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Jur )t =8 and so a— g (t") = ypeh.
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which is a contradiction. showing (hal (2.10) s valid,
Nowo we have g
NGy

The control u” is not identically zero on [

yoe™ on U £%],

From «u Hae®' 1t Tollows that ¢* Ine g,

'] because

!
;l'rl'(r‘)dl =" =10 aly,<3.

On this interval we can lake any o such that :

I
Jutthdt =8 —n a/'y,. for example :
Fa
ut(t {
Therefore. one of the optimal control is -
a.e [(€]0, /],

u(t) - {
ae =18/ T

I'he aplimal corresponding state is given by
te - Inaly,].

yl) {
tel i aly, T).
and the optimal value of the cost functional is -
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# of Riemannian structures. i\\'hi('h
A/, withoul boundary may carry is con-
Gdered by DL 1 bin in [3) and N. Kaoisa in [9] The action of .th(’ |g[?}l:l:
ot dift p ohisms of the manifold on # s analvsed and l?unug} 1
UL UIINHP.“; lc; know something aboul the space M ol equivalent

analvsis one hegi o ers [ these results 1o the case
i a structures. The posibility of extension of ll“m.”h.““h- s nole
Riemannia : sted by DL I bin in the nole

! as boundary is sugge ¢ 1o

\\"l\(‘!'(’ 11 !1'0 ]'m)‘:‘]rlt”ll'(lllie;\{'\?]li:t’mli)::::n('(ll;:iu-\i!:sllwrﬁ’tilizatinn of the technics of olhg-

115(,] ;))En:lll:ll‘:ll\l \"aluv probleme and eliptic regularizations (se¢. €.4. 115 18}
and [6]).

In the presenl note

a slice for the action of the

ver we consider the manilold  #,

0. Introduction. The manilold
4 given smooth grientable manifold
d4on

we consider the siluation MY a.nd wv. (_-ull\sil"u('t
diffeomorphism group on the mumfultl o .Itat.eir-
of the Ricmannian melries on AV \\'hl;h
! . = - . . e > ‘le
induce the same Riemannian metrie on e M oand we (Ull‘b;lll(l dy;hu for i
, b1 ) R : . 0 "
action of the group 7, g el o) = for wll v Moo i HEE
Volations, Lel (M. ¢M) be an dimensional ('mnpa_:'l. l)llllll L(‘H.n
mauif;)!(l with boundary ¢M. TM be ils l;m.g(-nt hu_ndlu..)l ‘.U. h-(. ll\le ;..u i:; )
enl bundle. S*7T7 be the bundie of svimmetrie covarianlt ._-l(ur,m.?.(-k -4'“;)]]&;
%ect r hun(I.Iv over M. CHEXO< k- oc) will be the Banach space of (F-sec s
h(.""(!;‘) will be the Fréchel space  with
k-0 ey (heliGilherk
the (" -topology. Mso. for =0 an inleger. we {1(4}:;{(‘_ by J'II)U‘I,()l t(,l,l-Ld(-i;-h:hiu-p
* jons of 1 whose istributional) derivatives u 5 @
space of sections of 14 whos (dlhllll}llllﬂn‘\ : up e e
sguaro integrable in charls (see {4 [11]. [12]). By Soboles (Iﬂ‘h‘t qd"{’h’ e
rem, if k=0 and < {2y ek U C CREDY and the inclusion is continuous.
" ‘:: ’ Ih i ) . . ).n P o (il'l
' The set # of Ricmannian steuctures on '”,‘f"‘ by (l'Li.IHli.ll(lll.‘ .tht[.n(&[l)wt
set of all sections in € 7(827%) which induce a positive (I('fun.le ":'“[tilxliuemq_
on each Langent space 1. p= M. We denote by //./(, the ..quha(.'llu : 1:.‘ - |f1e
nian Sll’ll(’?ull‘\ of M which induce the same Riemannian structure
oundary ¢ M.
Let 73 denote the group of €
(¥)=ux. Tor all r=oMY
n 241 let.

of I with C¥-lopology and (7 ([}

e
_diffeomerphisms on M oand =11 S n

Fours:



LILIANA MAXIM-RAILEANU

&

Pt ={r: M=) hois a Homap. js g bijection and % Tis a f-map!
IR = {ne&@D*, y(¥)=2 for all xedif],

In ] Lemma 6.6 is proved that IF3 is embedded in s double 37
then I CHYM. M) is a submanifold, as js 77 s for s=nj2.4q. So.
D and Y, have the stracture of T].1-1.ie groups with Lic algebras the vector
fields on M tangent 1o cMNCrY= 7,60 for all 2= &My and those Zero on
E.‘!l)t_dvnoted by &, and 7, respectively) Also 2, is an ILH-suhgroup
of 7D,

Let 58" = H(TM) denote the Hilbert space of 115 veclor fields on M and
b, ={N =k, X(ehes FLeM. for all s M
X = Neg- X(x) =0 for ali realll.

D acts on C7(S*T*) by ,pull-back™ and we denote this right action
by the map ;

LD R CAST Ty o (527,

Let 4, -1 AL ds invariant under and. obvious, #, isinyvarie
" Do = (S'T=) Us. Ay 1sinvariant

under A, so that we have :

AD N B Ay Dy ity o,
I gedr, |el

Dy ={yeD, A ) =g, DN=1Ir &P, Aol N=y!,

be the isolropy groups of the actions . and A,. Lel D, g =0, be the orbit
of g& % under the action A so that O, is Lhe set ol melrics isometric Lo q.
Let A,(D,. ¢) =0, o be the orbit of 9= #, under the action of D,

If &M= D. Ebin proves in [3]that Q,< _# is a smooth submanifold

of 7. We shall prove the same for O, and J,, as well as the existence of a
slice for the actions A oand Ly,

§ 1. The slice for the action A, To avoid the Lechnical difficulties retated
to the analvsis on Fréchet manifolds. we work in the corresponding Soholev
spaces. We always assume that Sen2410 S0 P s g manifold and a topo-
togical group in which right multiplicalion is (= and the action .1 extends
to an action :

AT D (5 = 118277

and this exiended action is continnons. Also it is linear in ts second variable
and, if g€ C(S2T*), the mapping ‘“"D'“ . is smooth. Since 47" — H(S2T") n
: A

NC*# is an  invarian| subsel of (ST under the action A% we can

define an action .1*; D+ N M= AT and we construct a slice for this action.
Theorem 1. 7,0 GE M r2 1. and O,. be its orbil under the action A*.

Then Oy W is a Celosed submanifold with tangent space af q given by

To(O) = {Lyg. X=gyn),

5 N - - y .
. £ ACT MANIFOLD

TV H MANIFOLLD UF RIEN ANNIA METRICS ON A COMPS 3L

A | 1. N ) L #H9

THE M:

I’]”[)t [ (Y )l — L b 1 H ] | “h [ P ’ = )
. . L ! g ".") P /jj h(, tlll. 01 ll Lm z\l) t 1 0“-—, /, -Jg( f') l ( )
I h(‘[ [T L | ( m ] 1went lt lhl, |d(,lll]l 3 o ven nyoo

= N .I:. dp a lld ll s 1l L] . dt ; Vogve }

:9‘ z

- -\. A ) - =!‘ i
%, :CH;]‘ W HP(SHT). 2,(N) N,

.r“:';).

b i i " ing result,
D41 is g, extended Lo be right invariant. Now the following
and at 7= %y €3 &,
e in 3] is useful: ' e,
pointed out in B) N P obe a C-mup of Bunuach mmu[r;id.x. :_>..:‘ ]_\;: |
‘ ' howe= N Range T.f is clos
’]“"‘m'n‘l:.'- 'l"((i (Jr subbundle of TN und for r,-urh. €E .\:)i ;;:ﬁnm,,;p,m e
Ker Il}: I'l ":vnplt‘nwnl Then f(NY is a (locally) Irmm(";.s;tl
| 1 is ope : ' (N is athmanifold.
2 i {f is open onlo ils image. f(N)< P is a su nl e
S o Y (7+1), we need to verify thal g, sa I e conditt
R I'Zﬁ(ll - we consider the following boundary value pr :
of this lemma. Firstly, SN $

1 (T )= G (S2 17 CoNGEAN. F(N) = (DIX). p(N)).
s (G ] .

Y ‘mal to ¢ M wilh

Fe is the vector bundle over ¢ M. norma i L

where DEX) =Lyg. Nt '(‘,”([;“llh)t_) x(‘.:;'(?\lr((;l"”) is the differential et at

1 3 B '. .—- "'} I ll ﬂ": ('u( A f)-‘l: —_—

+ houndary of the order 0. f’(‘\!-__':"(khr':{‘ 1)"H° (1."(.\'*'1'“)—‘("(T-\) be

““‘ "O\fl) the canonical bundle ]nujt'chun.‘) “'-~() \:) 5" being the formal

ll.l\(l'gli'm'\l adjoint of D Bl “(-\')(="".‘;{".TI;('?S':!-;(‘ '\‘V"I'I‘ TeC (51
¢ QLA 5 cu rpik Rl B A r i P o

;o soperator 8 C2(8S2TH— 0 - ] E - . -

udjoiut of [h(t,lf)‘l;t)ldt;?l, (h,‘.~«\[)( is the canonical isomorphism defined by g (see

and 0, €T M= OLLLE L

respect to g and po

RS -
j2)). Hence D 20,18, . - o for M so that M }jl 12-“'
& ¢ seo coordinales x'oox . ar M so thal o 8
We choo ‘e can make a velume element u M. w=dr .
s U ol o t -=d1". In this local coordinate ¥
‘ . ’ 1 - P AT r. vw=da". !
\ nit normal covecto
dr® and v the u

b = & f i l (0]
l lh(, Upll l‘(” 1) Ol) 15 lh(. t““U“”l...“ (\\e (]()Ill aen le
11\[‘, L\]‘JIL‘SSIOII 0] 3

terms of lower degrees}): |
X"

N N
datort

| E(N))" =kt

Ayl 2(g" 8, g '3E) |
i BN "% of the bundle TM agreeing
= ise of Lhe coordinates {X'. .. N"§ o e ratoh
Far the e o Lhe comlmates L e vovndars o
i ‘e (‘ ) k- [ - .
:“\\:ill be of the following forin :
(X)) =N"

Now we consider the Tolowing boundary value problem
&1 Cm (TAM)= C=(TIN@ C (N M), & (N)=(I(X), p(X)).

compacl manifold M in the

R Lhe .
which is an ellipltic boundary problem on 9 & extends to a continuous

sense of [7] Ch. X. § 10.5 {m 2. 4= 1). So. for s
linear map :

£5 - H(TMY—I 5 TM)@H " V(N (e M)
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and, applying the Theorem W0.5.1 from [7] we obtain that -
;l) ’l]\]w & is findte dimensional and I{(-r(’j’c(u(-‘.-{;)
) ) The range ol the aperator & an H ¢ i i
with finile codimension, (TAL@ I V= N(e M) is elosed

Sinee Ker 4700 = RKer [0 %
Ker o, we can conclude thal Ker «
-y

A [T qF ; 1
Ih.llll]l( |(lnm11s|m_lz|1 and hence D is a Lie group. Now. Ker 79 is K
extended 1o be right invariant over 77+ = i . CWer b, b Ker g,
FEbin and . Marsden (Jd]. A so that by the arguments of 1,
subbundle of £ 0 |- Appendis ) Kerdy, is a finite dimensional
i e . On the other hand. the elliptic reoularization &
1) of EY and the conclusions related (o the equali I“" vgularzations a).
wermi ove, | i alion (13) on pave 447
permit {o prove. following the methods from {2]. that )I pagt ‘l,l" (81
perator 2], that the range of Lhe o
e o .
2, 18 closed w I PR
A= ith a closed camplement

IKer [y~ :
where, as e [8]. D

Imiyity -1
m nbeh (i

denole g ai } i
ol ]]r(()()tl_ll\t“(Imm;m of the Hilbert space adjoint (1955 of [ T finist
P Ree Y . o 1 ) H 3 N o
Since Lhe I)Il():'f[}()r: ‘(’E\tll It:\ “111“[ ¢ 15 open ontoils image and has closed I":I:'I"’(]
. weeds v the same wav . o SRR hall eait
haee e P B ay as [3] prop. 6,13 we shall omit
Now, in ang ‘i il
ooy i g;l{g{gﬁ; \\Il.h .l]Il' slice ll‘u'm'('m for the action of @2°*' yn A in
Ll case l.l.w w‘w'. It" 11-:||.1:q .lh(‘“l)l'[‘\'l.()lls result and the Riemannian strue
s 1o space of metrics defined in [3]. we obtain the slice theor T
(1(§llcm of D on #. We can also allow s —oo i B
2. The slice | i Sasl I -
2, slice for the ac qrs L5
manifold in M . Indeed I(-i. 2/“:“})(\“1({ o \'\fl Ihlhmv ot g 1 8 Hosad qub-
| ‘ . . : manifold of riemannian sir
et deed. 1o ) : viciannian stroctures
cr {H . f—"“ ]h'( the mapping defined by [{g) gy, Then . # ——]'!: o)
ge W '{"1' l.h‘l ined Riemannian melric on ¢ M. Since ihc lan ’tlll. 1"_- ('yo)
[ ) = . - N . . < ] { ;-
we obtain ”l lildf/)};)mg [ is obviously a surjection of €~ (S*'I")-f»("(ﬁl'"( ; ])‘\J;[)”j
P ral o 18 a closed subr if i \ gektacls
: . f E [ nanifold A As i
B e ted ot e I 8 b in AL As in §1 we consider Lhe
3, i)
and we ¢ i e
i '|t'| construct a shlice for this action.
weorem 2, Lel g= A5 r
[ = el N - . c s orbi
b O g o =1, ufu! Q5o be tls orbit nnder the action A2
g0 < Moty o 7 closed submanifold with langent space ol g by e
¢ ! cdl g gioen by -

T-,(”; u) {L.\'.‘JL N E(’Hi‘l“ }

Proof. Let L2 s g i
I R e be the orbit map through g 2% .
s 15 a (7 map and has tangent at the id(-nl[il\' u(:\j-‘n1 ?;\?JJM) NG
o o -
Y 0 . . e A
Fady =94 : Ng¥'—= H (ST, oa)(N)=1.,4.

and al e DT is O exte .

Tht‘t)(l‘('In‘ 1 [; lh‘f.«,, ‘I\“lldﬂv(l to be right invariant. As in the proof of (he
Lo verify that L2 satisfie o . i 1

o consider Y i Ppaitl Ial105 the conditions of ST T—

we consider the following houndary value problem : Lhe previouns lemina,

Fy: CH{TM=C (82 TQCT(NE MW@ C (T M),
FulX) =(D(X). p(X). 9(X)).

i M'HE

MANLIFOLD ©YF RIEMANNIAN METHRICS ON A COUMPACT MANIFOLD A

iq: (i Tx—
=d X)) auh met

with the opevators D and p oas in the prool ol Fheorem 1 oand
canonical bundle

— (o (Te M) the houndary operalot of the wrder 0. y(X)
(T g (70 F{e MDY being the mapping induced by the

pr(_;jucliun.
el
e Cr (A= G TIND (NQEMNRC (e M)

Lo(NY - (FINY ptX) 4N,
el
problem s an elliptic boundary

be Lhe associaled boundary problem. £
ations from the paper [6]

We shall show that this boundary value
value problem in the sense from |6]. Using the vot

we have .

1) 2™ = ay 9y Byt o). 4y olin bl =2(y" 8} gt and
DY gt 2y LAEaY. 1) bh, =Wy =2 g0 T 3155

Su. the second and the filth condilion are obvious.

Since the svinbol a(2) 1s injective. the first condition Tollows from (11
p. 70). The condilion 3 iy satisfied because dpp(z @ Lo 1) is
tive of the metric on Nie My and a,, is the representative ol
0. The condition | which says that one can

ar form Q(N. Y) such that:

(Corollary.
the representa
the metric on T(e M) while ay,
integrate by parts to find a biline

£ I(N) Y= f=E(X) Y =u UN.Y) when g(N) pY) -0
M

is ulso obvious.

By a direct caleulus th
valie problem &9 satisfics a persuasive estimate
=411 X1l

NiigRe==ENXN. N=
0. (In the previous nequakily N |, is L, norm over M
rivatives of degree it or less. X, is Lthe Soboley norm
norm over ¢ M ool Ny and its partial deriva-

clions tangent Lo the boundary only and <
Folland).

m &0 the theorem. proved by .l iKohn
semulation from (6] §3.5 and we oblain
d range with finite codimen-
2.6.1 and

ere results thal the sell-adjoinl elliptic boundary
or subelliptic inequality :

when p{\) g N)
of N and its partial de
on M which measures the ..
tives of degree 1t or less in dire
i the convenlion of Kohn and

Now we can apply for the proble
and I.. Nirenhergan [8] inthe ¢
that &0 has finite dimensional kernel and close
sion. Moreover dim Ker &£¢=Codin tm & Using Lhe (heorems
2.6.5 from |7] we oblain also that Tor all 522, & extends Lo a conlinuous

linear map :

o T M= H (T M) I v N(e M@ AT e M),

has linite dimensional kernel and closed range wilh finite co-

porey —Ker (| =Ker zg we can conclude  that
o

(DY is a Lie group. ker I is Ker o

al Ker 2% is a finite dimensijonal

so Lhat &0
dimension. Since Ker
Ker «} is finite dimensional and hence
extended to he right invariant over /5% so th
C-subbundie of T
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The previous elliptic regularizalion and (he statement involving the
tquation (13) from [8] permit Lo prove that (he range of the operator P+t
0 - 9 & 4 . ' . 3 o fed v
% 15 closed with o closed complentent Ker D o
A
The utilisation of the manitold W mstead of  # in Prop. 6.13 from
[3] causes no difticuly in the proof so that this completes the proot of the
theorem,
Now. proceeding along the standard lines of
iLis straightforward to show thal the action of Vit on A has a slice,
Remurks : 1. The nsual consequences of the exislence of
as generically trivial isotropy groups. follow directly.
2. A slice for the action of the conformorphism group € on  # in (he
case dM =¥ is constructed by A\ Fischer and 1. Ma Fsden in [5].
Now it is not difficult 1o extend this result to the case where M has houndary.,

Lhe Ebin Slice theorem

i slice. such

REFERENCES

LAgmoen S, Douglis A and Ni renberg L. — Estimales near the boundary
for the solutions of elliplic differentiat equedions satisfying general boundary con-
ditions 11, Commun Dure Appl. Math, 7 {1964), 35 92,

2 Berger M oand Ebin D. - Seme decompositions af ihe space " of

on «a  Riemannian  manifold, T, Differ. Geom,

3. Ebin D The manifold of Riemannian metrics,
Math., Soe., 15, (1970}, 1144,

4. IZhin D. and Marsden I -

Groups of diffeomorphisms and  ihe molion of an
{ncempresible fluid. Ann, Math., 92, (1970, 102163,
5. Fischer A X and Marsden T, — The mur

Cai. 1. Math. 29, (1977), 193—209.

6. Namilton R. - Deformation of complex structures on munifolds with
families of non-coereive boundary value problems, .J. Differ,
409-- 473,

7.Hérmander L. — Linear Partial  Differential Operators,  Springer Verlag, 1963,

8 Kohn T. T.and Nirenber g L. - Non-coercive boundary value problems, Commun,
Pure Appl. Math., 18 (1965), 4143 —4y2.

9 Koiso N. — 4 decompesilion of the space of Riemannian metr
J. AMath., 16, (1979) 425 429,

10. Omori H., — Infinife dimensional Lic transformation

427, Springer Verlag, 1974,

U Palais R - Seminar on the Migah-Singer  Index Theorem.
1965,

12. Palais R, — Foundalions of Global Non-finear Analpsis, W
York, Amsterdum, 1968,

Received 5.XT1.198¢

spnunelric tensors
3. {1969), 379 . 392,
Proc. Svmp. Pure Malh., Aner.

vifold of conformally equivalen! melries,

boundary 11 :
Geom, 14, {1979,

its on a manifeld, Osaka
yronps, Lectures Noles in Math.
Princelon Univ. Press,

A Benjumin: Ine. New-

Seminarud Matemaite (AL Muyller
Universitatea AL [ Cyza®

Tasi
G600, fasi, Romdnia

1 i ’ . A uza” { ]
iy stiintiliee ald Linver syl w2l J. Cuza™ dis asl
An: L

] NNXIV. s L a Apatematicd, 1988, §.1
Tomul K.

o OTIVE
PERSURFACES IN QUA PERNIONIC PROJECTIVE
MEIRG CTALILD IL
“ SPACT

BY

RULED REAL HY

A MAITINEZ

1 )™ be the jm-dimensional qualellm'on{crgll‘;)d
R wsurface of QP". We say that M is a &
NP l" a of M by quaternionic ]\y'pcrpl's_mu
l('ll‘z\"l::‘n ol s{il)inﬁnifnlds has the following

1. Introduction.
jeclive space and \! Hl l o
real hypersurface 1-1 ‘lhu (1 l'l:hiq
gpm 1 (see Definition ). s |
g - i a\ly s are constant 4.

LREES he ualernionic sectional cury al‘ul‘(s‘; ?.1(-.;1 S o
0 ‘\l-l‘l ‘.e)(l‘r‘\\'e obtain examples of mmum;Pml \\-rith o e
3 lh]? pdls‘tud’\r the real hypersurfaces of (J

] moand we s Y A
of QP™ a dy” 1hej
nionic sectional curvatures. - ot -
+ algebra o : .
iminarie et @ be the alg

9. Preliminaries.  L.elL ' ehra

" the usual sympleclic produel given b}

consider ¢
(w. 1) =20 ub,

N . gmin, where by «; we denote the quater-

for any a(dy - ), Dby s Ba) 1D Qmtt. 3

A ‘ - e H mrl where
nionic conjugate 0{1 t"tlbf:-a,lirl (g ) =1} be the uni! sphere in Q"¢
Let Sm+={qe IS

i i E 3 kn[) Wi, i.z. 4]. Lhat ;
e us rlides ’t['lc OI‘ )? Lin 11 15 g ! q-‘ o
o e -S 5 al ]Lu L]]d an ;['n{., ! P o Bt (l fl " ‘ .
I4 1- 5{’11)‘5;0'[1 ’:]i (11111 E\l(}l'ﬂi(.)lli(: ])I'O_]ectl‘:"cl -’]]‘12“;“ . 'Jdi“' ']: [l e l)ll (.“ s over Q I)m
n-dnnen: < ! A ) k . s S € . C b a ke | l !
. iy g Q‘ - i | = gam 3\ l.h[‘. hO'l I/_OnLd S h-’
h.,' 1 g ll v m > q .l.O 1 ]1 S‘J an(l pl‘O]chlOn ive Il q b l ) -L‘l‘ti ) l 3 b o Vi
with Sl,['llCi[lllE'éll gl()‘L I ipe (e 7+ I( 3, (f) ——"0} and the . - { .
o e [ ’\‘ L l f ¥ ‘l) Q i I ‘. t l j 'll'C t.llc lllllt (lua.tel ﬂl()ﬂb-
.p(. 0 s i} ¢ and i'}q‘ wh(‘.rc ’l’ Jv_) tlll( 7._":,‘ h V
) pann\:}(‘b';h;lIll{t‘C;l,):]gid er 6[] () I_]lll lh(‘. ln(’.[l‘l(', gl\ en h'

g (N Yy =g\ V)

(2.2)
and the conneclion b )
Vel =(m) Dy Y

( | ) Qj n o where ! t'l(‘lll)llfs the L‘l}l'i'l‘s[}()!\dlllg; horizonta

T(]]‘ 1111}' x, } = I . " . . 0‘- S JH+::. : . \

F . p Pt 1 l |l|'[‘lll,lul.|(,n 1 ) ) 5 ‘ ‘ OL .
o Lll O:)CV JIQI.LI;}“ \(\‘:) l('OIl‘Si(ll)l' the J-dimen smnul Ve o }.“;::]l.h \f Jte“’ S$0TS
[ 5 ‘ Sis ¥ Inost: ]'.“‘.:ii.l‘. E C 1% 1t 2 3}
i 3 ‘ith locs | IH]. 15 01 ¢ 5 5 J
LU l} pl‘ (1 . ]) A1 a 1 1 7

given by
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