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SOME CLASSES OF UNIVALENT FUNCTIONS WITH NEGATIVE
COEFFICIENTS
BY

B. A, URALEGADDI and S M, SARANG|

1. Introduction. I.et .1 denole the class of functions of the [orm

(1) fizy==:4 Z =B

1)

that are analytic in the unit disk £ {-: |z <21} A funetion f(z) in A is
said to be in the subetass Koone XN, - 00 1L 200000

DRz 1 o
- Re—12 == (z=E
¥ ERE )

where D" f(z) (- ) = f().  (+ denoles the Hadamard product or
1 —z)r+l

convelution of two regular functions). The class K, was introduced by
Rusecheweyvh [2]. ket Thethesubelass of 4 consisting of fuuctions of the

form f(z) —: Y, =¥ that are univalenl in £, and Q, [2]. 0<a—1. n=XN,

denote the subclass of T whose members salisiv Re (D*f())' -2 for z=E.
Let T*(x) and C{x) be the subclasses of T thal are respectively starlike of
order & and convex of order «. In Lhis paper we investigate some properties

of 9, [«}. .
2. The class Q,[a]. Lel ¢(n, k) =( ]_II -:'n—.Lm)]/ (k—1)! so thal

Al == |

s — =z 3 en, &) zF, and D*fis)=-— v ) s
iz ar Ez (n, k) fi= ;—]2 | ag | e(n, k)

Theorem 1. Let f(z)=:z—X la, | =% be in T. Then [(zy=Q,[2] if and
only if Y1k e(n, &) |a,[<1—0.

k=2

Proof. Suppose

() Y hen &) a1 —a.
A
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I is sufficient to show that ¢D#fizn" Tlies in a circle with centre at

w1 and radins | — 2. we hive
{1 l'(_.])' 1! = 2‘. Loy i, f-)
[ s satishied,

The last expression is hounded absve by i— = if
Conversely suppose that

Yo (D'ftzp Hv]\‘ Y b eln By 2 } =
choose values of = on the real axis so that (1fiz)’ is real. fetting s
along the real axis we obtain {1h

Corollary 1. If f(z) == N Lay st isin Qo] then s, €U —2)ke(n k)

with equality for the function )‘(-:) e ke, BY SR
Theorem 2. 0,4, [2]= Q. 121 for cach ne N,
DProof. Lel ftzy =< & wp ! stea, (2] then X kg | cn 1. )=

A k=l

<1 o and sinee c(n. Ky=scnd 3 b for h—2. 9%, ... we have XL ay|
K =

efn. Ky 1o, The result Tollows from Theorem 1,

Theoremy 3. Lel f(z) -z N la,l 2t be a member of Q, |=] und lel

F be defined by

&

(4) ==\ par g ;

4

d
(i) for every e 1. F'=Q,.02] ardd

(iiy for every ¢, —1=csu. I'sQ,., |z}
Proof. (i) Tn view of Theorem 1 it is sufficient to  prove that

i 1-Le
{(m vk 0, sl
*L_, btr )

Since I.G\"lJl a, el =17 and  the  inequality (ny Tollows,

iy Again in view of Theorem 1t s sufficient lo show that

. 1-¢
):: k r o, | ovintl Mgl
P l' L 2
sinee o{h, By (- ey (5 o) et 1 =00 Voe=p (=20 4. .0 the resull
follows from Theorem 1.
Putting ¢=0 in Theorem J we get the following

i e

R e
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~

Corollary 2. Let fiz) == }_‘.P dp ' be a member of Q, |2} and let F
he defined by
X i fit) = . .
b) Fz) = " dt. Then I(zye 0,4+, [2].

. e S| I -
I'heorem 4. .ol 1702 -=C =, ay =X be o member of Q,|x], f(z)=

—[1/(14-¢)] z47¢ [=F (D] ¢ 1. Then Re (D*f(z))Y AB (0<B<<1) for |z|<
< Fy Wwhere

r=inf [(1-+e}(1 = B/ (k+0)(1 =)Wl For k=2, 3

Proof. It is suificienl lo show that

|- u 3
7 (D*f2)) —1 /€1—8 for | z | <ry.
|We have

beag o oe(n, kY 1z |*L

(DY 1 )E

1
Hence the inequality (7) will be satisfied if

i L
) 2 k ite | e(n kY 21—,
= e ‘

Since F=0, [«]. lroin Theorem 1, ¥k fay! en, Byl —a and the ine-
k=2

iguality (8) will be satisfied if
. ke | ap | eln, k) |z ¥t - Elag!| cn, b

“lte 1—B T 1o ' 2
Solving it for |z | we obtain
L 2 ISIUH) A —P)I(k-+0) 1—)]IV5 D for k=2, 3, 4, ..,

._Writing {;]:ro t}_le result follows. The estimate is sharp for the function

P
F{z)m=z - — % _2F for some L.
Ee(n, k

Fheorem 4, for & =B, n=0 and c¢=1 vields a. result of the authors [3]-

-

Theorem 5. Lel f(z)=z—ku | ag ] 2% be a member of T*(a) and let

x

F(z)= j Stf 1 ft) dt= - Z _"f‘_ L2t

0
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Then (i) F(z)e T(e) for ¢=>—1 and (iiy F(zyeCia) for 1= ez,

Proof. (1) fiz}=7— S fap P T it X e (k=)< T—2 [4].
k=l

k=2

o 1Te la, (k=2 ¥, « (k- 711 —x Tence e AR
k;Ig L‘-@'—C Faat
(i) Let —1<¢<0. From (§) we obtain =F'(z)—={1 ¢} f(z) = cF(2).  Since
T*(x) is closed under convex linear combinations [4]. zF'(zy= (2. That
is Fel(a).

Theorem 3 is comparable to the following resull of Bernardi for « wider

w

class of functions [1]: Let f(z)= 2=+ X a,=* be a member of 8% Then

Wl

For ¢> —1,

F(z)=(c+1) =" [ (' fit) dt is also a member of 8§ for ¢—1. 2. 5.
Theorem 6. If [(}=2— X ay ¥ is « member of (ufz] then [iz) is
h=2
convex for |z < r=r(z) — inf {e(n, D) ((1 -2} th=1) f=2, 3, 4, .

The estimale is sharp for {he function f(z)=z—[(1 —=)/(ke(n. k)}] z¥ for some I.
Proof. Tt is omilted.

ta

Theorem 7. If f{(z) =1~ £ |a, % g(z)=:~ L by 25 are lements of Q4] 2]
& kw2

S

i e L, Il Dy — g
then h(z)=f(D)+g(zy=:— X | a, b, z¥isan element of -Qn{ : rJ j) 7
e In o1

Proof. From Theorem 1 we knrow that

Y koay el K)El—x and X k' by e(n, hig l—a

E=n r=2

We wish to find the largest 3—=2(z) such that 2 £ a, by cofn. <18

hae's

or, equi\'ale;uly, we want to show that .
w [ ) Lk Ll S .
(10) '}, SR ) <tand (11) ¥ Kb )y shoutd imply that
k=2 1= = 12
| | 1y | eln, k 2 12y — 2¥
(g oy hlol A R) 1 for all Bemp(a) g T2 2
A= 1-3 2An=1
From (10} and (11) we obtain by means of the Cauchv-Schwartz |
inequality : ]
(13) 2 A‘V ay | by e, k) < 1.

o] 1—=
Hence it will be sufficient to show that

klar (bl o KIO—8)<k YTa, 15,1 e, B(1-x. 3<B(2).
E=2a3 al ey
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(14) V i, b, <l Y (- 7). ;
From (13) we gel V ey by =(1-ay(keln, k). Henee (L) is satisfied if
(15) (1 2y (ke A== 8y (1—=), for all u,

Inequality (13) is equivalenl lo
(16) B 01— 2y (ketn. ).

The right side of (16) s an increasing funclion of &, F==20 3, . Tience, putting
k=2 in (16). we obtain (2n— 1= 2 2% (20— The estimate is sharp for
the function

Jiz) gty s (1= ) (AL 1) =
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