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Therefore
(6.20) (X .0) g+ .5) o=0 (since ¢ is a constant).

Contracting (6.17) we get
re={(n—1) (n—2) a*-r2(n—1) ga.

Therefore

(6.21) X.r—2n—D (.0 [(n—=2)a-ta]=2{(n—1)a(X .0).
In virtue of (1.4) and (6.20) it follows {rom (6.21) that

(6.22) (X . a)= (r20) T(X).

(n—1){n—2)al Az}
Using (6.22) from (6.19) we get

(6.23) (veD) (Y, Z)—(V.D) (Y, X)=0.
Since (V,D) (X, Y)=g[(V:G) (X), Y, the ejuation (6.23) implics that
(6.24) (V:G) (X)) = (VxC) (Z).

In view of the fact that the tensor field G of type (1,1) satisfies the equations
(6.15) and (6.24), we can state the following theorem in virtue of the funda-
mental theorem for hypersurfaces [7].

Theorem 6. If in a simply connecled conformally flat (PS),(n=3)
the scalar ¢ given by (6.9) is a constant, then it can be tsomelyically immersed
i a Euclidean space E¥FY as a hypersurface.

It may be mentioned that the anthor has shown clsewehere that there
exists an example of 2 manifold which is Pscudo symmetric but not locally
symmetric [sec (8] and [9]].
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PAIRS OF METRICS ON MANIFOLDS
oy

THEMIS KOUFOGIORGOS and CHRISTOS BATHKOUSSES

I. Introduction. lLet M be a connected #-manifold and suppose }1(1:312
is a pair of Rivmannian metrics G and G' on M such that ther S(i_;:fuonfa o
vature of M with respect to (6 1s never 2010, On :‘l.l there are two '1emdnL o
connections V and V defined by ; and G' respectively. ?[ (Vxl«l) Y= (Vyl)
and (VL) X=(VsL ) X for all X, Y =73, where Lis thc‘l_l}?‘ear trarﬁfgg;
mation G *of’, then the metrics (; and G are proport_mnal. II 1syg_cn%r.L1) .
4 result of (11 which is valid for n=2. Rculyour'nsumptmns (.Vx ARE ? ;
and (VL) Y=V, L) X are equivalent with the fjﬁla"clonsf(tlk;l)’ o h[er](;
Also we note that our result generalizes a characterization ot the #-5p
amongst hypersurfaces in Euclidean (1 4-1)-space. o y
2. Preliminaries. The gencral situation that we examine 13 an h- lmctll-:
sional connected manifold M together with a pair of metr_l?‘:. on it, na?:;:vyc
4 pair of symmetric 3-covariant tensor fields on U w.hmh fm)p{)jd Wy
definite. We denote them by G (or <, - )dagd ' (o t'<'1/(‘{-r£n th;{s
. Riemannian connections of G and G, respectively. ¥ 1
gqlf otfllt(ﬂclnl:(;;n}if]l:;?\\-c form a (1,1) tensor field, or linear transfmimaéli(r)lr:
field on M ; the field may be thought of as GTrel'. In fact, ;Et C;:ictl ROy
=M, both & and G’ are symmetric bilinear forms on the fdngtll ) sfpzétlz;.l
T M at p. Hence, these bilincar forms give nonsingular linear ma;jj ]f i
thj:: tangent space T .M of M, at each Qomt p, to the _cotangcnt sgaacvu.,th ,;he
in the usual way. So, if we compose the inverse of the lincar ma}?i 1\'.» 10tc O
lincar map ¢, we get a linear transtormation on T,M, }vh%ch :1.1, (L{?Old 0%
(vo((p). We also denote the resulting linear transformation
M by [=Gtels. .
"3 Main result. We will prove the following ' =
Theorem. Lef M be a connected n-manifold with two ”MMCSLGi’(—;—
such that the sectional curvature of M with respect fo G is never zero. 1f (VI' yY=
(VoL) X and (Vo) Y=(Vy L) X for all X, YeTM, then G=¢G', where
e R s a constant. ‘ _
et ;;(';(,)rtcm;l{gcﬁeding, we shall give the geometrical meaning of this
theorem, in the case where M is a convex hypersurface 1 Euclidean space
E" and G, (' arc the first and the second fundamental forms, respectively.
The relations

(") _ (Vol) Y=(VyL) X
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ta

are the Mainardi-Codazzi cquations lor M, wiale (VL ) Y= (V- L7} X are
obiained by interchanging the metrics G and & on (). Finally, in this
case the map L is the Weingarten map and the theorem states that M s an
open subsct of a hypersphere, Tor =2 sec .

It is casy to verify that <N Yo =LY, Y, LN Yi=-
=X, LY > and <(Vgl) Y, Z== <Y, (VxL)Z2-

For the proof of the theorem we need the following two lemmas.

Lemmal. If (Vil) Y=(VyI) X then LiVeY —VyY) = J (Vyl) Y.
2

DProof. Since <X, Y >4 =< IX Yo Z<X, V>, =Z-LX, Y=
implics

(1) <L{VeX—V,X), Y> +<L(V,Y —V,Y), N>=(Vel)V, 25,

This identity remains true when X, Y and Z are replaced by Y, Z and X
respectively. So we get

<LV, Y —V,Y), X >=<L{V Y =V, V), Z>,
hence (1) can be rewritien as
<L(VpX = VX)), Z> 4 <L{VeV =Vi¥), Z>=<(Vol) ¥V, 2.

Finally, the lemma is proved noting that VX —V,X= iﬂi—n\?_-!'.
Lemma 2. I/ (Val) Y= (ViL) X and (VL) Y=(V,L7) X then
(ViL) (L Y)=(V, L) (LX)
Proof. From the relation (VL) ¥Y=(VyL™) X we have

LV L Y) =LV (L 1 X) =V Y =V, X,
Applying Itmma I we get

L(Vel™) ¥ +%(fo-) (LHY)—=L(Vyl )X — %(Vyf‘) (L7 X)=0.

Because L{VyL™1) Y= —(VgL) (171Y) we immediately obtain the conclusion,

Proof of the theorem. We assume that the theorem is not valid, thatis
there exisis some point p <M such that G(p)#cG'(p). Then we have G#els’
in a neighbourhood U of p. It is well known [2, Theorem 2] that there
exists an open, dense subset 4 of M where the cigenvalues [y, ..., 1, of
L—G oG’ are smooth. We choose, in a neighbourhood 11" of Un A, a basis
of smooth vector fields X, .., X, (vigenvectors) which simultaneously
orthonormalizes G and orthogonalizes G’. So in this basis the lincar transfor-
mation I has a diagonal matrix as well, with diagonal entries {,, ..., L.

By Lemma 2 we have (Ve L) (L7 X)) =(Vy L} (1L72X) on W, But LW, =

1
== X, and thus
L

{2) (l—1)) (Vg L) Xy=0, ¥ 4, j=1,..n {1}

Case 7. Assume that /,#1, for all 4, j=1, ..., n {i#j}). Then the condi-
tions (2) are fulfilled if
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(37 (VL) Xy=0 for all f,j=1, .t (T£]).

Let now Ve X,= = f5 X, From this and (3) we deduce
: -

(1) 0=(Vyl} N,=(N) Ny+ % (I,=LYfyuX, (no summation for j).
: k

Thus
(3 Yy, XN ==f1; X for all 7 and j (no summation for 7.

Now, we shall calculate the sectional curvature R(l\';,,\',,'.\'i_, X,). Using
(5) and <X, X;>=0wc get <VgVy, X, X;>=0 In a similar way wc¢
obtain =Vg, Vg, X =0 and <V, x, X, X,>=0. Hence

I\,(.\rr, ‘\-j, A\.,', .1\:-_;)5'— ‘\:IC(X( .\.j) :\‘j, .\-g;‘—‘
= <VA.,.V,‘-j.\'J—\"_,-J.VL,X,—V o 'YI-XJ‘Y‘> =={} (??r'fl'.

1 contradiction, since the sectional curvature of M with respect to G is
never zero.

Case 2. Now, we assume that at least two clements of the {;'s are
eiual. With no loss of generality, we suppose that [,-=ly== ... =!I, for
come 2< <t and gl for all =1, .. m and j=am =1, .

Using (4) we get

i6a) <V;,-‘.\',, XN,.>=0for all 1 k=1, ..., m and j=m-+l, ...
(6] <Vg Xy, X;>=0 for all i=1,..,m and j, [=m~1, ... o

Differentiating the identity <X X;>=0 and using (6a,b) we obtain
<Vy,X; X;>=0 <V, Xe, X;>=0, 1<izm, m Hlejn

which vield <Vg X, Vg A >=0. So we have <V Vgd; X,>=0.
Also from (6a) for k=i, by differentiating with respect to X and using
(6b) we get = Vi; Vx5 X,>==0. Finally

<V:y .\'j“\- i A, >= Vﬂ&k,\'kz\’-j. A\.,- = \:: h * <V:"k‘\"j’ ,\-1 = =1,
' £

Hence, R(X,, X, X;, X;)==0, I<i<m, m +1<j<n), a contradiction.

Case 3. U I=le==...==1,=1 then (VL) Xj== (X)) Xy Hence
(X)X, =(X,0 X, for all g j=1H, 0 So l==c=constaitf, since X /=0
for all ..

Thus the assumption that M contains a point p such that G(p)#c¢ G'(p)
gives a contradiction and the theorem is proved.

Let M be a Riemannian manifold with Riemannian metric G. If the
cectional curvature of M is positive everywhere, then the Ricci tensor S
defines another metric G'=5 on M.

As an application of the thcorem we obtain, for the pair (G,G) of
metrics G and G'=§, the following
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Corolary. Let M bea constected Ricmannian n-maitfold whose serttonal
curvature is posilive everywhere. If (VxL) Ye=(ViL) X and (Vyl™) ¥=
= (VL) X for all X. Y «TM, then M 1s an Einstein manifold.
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NEW LIFTING PROPERTIES O WEAK FIBRATIONS
BY

R. W. KIEBOOM

In this note we study weak versions of lifting propertics  introduced
bv A, Strom in [3] and further investigated in [2], to obtain new charac-
terizations of weak f{ibrations in the sensc of A. Dold (scc [1] for defi-
nitions, where they are called , A-Fascrungen™).

‘Throughout this paper we work in the category of topological spaces and
continuous Maps.

Definition 1. A4 map p:E— B has the weak right lifting property
AW RLP) with respect fo a map i A—=X, if for cvery commulalive square

i

() ’ b
l 1

X-—"B

&
in Top there exisis @ map b: N—»E such that poh=g and hoi =~ f (i.e. there

P
exisls a homotopy H from hei to f such that pH{a, t)=pH(a, 0) for all (a,t) =
e A1, in short a fiberhomotopy from hoi to n.

Let G denote the class of weak {ibrations, € the class of closed cofi-
brations, D the class of weak cofibrations and W the class of homotopy
equivalences {see [1] for definitions).

Theorem 1. For amap p - E> DB, the following are eqitivalent

(i) p=G
(ii) p has the WRLP w.rt all ieDnW,

(i) p has the IWRLE wrf allieCnW,

(iv) p has WRLP w.rtl. all ieW.

Proof. (i)=(ii) : Consider a commutative s;juare () with peG and
;eDnW. By [1] (2.14) and (2.29) () is a strong deformation retract
of X, i.c. there exists a retraction 7: ¥ —.4 and a homotopy 9 XxI-X
fromf jor to 1y, rel 7 (). Then geg: X xX[— B satisfics gop(x, 0)=gir (x}=
= fr {x).

Since p G, by [1] (6.1) there exists a homotopy F: X [—E such
that poF=goy and Foxfor.

2
Define % : X—E by k{x)=F(x, 1), then phixy=pF(x, 1)=g2(¥, 1)=g(x)
and one verifies easily that the map



