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A P-COMPLETE MENGER STRUCTURE FOR DISTRIBUTION
FUNCTIONS SPACE
BY

EINTU € FLORESCL

I. Introduction. Let {N. [ T} bhe a Menger space (see [3]): for
every r&[0. 1) we deline d, : N < N-wlt- letting d.(r.y)— inf fu=0:
P20 Let 8 —dsi v =00 s then (8. T) is a probabilistic pseudo-
metric on X, Conversely. for every probabilistic pseadomeiric (5. 1) which
separales the points of o set N there exists a Menger metric /7 which
induces (8. 7y (see [3]). 1 (0) 2 then (e yh-<a and o (., i) =_a implies
Fol@2z i for every v ysXo n=[00 1) di =38, a>0. For every ne( 1]
let ., be the semiuniformity induced by the familv {d, :u=7! and let
=i, cr= ][00 1)) where @7, — {N ~ X Then (/(. T) is the probabi-
listic uniformity induced by (F. 1y (see |2]). We remark that /4, is the uni-
formity defined by B. Schweizer, A Sklar and E. Thor p
in [7].

Eet us denote by 28 the set of alt sequences on X, Forevery 7= |0, 1 f==1.
we say Lhat ze &4 s g-convergent (i-Cauchy) il 2 converges in (N, /,)
(2 is a Cauchy sequence in (N #,)).

For every ax&0 and v €N lel piz, Yi=sup 2= [z is z-conv.)
and e(z)cosup {rs! iz is 2-Cauchyt. Then
pla, ry==lim lim Py oty and eiz) < dim lim Iz, (ay qsee (457 )

EE 0=
e A

For every zet and r =X we have :
Fep(z. 1) pla, 0o,

We say that a Menger space (N, /0 T is probabilistic complele {p-com-
plete) if for every z =8 there exists += XN <uch that

Fie(), (o)) plz. ).

We remark that a Menger space (N, I T} s p-cumplete il and only
il for every 2 &8 there exisls v=N such Lhat if x is 7-Cauchy then # is
T(x. 7)-convergent Lo . Therelore. il (NI Ty ds op t'nmplot'(’ then ¥,
is a complete uniformity for X, Hence. o ery p-compliele Menger space is a
complete Menger spuce in Shevrwood s sense {sev 8] [9h.

The purpose of this paper is to define p-complete Menger structure
on the distribution functions space % (section 2.). Using this Menger struc-
ture, we obtain, in section 3. some results coneerning the continuity of a



)
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probabilistic metric (every probabilistic metric is fi-valued). These results
generalize the theorem 5.4 of [1] and the theorem 8.2 of [6]

2, The Menger strueture of distribution functions spaee. Lel 70 be
the set of all distribution funclions. e FE9 00 I s a nondecreasing. left-
continuous function on R which satisfes

F(—o)— lim Flag)=0 and F(+e0)= lim Fray=1.
mnr )

A= -

For every 7.0, 1] we define L, 1 D <D— R: letting:

Lo(F. 6G) —inf {e =0 F@)<Glade)Fe--1—7.

1)
( Gy Fla~e) Fe+1—0 Yas R}

Let f.—{L, :7nef0. 1)) and T, : IxI=1. T,(a. b)==max (a+b—1.0)
Theorem 1. (L. T,) is a left-condinuous probabilistic pseudomelric on 1.
Proof. First. we remark that. for every e & R, 2 & 0. 1), Fla)y <
<Gla+n)4 1 and GO Fla+ )+ 1. hence Li(F. Gy<h Tor every el 1)
It follows directely from definition that [ is a family of semipseudometrics
on X and L{F. Gy~0. for every [ G =0, Obviously. L;< L, [or every
r<uw Let 2, 1% and 8, = sup l._.~(!-" Gy: for every neN and a= R. Flag

SGa+8)4+8, 412, and Gla€Fa+3)+8+1—2, Then. for cvery
ae R, we have Fla)gGla+38) L8, +1—n and Glays Fla+ S8, +1-—0
hence 8,2 L,(F. (). Therefore L(I. G) is a lefl-continuous function. for
every 1. =D, :

Now. for every 2. u=[0. 1) with n+uzl, I, G He/D and for every
g oLy (F. ), g, Lo (G M) we have Flay<Glute) e +1—p Ha <€
<Flade)4+e,+1—u and Glays Ha+t )+ e,4+1—%, H(a)g-(;(a—'r-sz)-a—a,-%
+1 -7 for every a= R, Then Fla)S H{a+ g4 e+ ey F ot 1= Toln 1)
and I Flad+e,+z)+ e+ 5,41 Thr(k u) so that g, 4.2 L w(F, H).
Therefore Ly imm (F. YK L(F. Gy+ LG ). T a4u <1 then Lr,tu (F.h=

Lo, 1IN =0 L. G)-+1,(G. H). Flence (I.. T,) is a left-continuous

probabilistic psendomelric on X (sce [3}).

Remarks. 1. L, is Lévy's metric on 2,

o I (M. T,). M {7, =1} is the probabilistic uniformity indu-
ced by (L. T,). then /(, induces the weak topology on .

30000 Lo(F. GY=0, for every 20, 1), then L,{I". ) =0, hence et
So. (L. Tp) satisfies the condition (PP3) from [3. prop. 1]. Then there
exists a Menger metric on 2 which induces (L. T,) (see [3. theorem 1
il foltows immediately that this metric is defined by :
(2) (FF. Gy (@) - min {ind min (Glatb) - F(D). Fatb) — () 4+a+1. 1}

hER

for every a0 and F(F. 6)(a)=0 for every usth We remark that, if
FF, 6) ()= 1then L(F. Gy aand il L (F. {)—a then 7 (F. G) (a) =1. Taking
into account the probabilistic interpretation of Menger melrics, we conclude
that Lévy's metric L, s an ideal metric: the semipsendometrics L,
7.2 00, 1), give the nearness degree between functions of D in comparison
with (his ideal metric. A similar probabilistic metric on @ is introduced
by U, Hohle in 10 : see also [ 117

e g e o st
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Theorem 2. for eoery 1& [0V (Faex= "D 1 =D we have Ly (F, F)—0
if and only f —
(B3) Flay—(1 3y m Flos lim F o€ Py 7). for all continuity

points a of I,
Proof. First. suppose that L, (I, F)—0. Then. lor every >0, there
exists n,= N such thal. forevery nz ng and e R, we have (o)< Fla - 2)+ =+

+1—z and Fe— g} Ful@)yi-2+ 1 osothat tim FaawgFla+z)4:41 2 and

lim FF (o=l ) = (1 7). Il is a conlinuily poinl of [© then we lake
"
the Hmil of both inequalities as e—{) and we obtain (3).

Conversely. suppose that (3) is fulfiled. Because Fe/D. for every g0
there exist «. b= R continuily points of 77, such that F(hy>1—¢e/2, Fa)< /2,
Now, let {, {(ry— = ci}o where ¢, is a continuity point of . for every

: )

k=1. 2. ... 0. such that [e ¥]= |1 From (3, there exisls ny= N such that
gl

for every nzn, we have Floys Foo)4-2 23 1—) and (o F(e)y+e/24+1 -3,
for every e= (oo oo oo o b Let nzng and e= 1t we have the following
three situations :

a) B oesa then Flo)s Fla)—e2< F(e+2y 41 1 oand P F (0
ki) 221 By e bl =g ete)d-e4-1 2,

by If «-—c- b then there existls &k such that c¢=(e,—=z ¢;). Hence
Flo)e Fle )= Fole) e 24 1—n Folet+zyd-e+1 -7 and Fletd-e) 2 Floy) 2
2P e —e2-(1 - n2lo)—e2 (1 n=>Fae —e—(1-3)

)y If ezb then Fueda)zl,zFb—2 (1=2)=>1-c—(1 -3) 2
2Fe)—e—(1-72) and Fledt )2 Fo)zFih>1 -« 22 (c}—c—(1-~2). The-
refore. for every nzn,. L (F, )€z so that L {7, /=0,

We say thal a set of€ @ s a n-tight. =10, 1] if for every & =0 there
exist «, b= R, a=b, such that :

2
g

Fly=1- 2+ and F(h)y=r— ¢, for every Fed.

We remark thal a I-tight is a tight (sce [} p. 37]).

The following is a generalizalion of theorem of relative compactness
in 2 with the weak topology.

Theorem 3. Lol /=70 and 20, 1]; o2 is w-tight if and only if every
sequence of clements in of has a subsequence which is L.,-convergent.

Proof. Firsl. we suppose that «7 is a 72-1ight in 72 and let (Falwey St
be a sequence of distribution funclions. I'rom Ilelly's theorem there exist
a subsequence (f'i).ex of (Falpey and a bounded, nondecreasing. left-

continuous function I such that (F, Jeey converges to F(ey as n—ox, for

every continuity point ¢ of F. Let F(-per) —lim F(a) and F(—)—lim Fa).

It is obvious thai (!::f. [','-( o)< 1'-'( t+o0)= 1. For every ¢ -0 there exisl a. bE R,
ih__b_. such that [, (@)1 %4 ¢ and Iy (b)) =% - = for all n€N. Hence
F( ool:gl i Elll(l F(4c0)= k. We remark thal 2<min (17(+0c). 1 J::(- 0}).
1) If F(+o0) = £(—00) —k then, for every &) and for every ¢ R we have:
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Fiey—(1 -1)g g 1“'( oc) o kolim Iy (gl 2 Frey: 1 o From the theo
ren 2 it follows that ./, ;’r")—a'“- 2) I e ) 5 =) then we deline
7o Rl Tetting Fra !-"‘(r:) IH( =} ’-':‘-:'5 )= It x). for every ﬂef-"
Then Fe@. I ¢is a coutinuity point of F then ¢ is o contmuity point of 1-.
<0 1hal r’":.‘,,l'f')“ﬂ*ﬁ(f')- Then F(e) — ¢l <1 £ F(ey (0 2 e w (et =
F(= o) e FC ooy [1- Ko =T (o= B F (e Tine £ 0l Fy (e

-
- n

I [F(ae) - o) |4 FL vy Flev-k1 70 Henee £o0F, o F)-=0.
Converselv, if «f is not a 7-light. then there exist an ¢ 0 and (Fo)aex =
o such that Fo{-mz=1 -7 - or Fatn)=h -z Let (1‘.‘—”),15\ he o suhse-
guence of {F,),ey fo-convergent to a function e Let {gnlpex and
(Tw)mex be Lwo sequences of continuity points of 17 such that gu~~~-cc and
ru— 2. Then for every meN, Fg,) 1< lim f‘}n{f[m)é lim F,."(a‘:.,y
” EH

and  Ftry) -1 22 lim 1y (roz lim Py (=k)0 Therefore. Tor eveny me N,

Ftg) 1432y ¢ or [Firyipl—izl -2z llence Fi-ojgl-z or
Feoox)o-z. Bul this is a contradiction because e,

Remark. For every <00 let lcd)y=sup |7 :f=r-tight}{ and c(=d)
=sup {nief is Loesequentially relatively compact . From the previous then-
rem {cdy=c(c?). In addition. il " is the set of all nondecreasing. left-con
tinuous functions on £. I~ such that there exists (Fopevs of F,,(r)—-—)-[::(m
for every continuity pomt of Fooand {el)=inT -{min(f':( fon). 1 Fl-—cc)):
et then H(ed) = e(f) ~atct).

Theorem 4. Let -7 bhe the Menger melric defined on "0 by {2); then
VD, F. TwY is p-complele.

Proof. Lel (Fpeey be a sequence of 0 and of = {f,:ne N} Then
s [{ef)-tighl. From theorem 3. there exist F'e /D and a subsequence
(F Jngx such that Ly, (0 . F)—0.

Now. assume that (F), ey is 2-Caonchy @ then, for every w= v, L (Fy F o)
=0 as n,om—ec. IT A< 12 then (7 2)=0. hence (Fa)aey 15 Ttk 7)-
convergent to F. H 5> 1/2 and n- T (n 1)==2n—1, then there exisls v}
such that u<< T, (v, - So, L(F,. I, =0, henee, for every £.»0 there cxists
ne=N such that for every m. nzn, L(F,. F)<tzfd. There exist a'. d' =R,
a = b, such that for every ngn, FlaY-<e/d and F ()1 e 4. 11 1 o=n,
and c€R then F(O)gF(cbedj—z 451 and FoeygFyered) +2/4-
+1 . Hence Fy(a' — g4y, («') 251 v<gf245-1 - and Fob'—z/4)2
2R ) ~eld - Thv>y—e2 Lel a—e'-—c'd and b-b"~g/4. Then. for
every neN, Fla)="s+4 1 and F, (B >z Tt follows that (F.), ex is a
~«tight. Hence == {(cf). Then Lo(F, . I7)—0.

From Loy w (F, IV LF, )= LaF, . F). we have that (F),en
is Lo, -convergent to [ Therefore. (I)a\ is ‘I,J comvergent lo F,
for every w="T,(7. 2). so thal (FF,),ex is T,47. 7)-convergenl to [,

ﬂ,—.m;d\‘m e i

=Tl

A P=UCOMPLETE MENGER STRUCTIILE

=l

4. The continuity of Menger metries, Let (X, 2
Then I-".\'., .\.'—-('D. o T et Bl e [th 13
pseudometric induced by 7 '

Theorem 5. For rvery v oy v v N ur erery . TN s
and £, (0)y=u then Lo v (;’{;y. Fd ‘rft-”.i).l.':;.’ri;r:!.f ” 'f '“filﬂi“‘;l)}‘- it-
the probabilistic pseudemelric on D, . |
. Proof. Because Lu(f,,. Fy) 0000 suffices Lo consider the case when
tma =1 Fooand By, are left-continuous in o and b, Bence there exisl a,- «
and by b such that F, (¢} -7 and Fob)oow Far every e R owe have
j.‘!ll‘((' o (i ,‘:) J'-.._(!'._.,.((l'_)- F.- fe bl‘}) 2 F:-u(_”l) i FJ':-((' o !’1) = f“_ru((ll) -

ey Fythy 22 Foo) ity 2= o) = Thth. i) 2 Ifc) +
= hplin Yy -1 a0 Hence Folg b, (e 1 a, by b =1 w).
Similarly. FoAeYs Foleai b)Y a-b,- 1 T ).
Thercfore. Ly v (1, F )< tydhy e w -h '

Corollary I For every vooyou. v N and o, b0 we have

£ e a Menger space,
be the probabilistic

- F L Lyt 02 T, .k,

o Proof. 11 _;.(‘[-'W, Foa by 1 b, ). F,db)y then there exist 3,
Iy and o F, (0 such Lhat Ay Py te =0y T 7 0y, But. from
lho‘prm'muh theorem. o follows that Lo o (F o Fu)s ,
FErye Fad (a3:0)3 Tothi o). '

A similar vesull s oblained in Y, Satyz

Ihe following corollary shows tiat theorem
from [} and thus. theorem 8.2, from [6i].

Corollary 2. Letf (X, [ T.) be o Menyer space. Then for every
sequences o={r).ev. 9= (4 ey = and o yeEXN, we e

b so that

o generalizes theorem 5§

Feta)y—t2 - pia. D)= plE s fin I"f.—."n(”)'“;- )im F (<

(5) i
S Fald) =2 —p(x, 1) Pz .
for all cordinuity poittls a0 of 1,

Proof. For every g0, plrc )=l sup inl FrAd@)y>pla. 1) -2 It

) . . ) . -0 " kzn
lflollcm:,‘lhcnl. Tor every a0, there exists 1y =N such thal, for all n>n, we
ave F, (a)=p(x. 2) = 7 and Fyla) =pts. ) ===u. From theorem 3,

it follows that Loyt Ay Fy) < 2a0 Therefore (f

. oy dwex 18 Ly o usconver.
ae ; It . PN ) T k=
gent t? £y From the theorem 2. for all condinuity point >0 of I, we
have £, (a)— (1 i

-Tul 7 )} lim £, (d) < lim Fea WS Folu)-+1— T (7. u).
When £—0 we obtain (7). '
Because (z,), ey is 7-convergent t if i
. Lalnexn 15 4 B yaif u 3 X )20 @
tain from the previous cm-olhu-i-': o EE il Pl il

. icl;or!;'mil:r }. Xl ].{f '(rilfrt))n!%,\- :‘.s'(;_—r-mwcryenl o v and (yplaey Is u-conver
chst s s o en (. ‘)n v s T {7 wj-ronver e X
(D, 7, T5). ataln & A ergent lo F,, in
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SOME CLASSES O1F UNIVALENT FUNCTIONS WITH NEGATIVE
COEFFICIENTS
BY

B. A, URALEGADDI and S, M, SABRANGI

1. Introduetion., Let A denote the class of functions of the lorm
(B f(x)=1:4

that are analylic in the unit disk I

said Lo he in Lhe subelass K, neN, = 102, L0l

. . I.)M-}-] -

(2) Hc—-L > l .
(=) 2

where D" f(z) = L :

[0 = =5t 1O
convolution of two regular funetions). The class K, was introduced by
Ruscheweyh |2]. ket T hethe subcelass of 4 consisting of functions ot the

(* denotes the Hadamard product or

. R ) _k . TN : s ;
form f(z) =z k...q!(r~.|_ thalt are univalent in 2 and @, |«]. Uga-21, nE N,

denol;e‘h the suhc}ass of T whose members satisfy Re (D"f(2)) =+ for z€E.
L.e(;: T*(a) 311(] ((2) be he subelasses of T thal are respectively starlike of
order o and convex of order «. In Lhis paper we investigate some properties
of 9, [«]. ¢ peop ‘
A—1
2. The class Q,[x]. Lel ¢{n, I.'):( El (n—{-m))} (k—-1)! so thal
m==1|

Z an

= — i v g =k ) ==z
oy Z gﬂ c(n, k) =%, and  D*f(z)=:— ,‘S:"g ay | e{n, k) .
Theorem 1. Le! ['(:)»——:—*.‘;]D! ay ¥ be in T, Then f(5)sQ,[x] if and

only if Y ke, k) |ap[<1—a.
k=2

Proaf. Suppose

(3) Y hdno By ap (<1 —a

R



