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In is cise ' svshe ; i
il]lliit;]l”\'(",lr;:(}' tl_lL sl\sl(m has many sfolutmn.s cach of which depends of the
il thlbol'“tl'( 3, ...(,‘luh(l)‘_[. For fixed initial values, we obtain unique-
a5 ¢ solution. Changing in the first ex 1 :
s oL o hanging : example /o (#) by (1} for all
e k I.‘Sl.mld_ assuming all respective conditions are fulfilled \(\fo obtain
oundedness or the summabilitv of this solution 7
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ON PSEUDO SYMMETRIC MANTFOLDS
Dedicated 1o Professor Rentary Yanu on Dir dth binhday
BY

A, CHAKT

i 1 T J intr ‘es a tvpe ol nonflat

duction. In this paper the author introduces a type o nfla

]-{irm'll::::i(;)m manifold (Jlnl‘g) {(n22) whose curvature tensor R satisfies
thi condition

(VyR) (Y, Z) W==24(X} R(Y, Z) W 1Y) R(Y.Z) W -+

(1) CA(Z) R(Y, X) I HA() R (Y, Z) X 2 (R(Y, 2) W, X)

where 4 13 a non-zero |-form,

(2) (N, g)=ALX]) for every wector field. X,

nd V Jdenotles the operator of covariant differentiation \\'ith_ respect 10 thti
;eric « Such a manifold shall be called a psendn_s}'mme!rw nianifold anc
the 1~f%1‘1n A shall be called its associated t-form. The name pccudn] svmme-
tric is chosen because if the I-form 4 in (1) becomes zero, then the li_nan;‘
fold reduces to a symmetric manifold of Cartan. An n-dimensional pseudo

ifold shs lenoted by ( £5),.

symmetric manifold shall be deno; Sk R o
} In this paper it is shown thatin a (I’S); the dgmuntul I-form 15}10:&3.
“The question whether a (S), can be of constant curvature is answercd.
(P, S), with Codazzi tvpe of Ricci tensor and conformally flat (P25), arc
tu:die’a In the last section it is proved that, under a.ccrtam_ conch.tlon, a
imply connected conformally flat {PS). (n;f?;) can be isometricallv immer-
in a Euclidean space E**!as a hypersuriace. o

1. Preliminaries. Let § and 7 denote the Ricel tensor of l_\_.I‘)L (t),dZ)
the scalar curvature respectively and L denote the symmetric cII{1. 0~
rphism of ihe tangent space at cach point, corresponding to the Riccl

nsor, i.c.,
1)

t B be the I-form defined by

) BN (LX)
m (1) we get _ o
(VaS) (Y, 2)=2:4{X) 5{Y, Z) +A(Y) SN, Z) 4

) () S(Y, Xy A{R(Y, Y)E) A (RN, %3 Y).

tracting (1.3) we have
dr(X)==2.4(X) r =4 B(X).

(LN, Y)=S{X, Y tor anv vector fields X, Y.

{1.4) we obtain ’ )
dr(X) A(Y)—dr(Y) A(X)=44(Y) B(XN)—A4(X) B{Y)].
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Further, we goel
(1.6} PlALN, Y 4 Yy B{X)—4 (X) B(Y)] F2B(Y, V)=0,

Weo shall use these formulas later,

2. Two-dimensional pseudo symmetric manifolds. [y this  section
we consider a (P8, 1t is known 1] that every (M g} is a recurrent manifold
whose |-form of recurrence ¢ 1s given by
(2.1) O(N}=X . (log »).

Since QY Y- XO(Y) YOLX)--Q(LY, ¥,
it folows from (2.1) that dQ(X, Y =0 which means thai the [-form O is
rlosed. Again sinee every (M2 ¢} is an Einstein manifold we have

{2.2) SN, V) =(r/2) g(X, V).

Therefore from {L4) we gel

{2.3) Nr=24(X) r42rg(X, sh=44(N) r by (2.2).
{2.4) 7Y -44(X) =0 {by (2.1)).

Now, in un (M2 g}, r—0 implies that the manifold is flat which is
inadmissible by definition. Hence *#0 and therefore from (2.4) we get

(2.5) A(X)=(1/4) 0(X).

Since ¢ is closed it follows from (2.5) that A is also so. We can therefore
state the following theorem -

Theorem 1. /i a (PS), the associated I-form is closed.

It is to be noted that in a (£25): the scalar curvature » cannot be cons-
tant, hecause if it is constant, then {rom (2.3} it will follow that cither
r==0 or 4{X)-0, nonc of whicl 15 admissible,

3. (PS), (1 =2) of constant scalar curvature. If a (48}, (n>2) is of
vonstant scalar curvature, then from (1.4) we get

i3.1) B(X) = —(r/2) A(X).
Again if (3.1) holds, then from (1.4) it follows that » is constani.

Hence a (PS), (1 >2) is of constant scalar curvature af and only il (3.1)
holds.

of (2],

Stz ) =A(Ls)=—(r/2) ()
Hence
(3.2) =5, eMele £) = rj2.

Irom (3.2) it follows that the Ricci curvature in the direction of £ s rf2
2. This leads to the following theorem :

Theorem 2. If 4 (PS)a (n=2} is of constant sealar curcalure, then
the Riced curvature tn the direction of & defined by (2), s v/2.

4. Einstein (2°5), (u °2). It ts known [37 that in an Einstein (17,
{22-2) the scalar curvature s i constant. Hence in an  Einstein (PS)a
{#=2) we have dr(X)=0. Therefore from {1.4) we get

Let us now suppose that (3,11 holds. Fhen from (1.1) we get, in virtue |

A
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(4.1) A(X) r125(Y, 8) 0

1f o have S{N, V)=rfu z(X. Y]
Since in an Einstein manifold (3", g) we hav S{Y, ©)

. s writtelr as i .
(4.1} can be wri AN r(2r ) A(N) -0, or,

o 2) e r(A{N)=0.

| .1 ce 5 Ld 1 == CIECe W Call
1 1(\) annot L)( KA if [0110\\‘) 11'0[11 4-12) 1]1(.\1 ) J. Hl (Y
54 . : : “
- ) S ( [ lfi” -
. : "l il j' .!'HSL I‘” (] b‘.lk (” ieF 2) ¥ Of Zive SC R!Hr Hrie C

t 3. . . Themn i Vi
Theort‘flr)lle let a {£8), (#>-2) be of constant cury ature, Then we ha
[t possibie, et d A

R(X, Y) Z=Rg(Y, Z) N —¢{#£, X) V1.

i Cinstel ifold
if onstant curvature is an Kinstem mani
simee cvery manifold of constant curva . gt manifol
f mr}%bflfo‘;;rél'hcorcm 3 that in a (£5), (#=2) l:)f u{);u%t. 1:}( f(:]](,“-.:- ure,
it follows vature r=0. But r=0 implies f."- -(): S0 1’1‘01.11 l-‘-- }1 follons tha
) S(’a!;ll;/CUIO\ :lvll:ich is inadmissible by definition, This leads '
R(N, Y) £=0 whic i
ing ¢ G he above theore _ . o
wing L‘orollar}r Olf 1_.] L(I’S),. (11 >2) cannot be of constant {lfh“i”:_i“_‘,amm .
Lqrt?lxlir}%‘d.irﬁcnsional‘Einstcin manifold 1s of Lctm}:,ta::1 F_imtcm mdm','
‘ blf‘-t.‘f"(;lr; the above corollary that a (P.S‘)3 ca}mul : ;S; 11.;;] .‘_h ot
: [0“0‘[\5 1 we have another corollary which can be st
lence It bt ; ! ; ’7.:-‘ -
e ét;lfzyllar\’ 2. Einstcin (PS); (?Ots Hot ;‘“I;{cci eneor.
: (PS)‘ ) e oancider & (2%, % “32 in wf1icl-. the Ricci tensor
:1’;1 thi: nscction we consider a {£2S), (it>2)
is a Codazzi tensor {4] ic.,

(5.1) (V5) (¥, 2)=(V.$) (¥, X).

21 o '13) we get . » . o=
e (V) 2) HT4S) (£, X) HT8) (X, V)

5.2) LALALX) SV, 2) () SIZ, X) H4Z) S T

'} ake : {form
In virtue of {5.1) the above equarion takes the for

(4.3

' N Sz, X)-4-A(Z) SIX, V)L
553) | 3(Vyy) (Y, Z)=4[4(X) S(Y, 2) +A(Y) Si£, X) +4(Z) S Y)
3 ting (3.3} we get . ,
g J3, 3‘r(\;§)i4f_-1(.‘() yL2B(X) =2 dr(X) (by (1.49)).
ence

dr(X)=0. ; . .
R It is known {37 that in a Riemannian manifold (M*, g) (#>3)
(Y, Z)—(V, Y, X) —
(div C) (X, Y) Z=1[{n =3 (n =21 [(VxS) (2 : /:) (V;S‘) { )
P) 4 [2(m--1)] [{elX, YY) dr(Zy—g(Y, Z) driXN)}, )
N -« tensor and div denotes divergence
the ¢ mal curvature tensor and . I
here C defltotes é,h(I;OI‘I'{?‘r‘I‘“lO[ (5.1) and (5.4) n tolloxl'is frolla \(;t;?e 0
t\}'l éi)es(p)gc Y)OZ:'O which means that the tensor C 15 conser [
ence we can state the following theorem :

6.
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Theorem 4. 774y o, (£25) (03} the Ricei lensor Is a Coduz»i tensor
theit its couformal curvalure teiisor is” conserpafive.

We now consider o {PS), in which the Ricei tensor is o Codazzi tensor.
Let £ be the tensor of twpe (1,3) defined hy

(5.5) U V) Z= (V) (v, 2y (v.8) () = [r2f(n— 1y

SOV N A2y (Y, 7 (v
If the Ricei tensor s a Codazzi lensor,
it follows from (5.6) that /(X V) Z=0. But
is conformally flat if and only if /(X Yyz
following theorem :

‘ Theorem 3. L An a (PS), the Kicet
the manifold iy conformall y [l

6. Conformally flat (2°5),

mally flat (as» g) (nz3)

(V5) (¥, 2) = (925) (v, 3) = 1200 — 1y
He

then in virfye of (3.1) and (5.4)
it is known [37 that an (s 2)
0. We can therefore state the

bensor is « Codgasj fensor, then

(z3). 1t is known I5] that ina confor-

dr(X) gy, Z)_eir(Z) g(X, ¥)
we have
6.1 V09 O D) (928) (v, X)= (10— 1)] ) gy Z)~

TG f XL Y) 2B 9V, 1) -2B@) 41X, v (1 (1.4)).
Again from (1.3} we get

nce in a conformally flat (£S), (n> 3,

(6.2) (VaS) (Y, Z)-(v,5) (v, N)=34(R(X, 2) v)

+A(X) S(Y, 2)—
A(Z) Sy, v,

From (6.1) und (6.2} we have
(6.3) 3n—1)" R(X, ¥, £, &) Sl i) AN S
h A eV, Z)—ra(y)

Where "R(X Y Z,m)
Again,

Y, Z) s ) A(Y) S, Z) -
(N Z) 2 B(X) oY, Z)=2B(Y) 5(X. Z)
$(R(X, V) 7, ).
in a conformally flat (M" ¢) (12 3) we have
RN, Y, Z, ) (Z—n}10s(y, Z)g(X

N EYAW )Y, Iy 4-
(6.4} Loy, Z)S(X, Wl—s(X,2)s(v, W -Lrf((n—1) {—2)); (X, Z2) glY, 1) —
SV Z) (X, 1)),
krom (6.4} we get
(6.5) 3u—-1)"R(X, Y, 2, &)=[3(n—1)(n =2)] [S(Y, %) NIAYERYAY 2)A(Y) -

2002) BIN) (X, 7) BY)) T2 [¢(N, 2) A )y 1 )N
From (6.3) and (6.3) we have '

(6.:6) (=1 (X} S(Y, 2) (n—1) AN) SN, 2y~

‘ AN 2) LB, 2)- B g(x, 2y,
It is tv be noted that in a conformally flut (1S}, the scalar carvature ¢
tannot be zero, because if y— then it will follow from (1.4) that B(X})=0,
As a result it will follow {rom (6.6) that S(Y, Z}=0 ang consequently
{6.4) will give RO, Y, Z, 11)=0 which is inadmissible by definition,

(Vv 2) -

a
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Putting Z — ¥ in {6.6) we get

) A(X) B(Y)—4(¥) B(X)=0.
(6.7 SEhave ]
Therefore from (16) we :‘;IIL(X, Y) 24 B(X, Y)y=0.
(6.8)

= oo H qcncra]‘ C:"lll'a.]. to
. llows from {6.8) that dB(Y, Y} hl’fm})]to’v.’lgvgr the Tiinciited
since 7#0 it fo UM’B is not, in general, closed. BT losed.
£ero. Solthc {(‘,f;?,-:]mthen from (6.8) it follows that 1
[-form A 15 ¢ '
s 71 we have B
rom (6.7) BUX) =t (X),
16.9)
I i - e it follows
where 1 13 a scalar. ppose that ¢ is a constant. Then using (6.9) it
[.et us now su d
from (6.6) that

(Y, Zy=M(r—0H/(n—11g(Y, Zy [t —nj(n—11 TYHT(Z)
(6.10) sy 2)=11 ! !

where AN} _

T .Y S ——

6.11) W Vg
cpressed as :

it aref 6.4) can be expressec N (X 2 eV B b
L If(\' ¥, 2, W)=ot[e(¥, 2) (X, 1) 5(“,‘f~)(é{,()“§‘(;))].,-
Vi, L LIS L of} < -
| oo B, W) T T el B
I_‘G.IZ) I _La()r Z) T(‘\,) T(”')_g(‘\,Z) :’( ) o

- o L Y=
where /‘ r —-2f and og=1| mﬂr)
(613) Gg=} G;T}T(_Ezz—)

We 4!;OW put D(Y, Z)=ag(Y, Z) +(@—0) T{Y) T(2}).

{6.15 ,-"tnas - W
Then (6.12')R((:i’ﬂ :3‘3;?15)119(1’. 7) D(X, W)—=D(X, Z) D(Y, W).
From this we get

" ZYGX—D(X,Z)GY,
(6.15) R(X,Y)Z=D(Y,Z)GX—D(X,2)
‘(‘cahfé; g(GX, Y)=D(X, Y).

H T F, N i - Z :
an;;aamg(ﬁ('ﬁ-‘172))”“[:‘—’5?-':—2) 1o5] glY, Z) +(n—2) 6(@—0) 1 (Y) T'(2)
" 6.17) cpress (6.14) as )

" 6.17) we can express AN
{2 1‘81)1-tue . )(an} DY, Z)=(1a) S{Y, Z)—og(}, }
. y : " ‘t B .’ ;‘: B
o (6" 175?1)1; (i?uzo;‘—-s- (tvlr?D) (Y, X)=[T(Y)/s] (5—a) ({Z.0)T(X)
6.t9) ’ —(X . 6} T(Z)]

Now, from (6.13) we have co=t/(n—1).

5 — Matematicd 263
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Therefore
(6.20) (X .0)o+(N .0o) =0 (since ¢ is a constant).

Contracling (6.17) we get
y={n—1) (n—2) a*-+2(n—1) cc.

Thercfore

(6.21‘) X.r—2n—=0(X.0) [(n—2) o +al=2{n~1} o{X . q).
In virtue of (1.4) and (6.20) it follows from (6.21} that

(6.22) (X .o)= {420 1(X).

N (n—l)(u—Z)cV‘l =
Using (6.22) from (6.19) we get @

(SQ.ZS) e (VD) (Y, Z)—(V:D) (Y, X)=0.
ince DY (X, )=e[(V,0) (X), ¥], the ciuat 6.23) impli 11
oo A ey E;;l ion (6.23) implies that

In view of the fact that the tensor fi » of

z ield G of type (1,1) satisfies the cquati
(6.15) and (6.24}, we can stalc the following theoic;n)in \;t;z L}LtTlgufltl(él']b
menta}Jheormn for hypersurfaces [7]. e

corem 6. If tn a simply connected ¢ :

: . : onformally flat {(PS)(nz
the scalar I given by (6.9) is a constant, then it can be z'smfwt{i‘mll(v z‘n)z’;:(:“' %3'
ma Eluchdmn space E"** as u hypersurface ' 4

t may be mentioned that the author has

) ’ t K 5 shown clseweliere that g
exists an example of a manifold which is Pscudo symmetric but no]t’l loichtl‘fL
symmetric [see [8] and [9]] _ o
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PAIRS OF METRICS ON MANIFOLDS
RY

THEMIS KOUEFOGIORGOS and CHRISTOS BATROUSSIS

|. Introduction. lct M be R connected #-manifold and suppose there
is a pair of Riemannian metrics G and G' on M such that the sectional cur-
vature of M with respect to G is never zero, On M there are two Riemannian
connections V and V defined by G and G’ respectively. U (Vil) Y=(VyL) X
and (VxL 1) N = (Vi1 X for all X, YeTAl where L is the linear transior-
mation (> 1oG’, then the metrics ; and G' are proportional. This generalizes
A resultof (1] which is valid for n==2. Realy our asumptions (VxL) ¥=(Vyl) X
and (VL1 Y= (V, L.} X arc equivalent with the relations (2.1) of [1].
Also we note that our result generalizes a characterization of the #-sphere
amongst hypersurfaces in Euclidean (n4-1)-space.

7. Preliminaries. The gencral situation that we examine 15 an n-dimen-
sional connected manifold M together with a pair of metrics on it, namely
a pair of symmetric 2-covariant  tensor fields on M, which are positive
definite. We denote them by G (or <, =) and G lor <, =) and Ly
v, V the Ricmannian connections of G and G, respectively, From this
pair of tensor fields we form a (1,1) tensor field, or lincar transformation
field on M ; the ficld may be thought of as G-1c;'. In fact, at cach point

=M, both G and G’ arc symmetric bilinear forms on the tapgent space
T,M at p. Henee, these bilincar forms give nonsingular lincar maps from
the tangent space T ,M of M, at each point p, to the colangent space T,M
i1 the usual way. So, if we compose the inverse of the lincar map G with the
lincar map G', we get a linear transformation on T, M, which we denote by
;110G {p). We also denote the resulting linear transformation field on
M by L=G el

3. Main result. We will prove the following

Theorem. Let M be a connected n-manifold with two metrics G, G
such that the sectional curvature of M with respect to G is never zero. If (VL) Y=
(Vpl) X amd (VL7 Y=(V,L1) X for all X, YeTM, then G=cG', where
ce R is a constanf.

Before procecding, We shall give the geometrical meaning of this
theorem, in the cace where M is a convex hypersurface in Fuclidean space
E™ and G, (' are the first and the second fundamental forms, respectively.
The relations

) (VL) Y=(VyL) X



