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Proaf. The first incquality in (4.5) is trivial,
Using Lemma 3.1, we have

Jl)y=J{u)— <ufu), ' —u=> -i-s

= f () — <pfn), u—u >
= (1) — <zplu), o —w(u)>— <ufn), wlu)—u>
2 J()— <ulu), wle)—u>,
which 1s just the second inequality in (4.5).
Theorem 4.3 bellow shows that algorithm A s convergent.
Theorem 4.3. Lef w, <., -u2=:¢(1-:1), . -rfm._L,:z';’(-u,,,), -, he the sequen-y
ce constructed 1 algovithm (A). 1f {u,} 1s finite, then the last clement is an
eptinal control for problem (Q). If {uy} is infinite, then airy weak Limit o
{un} is an optunal control for problem (Q). IFurthermore, we have

(46) Tl =706V U () =T () _-\Iax{l  Heey =S ()

A [ w(i0,) 10,
where w” is anyv oplimal control for problem (Q).
If X, s the radius of [Haa, then {4.6) i plics that

W . S {tm) —J (1)

4.7 Tl — Y (T () — (™)) Max{ | — =T 3,
(47) Thtwed =)< ) =0 Va1 el oA

Proof. The theerem s evident if {v,} is firite. Now assume thafy
{u,,} is infinite. Then (4.6} follows by (4.4), (1.2) and (4.5). Relation (4.7
is a trivial conscguence of (4.6). From (4.7) , we deduce that  f{u,)—J (i
is strictly decreasing and tends to zero. So by Lemma 2.3, we deduce that
any weak limit of {#,} is an optimal control for proklem (P).

2x(u’)

ait,
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oN THE DISCRETEINEQU ALITIES OF GRONWALL-BELLMAN TYPE
BY

1. POPEXNDA

Gronwall-Bellman ineciualitics play an important
arious problems of integro-differential and summary-
Jiffercnce cquations (sce [8], [9]). Many types of the discrete analogics ?f
integral and differential incqualities known in the continuous casc have
been studied recently. Among them, there have been cqnbldcrqd discrete
incqualitics of once indcpcndenf. vapablc [-l,_(_:ﬂ, two vanz_xblcs _Il,~ lp, 11]
alco involving higher order partial diffcrences (3], many variables {31, in the
distributive lattice [7]. Fimte systems of difference incqualitics have
been stucied in [2] using comparison theorems. In the present note we
shall consider finite

1. Tntroduction.
role in the study of v

svstems of discrete inejualities of one variable, however
not using comparisoﬁ methods strictly,

2. Definitions and Notations. W denote by XN the set {n,, o +1
#,~+2, ...} where s, 1s any fixed nonnegative integer, by S the set {r,2,....s},
and by R, Ko Ry the set of real numbers, nonnegative real numbers and
positi\-'c real numbers, respectively.

For the function 3 : N->R the difference operator A 1s defined as usually
Ay(n)=y{n 1) —x{1), Aﬁy(n)'s*_\(;\_}'{n)). In the following scction we shall
use the following functions with their prescribed properties :

(i) gy #r: N>R, [ N>R, kes,

(i) B: N« =R, B is a_continuous function of s-variables for
every fixed first variable n, neN .

(i), 0<B(n, vv. ... ¥.)< B, x40 ooy x,) for neN, 0g v <y, kES,

(ii)e B, ay,, .., axv,)<A(a) Blin, Yy, v for arbitrary a>1,
where the function A is continuous, nondecreasing and positive on [1, oc).

* Instead to write B{n, v,, ..., v,) we shall use B(n, [v,]s)

iii) G:N\ R, R, G iscontinuous forevery fixedneN,

0<G(n, V)G, x) for neN, 0€ygy,

G(n, ay)<E(a) G(n, y) for nonncgalive numbers a, _

shere the function E is continuous, nonnegative and nondecreasing on R,.
' by : N>R, k=S,

fy—1 m— ) .
I y(i)=1 and ¥ ¥(jj=0
Jminy J =g
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3. Main Results Theorem 1, Let the conditions (1 1) 5=
fied. If fuvihcrmore o G e Ras

(Lh )< fi(n) +g (1) _E (

J =ty

E B(i, {u,(z“g)) neN Lkes

4y

@) )< fl) () ¥, G(j. F-s (z B, 7, u))]
for neNp heS, where H
{3) (1) =max [fk(;z), £ln) 5“_' Gi7,

F7tis the ditverse function of F, defined bv

x
~ |

1)], neN,

ds
— for x20,

(I TE(s))
El B(j, [n(j}is)e dom F“} .

F=mn,

Np= {n = N

Proof. Denoting

) biy=¥ B(, fui]s), nek,

F=my,

Inequality (1) can be rewritten as follows

© ualn) </ ) +eu(0) ¥ GUL (),

Hence by (i), (i), (iii} we obtain from (4) and (5)
Ab(ny=B(n, [u(n)le)<

<z [f:(ﬂ-) +5) % 60, 00| ) <
() }“_, G{7, b(

ool rsstn £ o] )
<B (n, [j,(n) HE((m) 2i() 3, GU, 1)] 5) , neX.
and by (ii),, (ii). and definition (3) we get
Ab 1< BOr, (1 +E(b(n)) Ir(n)3sh)<
SA(L+EBMn)) B, [r,(n)]s), neX.

k=S,

neN,

)
(
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-
3

Dividing the last inegualitv by the positive term {1 +-E(b(n))), and using

monotonticity property of integral operator we have

b o}
\ & < Ab(”) —— & B{(n, irfn}js), neX.
YA TEE) T AQFERM)

hom

Summing the above inequality from n, to #—1, we obtain, using the defi-
nition of the function £, the estimation

F(b(z))—F (b E B, [rdi)is), XN,
d=n,
Az a result of F(b(ny))=F(0)=0, the [ollowing bound
n—1
6 i r{ X B A1) 0=
J g

holds. The desired estimation (2) follows on using (6), (5) and monotonicity
of the function &. The set N, is obvious.
Thearem 2. Lef the conditions (i)-—(i:;) be

satisfied. 11 furthermore

weln) g fo{n) - Z }_, (7)o, (0) -
J= n.,!
{7) \
—~ 2.dn) E_ ( V B{i, T (0] )), neN k=S,
juna 1

w2 () L) B G (; Fri [z B(, Em(f)fs))) s
(8) -

[n bm] X ald) 3 G("- =

Ay b Hy

v B

_ 1 ony:0)).

), gm) Y GULT)

i e

for neNp, kel where

i) =max

1= n;

[7:
ufrm]; ()

S

¥ i, :)] pes,

Iy =1 - )_ h(1),

=i

£p(1)=pp(n) - [”',,”] P2 2l

zpli) { l-l l_ ] \ ho(ny pliny,
i w N(J ey
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B . ) o ) S ~ coquence of s-vectors }‘_”1(”)' wo(1), ol
F, I, Ny are defined in Theorem 1 with suitable change of 7. By the solution of (13) we mean thi '.(ﬁlu,,u‘;k'rj =0 }'
Proof. We define )} s, ... which fulfils (1.3) for all W\ beeause of [, (1), a1}, o
t;i( t\'Z?cl{x{.('I 3) has one solution existing on A because .
te=]1 5 ¢ SVS & ) o 'd
(10 = , : s is uniquely determined. B I =Ry, f==1,..,5
2 i .’Zn 2:; e ed), neX. t{'(c'l)llul;llu Fl}ld\'. the system (13) where f g N—rRo a S R
Henen b, g=R.
FLI| n—t Moo #—1 H e lf
almy< [ 1T Wiy} S =.00) ¢ hiy AN Gl TR 3 N g e i V] e g
() :'l[. ('”]1‘:-. A) L]-]n G) 32-. A7) 3 IE Bl nthio ). max wme=msl, 7Y alri(i)re=At <=, o
E + L d (3 Py *hy o= : = ]

|..‘ “1) | et 1=

Faking inw account the ahove estimation, we get from {7 . ' ( 1y
= o Voard =< (n— :
[13) max m,c —m>1 Y ¢ Yadrdi)

yeirE Qe r-=1

n j-1
()<L () g (i) X G (’3 ¥ B 'u,h')'s)) +

ity 150,

(11) where mas sup el <7oc,

5 ; £ b =Y == ...,R_.
(t6y  ruli) -md‘[f;(”)- a.(7) E-”]' S 1<t nEY
=l

its  coordinates  are hout-ldcd).
bhsarve that in the considered

LT | w1 i =1
- []l_ ]r(,i)] ¥ =) pE (1', ¥y B, _r(,(l):s)J.

FLTN jmrn, $iwar, 1=t ) )
then this solution 1s bounded  (i.c. all

Calculating the difference of the function b defined by (4) we have "his follows from Theorem 1. Tt suffiesto o

svstemt ™

Sh(n)< ( [Zf,(ﬂ) =aln) ¥ GULAGY +

th

v oLl by
b’(”, Y. o _\':):JIQ(U‘ e i R el 1 i

112) . ex i ken
for whi'h conditions (it) hold. The function A can be take

. o . A4 (A\‘)z,‘{—zn.
—h[ M /r(_;)] Y, (i) Z Glr. Hz:;];) . e,

1y e 1=,

Furthermore ({1, v}==nfy: hem']e 1;‘(.1')--- T.
Calculating the function [ we obtan

With regard 1o (9) and definition of the function £ 1, we obtain from {12). By 11 )] ({1 497 =-1] for the case m#1,

2

n--1
hnyg F (E B(i, [r:i) _-\._'i) neN, F{x)=In (! +x) when m=1.

JETa,

This estimation together with inejquality (11} leads us w0 the desired bound
18). The proof is complete.
Rentark. 1f

s
Fa)e= (1 ={1—m) X)W1 —1 or Fi(x)=¢ —1.
: \3 . . ) ) . .‘.C
The function ! is increasing and continuous on the respecti

espectively. ‘ - )
_ om _ n—1 r=f tgrval. It is evident by (14) ov (13} that
L,,-(ﬂ]:ma.\'[/_-k(ﬂ). _.-*{I:,IIE (1., Ifl_[:n .-',--;:'aJ YL YGi 5

i.fq Y a{rdi)™e dom F1,

¥ i=1 te=1

r |i’.\‘
Fivh— e -
(%)= A(12E(s))

or all # =N Therefore for all n &N we obtain the estimation
i | W<t o) g aln) X 7 AN,

and  the rest of the assumphions and definitions of Theorem 2 lold. then : ey

("\“nlﬂtl()]] (S) rp]nains e, i

Example. et us consider the s¥stem of recurrence equations of the |

and the monotonicity of F7'. The

ich follows from (2) by (14), (13)
undedness of the solution follows now from (16).

form . et o obtain
rthermore, as result of estimation (6) and definition (4), we ol

" ! 5
(13} (i) == £ () S Y P TY g, u (M) o S
ErECE e % Tl b i)

where me= ke f==1,... s, o

i
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s fi

LR |
:-]] ‘—\ e -l . i Wi
(.__] i r“"n a(r (i My o, n= X,

Ll - k”ld (,f hab] ] )l t H 58 ,lll inn \“ll
L= >OINC M 1[ 1 {t lhl

- 5 . 'l k. . .1., 3 ) : “

Ted ;Onlnq can be ma ( ‘“] !h(. 5 k%‘tu‘n II'

. ” -1 ¥
welit) =i (1) maln) ¥ 50 800 ¥l
1+1 te= ] [ | 4

Tu this rasc
TR : i n Ih(_‘ §v8 . R D
initial values [u,(1) l(m:hdf many solutions cach of which depends of 11
- X + 1w M - - bt

ness of the :,oi'utlion' ("hi;t(lﬂ)ih' el ill“(!f' nitial values, we obtlain lll'li']ltl e
neN, hsy - Lhanging an the first example o

A, r=S and assuming all e : xample f(n) by w, (1) for ail
the ho sdreas o g all respective conditions are fulfilled ra
undedness or the summability of this x'olutibo:?n fulfilled we obtain

any weight, A similar

neN, ks
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ON PSEUDO SYMMETRIC MANTFOLDS

Dedicated 1o Diolessor Kemaro Yano on hiz “4th birthday
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AU CHARL

| .
- Introduction. In this paper the author introduces a type of nonilat
Riemannian manifold (M*.g) (2 2) whose curvature satisfies

the condition
: (Vi R) (Y, Z) W=24(X}) R(Y, £) WYY KX £ W
(1 - A{Z) R(Y, X) WLd(W)R(Y,Z) X ¢ (RIY,Z) W, X)

tensor R

4 is a non-zero [-form,

(X, )=A(X) for cvery vector Jield X,
rator of covariant differentiation with respect to the
old shall be called a psendo symmelric manifold and
alled its associated I-form. The name p=eudo symme-
(1) becomes zero, then the marti-
An #n-dimensional pscudo

where
@
and V denotes the ope
meric g¢. Such a manif
the 1-form A shall be ¢
trie is choscn because if the I-form A in
fold reduces to a symmetric manifold of Cartan.
¢ manifold shall be denoted by (£5),.

in a (I’S). the associated I-form is closed.
1 be of constani curvature is answered.
r and conformally flat {P5), are
hat, under a certain condition, a
can be isometrically immer-

symmetri
In this paper it is shown that

“The question whether a (5), cat
(P, S), with {(‘odazzi tvpe of Riccl tenso
studied. In the last section it is proved t
ply connected conformally flat (PS), {#=>3)
in a Euclidean space E*71as a hypersurface.
1. Preliminaries. Let S and » denote the Ricel tensor of type {0, 2]
the scalar curvature respectively and L denote the symmetric endo-
rphism of the tangent space at each point, corresponding to the Ricei

nsor, i.e.,

Y
t B be the L-form defined by
2) B(X)=—=A(LX}.
m (1) we get
) (VaS) (Y, 2)==24(X) 5}, Zy-FA(Y) S, Z)

S A(Z) S(Y, Ny A(RY, V)Z) = A (R(X, %) ).

tracting (1.3} we have
driX)

¢(LX, Y)==5(X, Y tor any vector fields X Y.

240X 7 AB(X).

{1.4) we obtain
dr{X) AY)—dr(Y) A(X)=4[4(Y) B(X)—A(X) B(Y)].



