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The previous elliptic regnlarization and the statemenl involving  (he

equation (13) from [&] permit (o prove that the range ol the aperalor D0 a1
a5 s closed with a closed complementl Ier Do - __ !
e

The utilisation of the manilold . # instead of  #° in Prop. 6,13 from
[3] causes no difficulty in the proof so that this compleles the proot of the
theorem.

Now. proceeding along the standard lines of the Lhin Slice
IUis straightforward (o show that the action of et an Ay has g slice.

Remarks : 1. The usual consequences of the existenee of
as generieally Irivial isotropy groups, tollow directly,

2. Aoslice for the action of the conformarphism group € on .4 in the
case @M= F is conslrueted by Ao Fisceher and J. Marsden in [5].
Now it is not ditficult to extend this result to the case where M has houndary,

theorem

a slice, such
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PERSURFACES IN QUA FERNIONIC PROJECTIVE
o SPACH

0y

RULED REAL 1LY

vONATINEZ

)P be the in-dimensional qunlmiIn'onfcrExI‘;)d
ot surface of Q™. We say thal AMis a .
D oiat »f M by guaternionic hy'pcrpl:-m&.s
lepe of \;1.1lnnz;nifnlds has the following

1. Introduction.
jective space and M oa I e
real h\-hm-sllrfa(‘tf' l.l 'ihtul .’l‘.hiq e
g (see Definition ). A |
: " i urY sos are coustant .

]N‘U])f‘ll_} ; he qualernionic seclional cury ai.m_:.s‘:u; wougtan hypm-sm-mces
" .\1.l ! ',e I,.‘\\-p oflain examples c?f mmunaPml “,i“l AT
Heiy Pd])(‘“dv the real hyvpersurfaces of QF ;

| 0" and we study A
of QP" and dy the

nionic seclional curvatures.

e E & = « 3 - 8 0 ) Y
l 1l [li] ll'l' 1 (l O l 1 l (‘
2 r l 1 aAries. )€ l ¢ a “(‘!i! 1 (Il (uatert 0ons l (R LT

A . i b\'
the usual syvmplectic produel given b

ronsider o
(. by =X\"0 i,

= i mir where by ‘a, we denote Lhe quater-

tor any a(dy, - ), Dby oo b,) in QU 3

N N vjugate of «,. ] ,
IHOH“ILS,?;I '].;;.lg"H"’ [q Q™ gl §) ]tJ- 1)((;r 8’1;‘.1 o
Al Tuclidean metric .
= is the usual Eucl e D )
?i°1_31§:r$t-’[1)sionwl quaternionic 1)101‘“01“:[?]11;[;”\%'9"=“ is a fibre bundie m’ell ¢ o
m- S =1 2ha \ rizontal snb-
. e rg. neEQ. i : 1man qhe horizon .
by identifying ¢ l0 )1 ¢ and projection = W ¢€5 he verlieal subspace is
Wwith structural grou| ]‘,_ (peQm M (p. 1) 0! and 1lh v 1.1- q‘uqtl-mions
s QA g ) | 1 ! . R y e unit h ] .
space of {‘HS{ o andl i.q. where jy. Je ‘fl“d..l_n‘ a"}‘wl
sp:umti{]; h-;\h{fll‘c-(‘;;mitlcr on QP" the metric given b
e sl = o ]
g (X V) NV )

unit sphere in Q"‘*‘,V \\'llf}tl'g
s known. |2, 4], that

g s W3 E ]
he oblained from S i

(2.2)
and the conneclion ) |
V_g 1iE (T:) (I)\-. YE0y.

2.3 wondlie horizontal it and
o "= TQP". where © denoles the enerespondain holizen
for nay X. Y= LTI gf SR, : :
. nfi renlialion X . gl L » V' oof tensors
A 00""35;1)11} \(\l-:;“((ju:ni(lcr the S-dimensional vecios Jundle
Ii over ’

i Al blmaeadtin ctures {J1, Ju Ja}
of type (1. 1) with local basis of abmast i

given by

b — Matematicd s. I
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(2.4) TN (m) (o N7y, k=123,

for any Xe7QP™ then Q™ is o quaternion Kachlerian manifold with

constant sectional curvature 4 and se. (see |2]).

(2.3) RN, VYVZ=g(Y, )X yg(X, )N X i T Y T X =g (T X T Y
R (X, T 20

for any X. Y, Z€ TQP", where R denotes the Riewmuannian carvalure tensor
of V. (i, j, &) is a cyelie permutation of (1. 2. %) and p . j—1. 2.3 are loeal
1-forms on Q#£™.

Let M be o real hypersurface of QP* wand N o unil local normal veelor
field to M. We shall denoie U, JOND k=120 8 D =spft U, Uyl
and I¥ the orthogonal complement of " in M. For any veelor field X =13
we can wrile,

(2.7 JiN =P X (XN k==1,2.03,
where P, X is the tangent compoenent of J, X and [ (N)—g(N. L), k= 1.2, 3,

Let A be the Weingarten, endomorphism of M. From (2.5). (2.6,
(2.7) and the equalions of Gauss and Codazzi it (ollows.

(2.8) R(X, Y)Z =g(V. Z)X —g(X, 2)Y =X¢_{g(P. Y. Z) I, N — g P, X. Z) 1, ) -
+29 (X, PLYIP LY 40 (AY. Z)AX - g (AN, )0y,

(29)  (VxA)Y (V)X =S8 4 (X)P, Y V)P, X L2¢ (N. 7)1, 1,

(2.10) Ve Up=—p, (X3 U, £pa( NI U4 P AX, =1, 2,0

for any X, Y, Z=T'M, where V is the covariant derivative on M induced by

V. R is the curvature tensor of V. {i. j. k) is a cyclic permulation of (1. 2. 3)
and (Vy )Y =V, AV 4V, V.

A

Definition 1. A real hypersurface M of QP™ is called ruled if the distri-
bution 1) is inlegrable. In this case. there is a [oliation of M by qualernionic
hyperplanes P71

From [0]. it is easy to see that M is ruled if aud only if
(2.11) g(AD, Dy ={0}.

3. Some ruled rcal hypersurinces of QP™ Let 1/ be the hypersnrface
of §'™+% given by :

;i:I:{q:(TCOS ?qo Isin @ (1 - I"‘)l 2q'.z, weay (] r"’)'/'-’q":) = Jim+s 0 < P
Z2m, 0z, [gy| =gy =1, go{rcos og,. rsin pq,j,)=0".

It is clear that M is invariant under the action of S* and so, (A =M
is a real hypersurface of QP™.

al

. eyt =
PERSURKFACES IN QUATE‘RNIONIL PROJECTIVE SPAC

AL
RULED REAL HY
o r s
Proposition ! ruled real hypersurface (;[ Qr ’ﬁ o
ropos . Ny ity ye M a u
Pr t’r Lel g —(reos go. rsing g1:(1-- r')”-q"‘,;}_".“ &) gqt’;gn from the
s X I} be a tangent veeclor Lo Gemas gl .

A iy o« miniha

(Xge Tre oo
definition of M.
(3.1 gol( X gy ==t
sin ool e fifr) - COS ol o pin=4.
Thus. from (2.1) and (3.1} it i3 easy lo sce tha
i ] L==1.2.3,
N, (oS jutfe sin o i 0o )
3 iy Io=1.2.3,

Noap=f—sin YL UIREE cos 2f stfafa U o

0 g w1/
(5_,) N] 1-2)1!-[12, -

r(] r‘:)l.".!qm)

N —(cos o4a S0 P
k=1,2.3,

PEY . v J (1 )

o M at q. Moreover if.

Noap =0, 0.7l
angenl veclors 1 .
PN (000 2 s ) EQ" N, gy =01},
| 2

at g is T,M- W,@SpiXn o Xua-

are orthogonal 1
(3.3) W, |
(hen the langent space Lo M

From (3.1

3.4)

is a unil nor . '
From the above ex
e T %
-\XA - '_-.-\g--i. A P

r

N, = —sin g fi. o8 2ej1n On o 0}

mal vector to M at ¢

pression and by a Jirecl compulation we have

. _\ ke 1‘.\ s ._, :.’h
(:’l.u)) : -} k - l 2

3 { | .‘. iS ‘.lll-

‘l I an) \ = F NI \ })eillg Ol lhO‘_,(lll :\i L¢ - p i .\ W ase Xﬂr‘ herb
0 - it = a 3 Y W H

v ] l + 3 \ i

\‘ . l ¢ r . ;
I:'le" q - \I as .l! ib ln\ dl‘iallL \llldei' th(w aLlIUIl UI.

=(g)=x is given hy
snit normal vector Lo W oal mlg)=x 15 § 3

87 we have that a

{3.6) N =(m )y Ny
Moreover, the verlical subspace is spanned by the vectors
2 4 c=1.2. 3.
(3.7) V,==f g =T X g+ Xk k o
| (X ’ 2L BE KD 3.2) ¢ 3.7
Lot ¥ (1 1) VN 0N VOV, k=1, 2 4. trom (3.2) and (

is T, =W,@S 7T Xy Xo. N Xo}
{he horizontal subspace at ¢ is Ty=W DSpi{Y.. Ve Y, X, L
‘Thus, from (2.1) and {(3.2). -
(‘s q) (n )ﬂ(-‘")l =\',h (n*‘]u(XJl f)‘_:-] 1—4\.4. (n,)q(.‘\ﬂ =% a4, - P v

are Langeni veclors io M oal x, and
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(3.9 : J ¥ == (1 =re)mrfey, foms 17908,

As = : M— M is a Riemannian submersion with tolally geodesic fibres,
from (3.5 (3.6), (3.7). (3.8) and (35.9) we can conclude that

(3.10) A, Xy=n AX =0, tor any X=W,. 1Y -r AN, -0,
ALY =—(1=rPer U N, ALN= 0, Y. =123,
where by A we denote the Weingarten endomorphism of M in Q7

Now the proot Tollows from (2.11) and (3.10).

Remark. As in the above Proposition it is easy to verily Lhat if M ==
={g=(r cos 9¢q. rsin @g;. (1 —r2)'3q,, ... (1 —r3)3g"yeSim 0 r=1. (S0~
<2m, lgo| =lq:| =1, go{rcos ogy, rsin @gyji) =0}, A=2.3, then rn(M,) =M, is
a minimal ruled real hypersurface of QP™. k=2 3.

4. Teal hypersurfaces of OP™ with constant quaternioniv  sectional
curvatures, Let A be a real hypersurface of 0P" and r=23). We denote by
UD={Xeh |[IX||=1; and UD, the unit sphere in 13, y

Definition 2. Lef XeUD and Q(X) be fhe 4-plane spanned by X. J, X,
J. X and J,X. We shall say that M has constant qualernionic sectional curvatures
if for any Xe UD and for any plane X in Q(X) the sectional carvature K of
2 (K(X)) is constant.

Let z=M and X<Ub,. From (2.8) we have

4.1y K(Z, Wy=R(Z, W, W. Z) =143 a(Z, Ju W)y (AZ, Z) g (AW, W)—
g (AZ, W)e
for any orthonormal tangent vector fields £, W e}(X).
So, if by Z, we denote the plane spanned by X and J,X. =1, 2, 3,
then
(4.2) KZ)=44g(AX, X) g (AJ;: X, J:X) g (AX, J,X), £=1.2, 3.

Theorem. Let M be a connecled real hypersurface of QP™, m>3. Then,
M has constant quaternionic sectional curvatures if end only if M is one of
the following -

(1) A ruled real hypersurface,

(2) An open subsel of a geodesic hypersphere.

Proof. Let xeM and X<=UD,, as M has constant qualernionic sec-
tional curvatures, K(Z,)=C=constant, k=1, 2, 3. Thus if a(f) is a C*-curve
ngr. UD, with 2(0)=X and «'(0)=Y. then by differentiation of (4.2) we
obtain.

(4.3) 0=2¢(AX. Y) g(AJ,X, J,X)~ 29(AN. X) gAS, X, J,¥)—

—29(AX. J4X) g((AT, =T, X, Y k=1,2.3,
and

(44) 0=29(AY, Y) AJ X, J,X)+8g(AX, Y) g(AJ X, JiY)+20(AX, X)
GATLY, J, V) —20((J A — AJ )X, Y)Y —dg(AX, T, X) gAY, J,V)—4(C —4).
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(n the other hand. 1L is clear that there exisls an orthenormal hasts
of TeM. {Xi oo Nimon: {7,. Us U} such that

(4.9) AN =X +an U tiaUat iU Pa=l. ... dm 1
From (1.3) and (1.5) we have that for any . j€il im 4} i#)
h=1.2. 4.

{1.6) (A N J i Xj)=0.

; =k . @D, k—=1.2 3. From this. we
or A on a5 o Koy Xm =S

Nam.2= VI, SO

and so. either »; . X ®
conclude that the above basis can be written as

g ooy ‘\:2m—2='IJXm. 1 ‘\'Zm_—: LJ.L’*\'I' “r Xsm SA= 'I'.‘.}\m-l'
-\-u.n.-i =',axm—l‘ [-l‘ U'-!‘ U5‘JL‘ with )
(4.7) “1Xis}\sxi+(1uUr@’ﬂizUz"r'ﬂtsUa,

AJ, X,-s}.fx,-—imf,I'l-l-a:faUa-J;—n’,-‘aU,;. L==1, 2,3, 1=1, .., m—L
From (4.4) and (4.7,
{4.8) 2(Ca—4)=>\,-).f;+m\’,h i£j i je il e m—1} k=1.2.3.

Fi? 7 = - usi 4.8) we can see that
As Ir 4.2) 4 rat =44+ 2N =C, then by using (

i —_-,,\_s—_fl’;n_—,m,»( A_)—_l—r_’ f% i, jeil, L m—1} and we conclude thal,

1= _

(1.9 A7 =WZ-FXE, AL UpnUr

- anv ZeD, with 4-x2=C. - ' ) '
1 alI:‘rnm 4.0, if »=0. C 4 and M is ruled. Then, in the following we
suppose thal in (4. 7. ==constant#0.

If we write

("1.10) “UkM—le-j':l"’rbk]L‘l+hk§{jg+bk;[j;p k _l_. 2) \'5,
with E,UD, k=1, 2.3, and
(4.11) a'lEi. -}\Ei‘ ';—d;-lUl+dngg+d;~5U5- k'—'l, 2, 3:

then. as m =3, there exists X e orthogonal to Ey and J:E. i, k=1, 2, 3.

Thus from (4.9). (4.10) and (4.11).
{1.12) AN —r N, AT X=X k=123

From (2.4) and (1.12). (VyA)Jd WX (Ve )X =20 —-('A—A)[.‘i. Je X1,
=1, 2. 3. Therefore, from (2.10). (4.11) and (4.12) we have

(4.13) 0 =g((Ve AW N —(V iy DX £) =g(VaTs N, Uy +diUstdiaUs) —

e Xe diy Uy i UsdisUs) =2 hgCTac T X)+2disrg (e Xe T2 X)

C9d, (T X T X). i 15203

\s n#£0, then d;;=0, &, j=1, 2. 3. That is, E,, E; and E, are principal

veclors. Thus
(4.14) AZ=)Z for any Z<D.
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U UFron:l (4_.14) it is cl-('al‘ that we can choose a focal basis of V such that
.. U, and U7, are principal vectors. that is. we can suppose thal ‘ A

(4.15) A f't -(Ji—Lrj-‘ IS ], 2.9

an;l so, from (2.9). (4.12) and (410} -2 (VDT N Y VN, Uy
_ o - . ; - s B - . [ - . 3
sam(g pr(:;)c)l a(]:o;src\;;uten‘tl”\:l_ U,. U. axzd {7, are principal \'ccfors \\'ilh‘lhe
e pal curvature. Then (see [5]) M is an open subset. of i
peronhere of Q1™ of a geodesic

REFERENGES

1. Barbosa J L. M. Del
R P gado JOA Ruled submanifolds - [ ]
curnalure of nonsere consiunt length. Amer, I \]r;rll;r;lf 31?){‘,.‘?1“%,{;”’-?;.{mr.‘.ﬁ”mm”
v H i . f .

2, Ishihara 8 Juaferni Cihlert ] i
s 500.(_ ernion  Jihlerian manifolds, J. Differential Geometry, 9 (197 1)

3 Kimura M Section
oM, al  curvalures of  hel fe
BB { omorphic

4. Man t i nelll E — Mod rico dello spazio pro ellinn aferiio By g
a P elo melric reale ¢ f
( n) . ell pazio rot I ril] [ Hﬂff, Ann Al

5. J t oA erez . .
A or A . B
Martine r Q ] Real “JI}J(‘IS!H](J((.‘- n '}”tut’f““)n!t ]H(JJH“’"( spdce,

6 Martinez A, Perev 5
7oA. ez J. D, Santoes F. G — Generie s i
nion Kachlerian manifold, Soochow .J. T\'lath.r?rluzlagzr."t’in‘;{?!gg e

Received 18.1X.198¢6

planes  an a  real  hypersurface

Departamento de Geomelria y Topologia
Facultad de (,'f!.’ﬂ(‘l:(l.\' '
U nirersidad de Granada
18071 GRANADA, SPAILN

\palele stinpdfice ale Lniversitells Al 1. Cuza®™ din fas
Teomul MNNIV, s 1A Aatematied, 1688 1 1

TIIE‘,IL\I()-;\COUS'I'lC,\L WAVES IN LINEAR HOMOGENEQUS
ISOTROPIC 'l‘iIEH_\I()—\"ISCOELAS'I'IC MATERIALS
OF INTEGRAL TYPE
BY

1OANA LUCA

1. Introduction. AU unrealistic consequence of the parabolic type
equation of heal conduction based upon Fourier's law is that a thermal dis-
turhbance at any poinl in the body is fell instantancously at all other points.
But the experiences made with Hell have shown that the thermal pulses
are propagating at finite speed. In order to remedy this so-called . paradox
of heat conduction™ different theories have been proposecd. A first solution
has been offered by the equation of heat flux deduced on kinetic-probabilistic
grounds by Cattaneco [1] (2] and assumed by Yernotte in [31].
|4]. Ws use in 15]—115] has shown that the second sound is possible. Upon
{he basis of unfounded analogics. the Cattanco Vernotle's equation has been
deduced by Kalisk i [16] within the framework of the Onsager tvpe thermo-
dvnamical theory and Fox [17] has derived its objective form in the non-
linear case. The entropy inecualitics proposed by Miiler [18]and Green
and Laws [19], as well as the assumption of a constitutive equation for
{he thermal energy flux bv Ghaleb 1201 are staying at the hasis of some
theories which supply finite propagation speeds of thermal disturbances
(sec 1211 —[31]). Also. the thermodynamical theory with internal state va-
tiables takes into account the possibility of the second sound (sce [321— 139D -

The idea for giving a conslitutive equation for 1he heat flux independent
of the present femperalure gradient. analogous with Cattanco-Vernotte-
Kaliski's law. has lied at the basis of the theory of rigid heat conductors
with [ading memory developed by Curd in and Pipkin {40]. The ther-
mal waves are propagating at finile speed (see [10] —[42)). ‘The theory deve-
loped in {40] has becn generalized by Me Cart hy [43] in order to take
into account the body deformation too. The constitutive equations from [43]
have been lincarized in pin. Me Carthy investigated in [43] the growth and
decay of the amplitudes of {hermal waves. in the nonlinear rigid heat cou-
ductor introduced in [431. In [46] he examined the thermomechanical wa-
ves in the nonlinear one-dimensional material introduced in {431,

1n this paper we shall examine the propagation of thermo-acoustical
waves in the linear homogeneous isotropic material considered in [44]. Tt
will be shown that two purely mechanical Lransversal waves and two coupled
longitudinal waves are propagaling at constant speeds which are depending
on the instantaneous mat erial answer. Their amplitudes illustrate the ma-



