli)—u>
(4.2) 7.(1y= Mi { Tt ,:},

§
|

|

and set
(4.3) I.«'-(ﬂ):-'(l—}‘(?t)) wrnfa) wile).

Step (iv). Replace ¢ by n{i) and go to Stop (ii).

Lemma 4.1. Suppose that we g is not optimal (for problem (Q)).
Letdp('u), @i}, w(i) and 1(n) be constructed as in Algorithm (A), then u(i) & Uag
an
(4.4) JOe)y < J (1) =4 (i) <ali), wlt) —u>.

Proof. Firstly, we note that

(N1 ()= Ef;zﬂad(.._l(r!))"—-(éf%ad)‘l (;1{#)), where I:de 1[0, 4 0] is
the indicator function of 7.4 and ]-:Ic’.m: U—(—x -+x) is its conjugate. So
) € (N} {u(w)) implics that <u(i), wli)—u>20. 1t follows that a(1)20,
d hence 11(1) &, by the convexity of .. Now, by Lemmas 3.1 and
we get _

J Gy J (1) — <ufar), u(t)—u = M w{u)—w P

Ty —=aay <w(u), wlwy—u= 302 | wl)—u 2,
ich in virtue of (4.2) implies (4.4). Q.E.D.
Lemma 4.2. Lot w, u(u) and w(w) he as it Lemma 4.4, and It " be
C0ptrmal control of problem (Q). Then
) O fn)—J'y = <uln), w()—u>.
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_ Proof. The first incquality in (4.5) is trivial,
Using Lemma 3.1, we have

j(ft-)'—](ll-)-— '::}L(It), W —tt = S(%:,’) _?i(:{) ): .
= J () — <p(u). ;ﬁu_ ">

== [y — <u(n), 1" —w(n)>— <u{t}, wln)—u >
2 J () — <u(n), w(t)—u=>,
which is just the second inequality in (4.5).
Theorem 4.3 bellow shows that algorithm A is convergent. A
Theorem 4.3. Lot aty &g, tta=n(uy), ..., ttyir=1{ttn}, ..., be the scquen§
ce constructed i algorithm (A). 1f {uw} 1s finite, then the last clement is anf
optimal control for problem (Q). If {uy} is infinite, then any weak limit o
{1} 15 an optinal control for problem Q). Furthermore, we have

(46) Tt ) S ()< () —T (1) .\Iax{l J {ttm) =] (1) &

AM w(,) 1, 2

where 16 is any optimal control for problem (Q).

If M, s the radius of Hag, then (4.6) dmplics thet

= » : * ](”ﬂ!)_—](u") ]

4.7 Umsr)— 4 (1)< i, ) Max{ | ———F—u . 3
(1) Tt = ()< nn) T Vx| 1 el o

Proof. The theerem is evident if {wn,} is fivite. Now assume that
{w,} is infinite.  Then (4.6) follows by (4.4), (4.2) and (4.5). Relation (4.7}
is a wivial conscruence of (4.6). From (4.7) , we deduce that [/ (w,)—J (o
is strictly decreasing and tends to zero. So by Lemma 2.3, we deduce tha
any weak limit of {i,} is an optimal control for proklem (P).
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oN THY DISCRETEINE QUALITIES OF GRONWALL-BELLMANTYPE
BY

1. POPENDA

| Introduction. Gronwall-Bellman inejualitics play an important
role in the study of various problems of integro-differential and summary-
difference cquations (sec [8], (9]} Many types of the discrete analogics t?f
integral and differential incqualitics known in the continuous casc ha\-p
been studied recently. Among them, there have been cqns1dcrqd discrete
inequalitics of one indepcnden.t va_rlablc {4, (3] two varlz_lbles {1, 10, t1]
aleo involving higher order partial differences [3], many variables [3], 1in the
distributive lattice {7]. Finite systems of difference incqualities have
been studied in {21 using comparison theorems. In the present note we
shall consider finite systems of discrete inesjualities of onc variable, however
not using comparison methods strictly.

2 Definitions and Notations. We denote by X the sct {io, o +1
.}where #, is any fixed nonnegative integer, by S the set {1,2,....s},
and v K, R, R. the set of rcal numbers, nonnegative rcal numbers and
positi\"c real numbers, respectivelv. '

For the function y : N—R the difference operator A is defined as usually
Ay(n)=y(n +1)—x(n), Ary(m)=2A{(Ay(n)- In the following. scction we shall
use the following functions with their prescribed properties :

(i) gi 1tp t N2 Ry, fr: N=R, kes, .

(i) B: N« R—>R, B is a continuous {function of s-variables for
every fixed first variable n, n &N .

(i), 0 B(n, vy, ... ¥ )< B, xy, ..., 3} for n eN, 0<y g1, k€S,

(it)e B, axy, ..., av)€A(@) Bl Yoo, Vo) for arbitrary a>1,
where the function 4 is continuous, nondecreasing and positive on {1, o0).
Instead to write B(n, vy, ..., ¥,) we shall use B{r. Tve]s)

{iii}y G:N > Ry R, (iscontinuous for every fixed n &N,
0<Gin, v)<Gn, v) for neX, 0 ysy,
G(n, ay)< E{a) G(n, ») for nonnegative numbers g,

here the function E is continuous, nonnegative and nondecreasing on IK,,
)  hy:N—=R, keS.
rthermore it is supposed

ny—1 m—1 )
I y(i=1 and ¥ x(j)=0
Fmny J=n,



