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AVLANDIUM PRINCIPLE FOIRR CONTROL PROBLEMS GOVERNED
BY BILINEAR FINITE DIMENSIONAL INEQUALITIES

[
BY

CATALINA DAVIDEANU

This paper is concerned With necessary oplimality conditions (Inaximam
prinriplv) for control problemns governed by hilinear finite dimensional ine-
qualities.

A simple
established are applied and the oplimal pair

1. Necessary optimality conditions. We conside

e gz

example is also presented. in which the optimalily conditions

is found.
r the following control

problent :
Problem (Pg) . Minimize

(1.1) Tyt g4 R ]dt + 2o 7)) U= T e,

over the xel of all functions y& Wy
g (O 4+ (F+ e L)y +uF (yi) = [t ae (=10, 71,
0

1.2 ....onk.
&l the relations (1.2) and (1.3)

0. 1] 1" and g L0, Ty subject lo:

(1.2)
(1.3)

where K —z=R": 0
Using the delinition of the operator

can be equivalently wrilten as:
G (F Oy el g () = [ ae. el T 0= gD}
a( g0y [ ae. {(Ls[0. T gl = 01,
fHelo. T gl =a

g, = K.

£roE . 1

YOy )i+
PO+ Ty O g fill) ace.

0 <ydhi<a. ae. (=10, T, yd0) =y =10, @],

here i 1.2, ... n.
The clements which have appeared satisfy the Jollowing properties

) F: R*— R s locally Lipschitz and there exist Dy D.= 1 such that

(Fy. gz D, |y # =D, for all yel®

Fy: RP—~f* is o M-Lipschitzian function.
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fewrjo, rl; rm.
@ R R..

(iii)
(tv)
(v) h:R"SR is convex, lower semicontinuous and Lhere exist

4

by =Ry and b, R such that A2 b, luir—b, for all ye R*

(vi) the function g: {o, T]X R"-+ R, is measurable in !, g, e L=, T)

and for every 3>0 there exists Ly>0. independent of 4, so that :
1906 ) — gL, 2) |+ loo(¥) —2el(2) < Ly | y—2

for all {=][0, 7] and g +~1z1<3.

We may prove that if uELH0, T) then the bilinear finite dimensional
variational inequality (1.2) with the initial condilion (1.3) has a unique so- |
lution ye W 2(]o, T}; K™, and the control problem (P,) has. at least, one _
optimal pair.

In the followin
(Px) is presented.

Theorem 1.1. Let (47 u™ys Wre
optimal pair for the (P) problem.

Then there exist pe B V([0, T]; R"), the dual exiremal are. and an efe-
ment £=(%,, E,. ..., E)SL=(0, T: R™ so that -

g theorem the maximum principle for the control problem

([0. T); R*) x L0, T) be an arbitrary

il i

(15— [(%‘g(y*m))*p(r)]( () [(‘%‘y*(f» )*p(:)]‘ =5,
(1.6) S0 =90, (1) ae. 1[0, T); O<yiy<a),

(17) PAO=0 ae. =10, T): GHO=0, (PO +u (YRt ffty,
(18)  pdO=0 ae. 110, )i it =ar (Bl +u O (@i,
(L9) P(T)+ dpa(y"(TY) <0,

(1.10) (P Fuy"(h) & 8hu(@)) ace. 1= Jo. T].

where i =1, 2, ... n and u «(ay, dy. ... )

Proof. The idea of the proof consists in approximating the control
problem (Px) by a family of smooth problems (P%) for which the necessary
conditions are immediate and passing to limit in ihe approximating equa-
tions (see [1]).

For every >0 we construct the approxim

Problem (P%): Minimize

ating control problems :

7
S19*( 90+ h(u®) +4u(t) — ()1t +93(4(T))

3

0
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- . 50, biect fo .
the sel of all functions y=W! »[0, T); RY) and ueLH0. T) subj
per the s i

o)+ FE(g(0) +(0O) + O FH@) = (). e (<10, 71
{ y(0) =Y

% B d B3y =
t. R — R is  defined by \’E(!l)-_"(?l(g');) ;?;,(y,.)) and B85(y)
T e0) Bl — e 0]a(B)A0 4 B o0 P =102, et
is a C(f-molli[ier functien on R and
e gy

0

ny

where
[Pl ¥
®

Here 3 il ygo0:

]f () yi\<-. ﬂ(l

if yo=ap

Bei(Yi) =& (Y Pyiyiy=
| E-I(Hr_ai)

Bv integration we obtam :

gi— 4 >:"3_f\| ai)

(Bde+ ' [ p6)d 0

giy) - ,.“; P . A
e(poetran 7" 0p(oan —  05(01a0)
n — 3
and by derivation we have:
o= 1/e (@81 | a(BE.

Lo

unction.

. i s f
We have used the properties of the ¢ the relations :

The function ¢* and ¢ ave defined by
gl iy =yt y—220)pa(8)dD,
R"

oY) = [ ooy ~20)£4(8)d0,
RH

. de . R
i C=-molhfier function on ) e o
Wherel;.i:; l(sgj1 ug) be an optimal pair for (P%) and p =BV([0, T]; RY)

. o Fi lations :
corresponding dual extremal arc. which satisfies the re

) : aFi.E.t)*”=
Zo- (5 wo) O =V OO =1t [ WD) PO
df ]
V. () ae. t=]0, TL
P T+ Vet (v(T)) =0
(ps(l), FE(y)y)) € ah(ur()) 4 us{t) —u’(l) a.e. te]0. TI. "
. By :
If w'—u* strongly in L2(0, T). we may prove that for ¢—0, we ha
following convergences : -
" i 2([0, T}; R"),
14)  y*— y* strongly in C([0, T]: R*); weakly in Wi([0 ]
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i1.13) Syy—f -y Fyoow'ly weakly in L0, 1 Ry,

(L16) Vyr(l. g (O)—ED S butl. (). weakly in L7 T RY ae. te]0 7.
{see |1]. p. 182).

(1.17) VEH(y ( Th—E0 € au,(y*( T)).

” '
ci (Y weakly in L0, T, poY)
!

i )
(1.18)  (pO)~2(n =
cy ayf

aco <0, T[ (see [3])

ory con P . rellobioy ’
(1.19) r =20 S—"(g'1)), weakly in L0, T; k™) ae. (=]0, T].
Y clf f

Taking the scalar product of equation (1.11) with ps(/). integraling on

the inlerval {{, T'] and using Gronwall's lemma. we get | pF cuoryrmSC

for every = =0,
Taking the scalar product of equation (1.11) with 4 =(sgn pt. ... sgn pEy |
and integrating on the interval [0, T) we obtain the inequality : ]

(1.20 S| B OPAD AL C. for every =0,
. il 8

—

Thus, the sequence {‘(f'-ﬁ('rj’),n')‘}z nis bounded i Ly0. T: R").

ipf] . . .
Since the sequence i] is bounded in LY0, T;R") and Lhe se-

dl >0

quence {p*} is bounded in L7(0. T; R") we infer. by Heliy’s theorem, that

there exists p=BV([0. T]; R") and a subsequence of !z}, renoted el so
that p*(y—p(f) for cvery 110, 1.
We infer :
(1.21) pr=p ostrongly in L7O. T: R"). l<r—uw.
Thus, from (1.21), (1.18) and (1.19) it results :
. ) S S— GF =
(1.18%) (",—(U‘(l))) D‘(H—»[T{.’] (N pil) ae 1€]0, T).
ay &y J
A ; s z
(1.199 -_l(yz(lil)) p“(!)-—»(:——-‘(y‘(_[))) Pl ae L= )00 T,
ay &y
Relation (1.20) insures the existence of a mensure u=(u. s ... y,) =

S((L=(0, T))")* so thal on a generalized subsequence of i<l rennled {e},

we have

(1.22) By P -y, weakly in (L=(0,7))" for i=1, 2 .. n

MAXIMUM PRINCIPLE FOR CONTROL PROBLEMS

2 i < ] -1-’.’)) i
I i m l]\ ny 1 Leng 0 il] L(ludt,l[ln.‘ (1.1 ]) (]1..) anc (

(1] < 1 ‘_‘” ol [§] I t 9] ) ! b2 5 J l t
f “U WS 1l|('\1 P h:ll]s[il.’i ('.([udt“)“.\' (].-,)- (1.10) dn(l
(F b

" ‘ LB e ) iy | e Lo, T)
T ELam gy — O (.t))) pty ] :
pi0) \(‘7"(;: (m) pth \.— pr=1(0) (5” ,

we. tefin Tl =102 00
i w (')]-‘I B * ) 3 (" l;*(t)) a.c. IE]O, r[
of -1 h{— (1 “))) pty=dalt. |

} - show that:
In this particnlar case we ma} show tha

ar i=1}, 2. .. n. where
1.22% 58(1;1)13?_,:1.-—_-() strongly on LA for i=1, 2. .
( - ivir ) o A
i {0 Ty O<":(“"--“;}-

Ay i
5 (1.22°) and (1.14) we obtain :

;=0 so that :
Using the convergence :

- . (2 et oty | — 2wy =0
I Oy (f))) PU)] &l
(1.23) (p'th) — I(g‘q(” (m) ’”‘”}. ’ ()\.( ay "

ae, felo, Tl i=1 2, .. 1 — -
S (% Eanoi)Ele(00 T RY) sa-t:isfics the cquat;on syt
wher:«-;l()_.(";'ll'. ‘,l?mm -('1.23) it results (1.5) on the A set.
i We nay demnonstrate (see (5D that: . dor
pri(ys)—0 strongly on LY(By), i==1, 2, ... n Wher

1.24
- Bi=1{t<l0. T]; yil) =0}

Now. relations (1.24). (1.15) and (1.2}) lead to:
p{(H) (F(0)); — " (D(F{0))) =4 i=1,2,.., 0

s (1.7) relation for [.-(f)aé(F(O))i-_—u'(t)(F,(O)),;.

icn imple t we ohtain relation (1.8).

By a similar argumen
2. Example. Problem (P,):

marimize [yt

: " T fect to:
over the sel of all functions y= W20, T and u € U7 subjec A
{ g0+ ey —uy) =0 we L]0, T,

o H(O) =g, = K.

.
o =8 with 0<8<yT
here U {u=lxo. 77 0<ut)<y. Vi<|0 T]; fulhdt=3} with i

or n=1, F=0,

dK={:=it; U0g:ga}. u=l
h=1I, the in-

3 Py
This problem is a particular case of the plorbzlem:é :1\1)1(1
v— —ldg, the identity function. g(. . y)=—Y [=P=

alor function of the set {7
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Remark 2.1. a} T y,=0 the variational inequality (2.1) admits only and the cost Tunetional has the oplimal value:
the trivial solution y=0 on 0. 7. ‘ ] (1 S Un
b) If y,=a the varialional inequality (2.1) admits only the constant 9y { g (Hdt = ( {1 "’)"-'.’I:-") :
solution y=a on {0. 7). (2.8) .'. :
Let (4", u)=Wr0, M x U be an optimal pair for the control pro-
blem (P,) Case 2.2, 1 there s )0 T £, —inf{te
For y,=10, a] we can distinguish the following cases : I yo=ae 8, al. then for every u<s wre s 1,
Cuse 2.1, ' !

It 7.<10, ae ] then we can see th

{

H
has the solution Yull)=yoexp(] u(s)ds)
0

state system (2.1).
The adjoint state system for the p

al. the equation :
7' - u)y(h =0 on Jo. .
O) = yo

2.1y’

air (y*, u*) is;

(2.2) POFOph+1 =0 ae. l=1]0. 1],
(2.3) 1) =0,
{2.4) Py € Rt (D)) a.e. fs|o. 7).

From the re

lation (2.4) we have assured (he
p= R such that :

existence of an element
() - me =0, 1) P =00
Olu(t)<y ae. =0, T POy =g,
S0 TE pihyyri s,
The relations (2.1}, written for /AR
(p(Oyy* (1))

which 1neans that py’
By (2.5) there is

(2.3)

u{fy==A0 HRS

logether with (2.2) mmply ;
Y= ~ya<Dac. on 0, .

Is deereasing (so that P =0 because pT) =0
fi=]0. T so that the control is -

).

win = [7 A 1=
0 ae ts]. 7]

¢fy s determined from (he

(2.6)

(]
where 1, - condition § w'tHdt -3 ; the

b4

optimal
state is :

at te n.—SJ

(2.7) AU .
\yocf’ fe] TJ

T

which is also solution for the initial

' 50 thal the solulion of (2.1) is:
el T .r],,(‘\p(_lf]u(.s')ds a} so thal the solution ol (2.1)

f
goeXplfus)ds) Ol
¢

(2(]) UH(!) ;

L LgIg T

. . bt . 2 50 U
. ‘ IEU - 0l I 7[ an
vV ll()lﬁ thdl f lu« I ]ll(t(.‘.(l |r [ [ ]l(’.l ! 1 (' d 1he
\Qt ¢ .;t.it(“l ‘“ld lh( dd]ﬂ]“l S\Sl(‘]“ remain lllC sanme as 1n ch Case ...;.1.
sta
Ih(!IC[OIC, i]()nl (—)-l') W hd\( .
.U.(i ) l’ (j)

a = Yor®.

[

ol

which contradicts the fact that y'(%)
In the following, we shall prove that :
u'(l)

i e : exists a
\esume, by coniradiction. that (2.10) is no; !Ln_u. 1.e. lhere
measu‘raijle sel vlff—](l, £ with mes(H).=0 such thal:

(2.10) v e tE 0O

((OHdt - ~mes(B).
2.11) ,“,“ {(f)e : (
We shall prove that (2.11) implies

(2.12) W =0 a.e. on }*.T[

ﬁ - L - . - 1‘. woe
sSSum i 1% ) ; c 'Ut(! lhﬂl. on L]l(. ]Illel\ al [t j : ocan be
e th‘dl llllS 1% “()l the casc. -\ . & rpe 5 i ~en i - ‘( kin i} \Vlt h lles(
l“-odified \\‘ilh()lll any ln()d“ iCaLlUll U[ _[{' . l h(,l e (‘)l e, D\ a g“ 71‘ : B)
5 I i3 W (o . S t Slﬂl‘l]“g il'Om [ thc fOll() “lng C()““C'
ma l enough: Ve can cons t]"C b
a.c. i = Jf~

ae L]0, 0B,
n.e. IE]t*, T[,

(1)
| =()

u(ly - J‘
e . : that :
here « is chosen in such a way thal i< U. Then it is easy to see

-

r v
fs (!)dl’.>gy (HdL.
0

. © 'y Fherefor 11 im-
ich contradicts the optimality of the pair (y°, u‘). Therefore, (2 )
ies (2.12).
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Butl (2,12} leads {o

Fa (dl =& and so « B = yart,

which is a contradiction. showing (hat {2.10) s valid.
Now. we have y(fy—py.e% on {0, 1.

From a4 (")~ yoe™ it Tollows that ¢ = nay,.

The control u® is not identically zero on |17, "] because

Tetydt {7 —In ¢ Yo 8.
On this interval we can lake any u® such that .

!
hhdt =3 I oa/y,. for example :
o

(2.13) w () { oA BRI (310 afy.)|
hae A4 (3 naly,). T[.
Therefore. one of the optimal control s :

(2.14) wez] ae (]0.8 [,
0 ae te]8)0 1],

The optimal torresponding state is given by ;

5 -
{2.15} y'tty { Yoc® L0 0 Inalg,].
a tef« gy, T
and the optimal value of the cost functional is -

"
(2.18) _:F_l;'(l)cll VA= Ty —In a;ga) — ya).
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IHME MANIFOLD O RIEMANNIAN \H*',.ll_{l(.\ ‘.)\ A COMPACT
' ' MANTFOLD WITH BOUNDARY
BY

LILTANA MANDERA AN

P 1Riems : dructures. which
0. Intraduction. The manifold #  of Humann]mn :,lnuln”.r\_ s
Lo . if i { boundary may carey 1
dentabie manifold M. withou ¥ may ca :
‘ven smooth orientable mam a M. . dary ) s s o
i Ef‘\.f(? 1:1 Do bin in j3] and N. hoiso {9, Ilh.t- l(.:(.tllltlh(lll :h,-(,ul,i‘:’ thg
S of difl ohisms of the manifold on  # is analysed < . gh this
) o eeit® Lo k wething aboul the space A7 of equivalen
i ins { s same i : cn
analvsis one begins Lo Know semieiiniily L : D T e
d“:l'dl-\lill:ni-ln ‘}ll':l('lll['(‘h. The posibility of extension (1)!-“1])( Stlflh%i e
1 ]1:‘(:0 the manitold M has boundary is 1Mlggtv's|;‘lvd['(:{\1 ”[.‘h,o i
. ( i sntails the utihzat ‘ )
is 3k ; extlension entails . 1 I\]
. his paper. This extc AU o (see. et 1] |3
1"” ;’[ un(lin‘\l' value probleme and elliptic regularizations g |
lic bo ary
L i i Li ¢ : we construcl
. [ll‘] the presenl nole we cunsider the situalion rl.\ll';éQj :1;[1((,11(i costra
: ifi 18 ) e ma l
i . spmorphisim group ou | ey
4 slice for the action of the diffeo | group ou | Ul
a e hllml\]sidel' the manifold  #, of the Ricmannian n:(l“;h. s
. e i ¢ g seonstruel o
Ine:lu\::‘ ihe same Riemannian melric on (.U_.md”\\t :J'n‘b! um1 A
: i s for all s -
action of the group Do=in€lr. g4{r) =2 fon 'L 1 m]‘) o G
‘ ¢ e al compacl. b L&
. : v V) be a n-dimensiona & b 3
Nolations. Lel (M. o M] = AL PR
Lifold with boundary ¢ M. T3 beats langcnt .hul_ndlt(..)_l“‘"wrq he Totan
ma]L bundle, 5277 be the bundle of symuelric co nuau‘l ik { ”r. N
gent 11 I‘I(‘m er M. CHUEMOL ko) will be the Banach spac :
vector bundle M. CREWOL : N e
O CEU) will be the Iréchel space with
o < by HF(E) the Hilberl
the (. -topologv. Also. for s20 an integer. we dm.u.;l(_ h:\. H]( l,()) R
space‘ of :c('li;)im of I+ whose ((lisll'ihullmm!]) d[(;”\:“}:(|!:-UIN“|,N1(1;HQ g
l e s {see 12]). By Soboles ¢
e -able in charts {see |4} [11] | 2 Soholo SRS e
Squal?f l;ll(‘(ﬁil lI”I( (n/2y rk H‘(F)C(.‘"(lz) and the inclusion is contin
R ; ; the open
| i : by definition.
The set  # of Riemannian structures an M isc by delintion. (A BF
W H‘“m':"“‘i“t”h ich induce a posilive definite tnnet pu.ulml
B L asont apa ("‘(5"’ )\\; “\\'c denole by #, the subset of the Riema-
i e e ine s same Riemannian struclure on the
nnian structures of A which induce the samt i
oundary M. o | Mo
1 s the group of C7-difleomorpiisms on M oand Dy=
Let 7 denote the grouj :
{r)=ux. Tor all v=a)M)L
Fors_— n 241, lel.

of I with C*topology and (7 ([}



