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ON_ ORTHOGONALITY AND ON ADJOINT OPERATOR IN
' H-LOCALLY CONVEX SPACES

BY

EDWARD KRAMAR

1. Introduction. Let X be an H-locally convex space, i.e. a locally
convex vector space whose topology is generated by a system of separating
Hilbertian seminorms P={p,, a=A}, where A is some index set [5].
Denote the semi-inner products by ( , ),, 2« <A. P is a calibration since the

«  sets {zeX, p(x)<<e, ¢=0, «=A} constitute a neighborhood sub-base
~at'0 [2]. We shall study the notion of orthogonality in such a space, we
~ shall prove the existence of vectors orthogonal to some elements in X and we
will obtain some criteria of normability of such a space. In the last part we
~ .shall treat the notion of the adjoint operator in an H-locally convex space.
We shall prove the existence of such an operator for some finite rank ope-
rators and we shall show that in a nonnormabie H-locally convex space each
finite rank operator does not have an adjoint operator.

2. On the orthogonality of vectors. Let X be an H-locally convex
space. Two elemenis z, y=X are said to be orthogonal if (z, y),=0 for all
a €A, This relation, which will -be denoted by L, has similar properties as in
he Hilbert space, except that there may be some vectors which are ortho-
‘gonal only to"the zero vector.” With ML ‘we shall deriote the set of vectors
pich are orthogonal to alll vectors from the set M in X,

To a given vector y = X we associate the following set of linear functionals
<A}, where

E fr(t)=(z, o zeX.

corem 2.1. Lel X be an H-locally convex space. Then for ye X, y#0
zisis al least one nonzero vector orthogonal to it, if and only if the system
A} is not tolal in the dual space X'.

Proof. Let there exists some zeX, :#0, ziy. Define F(f)={(),
', then from the Hahn-Banach theorem also Fs0. Clearly, Fe(X})'
ere X, is the strong dual of X. Now, we have

' ; _1-||.|- ‘ F(f:)—_-fg(z)z(z,y)a:(), acsA

1d the above set of functionals is not total in X'
Conversely: suppose the above system is not total in X'. Then there
 some Fe(X,)’, F#0, such that F(fZ)=0 for all a<A. Since an H-loca-
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Ny convex space is semireflexive [6]. there vﬁsls some =N, such Lhal
F(N =), f=XN' and clearty, z#0. From D ==l([2y=[2z)=(z. @), il Tollows
that o1 y.

Femort. This result ean be found also in [1] when p,. 2 €45 are norms,
the set /7 is countable and X is veflexive.

Lei us now define the following sct

Fafea XN, (1 gle patel==(x. ey pie). x. 3=A. re= XL

It s mumediate that e F i and enly if, for cach r=XN. lhe quolient
(x. e),/p¥e) is independent on those 2= A such thal pyle)==0. We can verify
easily that If is elosed but in general il is nol a subspace in X. The following
(heoremn was proved in [7] tor the case I7=X hul the same proof can bhe also
applied if F is a subspace in X,

Theorem 2.2, If I is o subspace in an H-locddly conver space X {hen
there exists g norm Vi ' on I oand K. z0. x=A, for which
=T oA W

pAYI -k, x

Thus, in that case F is equivalent to a pre-Hilbert space. Since the ahove
sel depends on e choice of the family P of seminorms on X it will be deno-
ied in the following theorem by Fp For Lhe barreled H-locally convex
spaces we shall prove

Theorem 2.3, Lol N be complele barreled H-locally convex space. If
there cxist Hilbertian calibrations Py on X such thal Fp are subspaces of X,

ol 9, Lo and

K‘—‘-Fp,@sz@ @P—r,,, :
then X is normable by some Hilhertian norm,

Proof. Each of F'r is closed subspace of X and by the previous theorem

all seminorms on il are proportional to some Hilbertian norm

R - U S DU RO

P =Ky gt yek,

"

an unique wav as r= o, r;e=F, and
X Py

An arbitrary x = X can be writlen in
!

we  define
(2.1) LTI i W
p=l
Clearly, ' /| isa norm on X. Since all |- '; are Hilbertian, this norm is ohvicus-

n g on X,

ly Hilbertian too. Choose now an arbitrary continuous seminori
[ 2Ny,

Then for each i i=1. 2 ....m, there exist ;20 and p, =P, j=1.
such that

glz)s C; max {pi(a), j=1 2 .onp viE=F,.
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Using the above pmporlinnalili(‘s we obtain

Hrysd, &, . nElpoi=120..om

-5 i ) COW. W 11
where d, — max { K, . j 1. 2 ...;m | Now. we can estimate

B "

q(_t-)g:]]ff{.t'f)glﬂlrl,- Tp2d x

where we denoted o —( .‘:Z_ d*) 4 Thus. the topology < generated by the above

norm is finer than the original one = Lel us prove that N s also complete

i

in the ahove norn. I | "' His a ='-Cauchy sequence in X and if 2" =X 2™ |
1=1

ne N, then (2.1) implies that {r"'} are Cauchy sequences in I, which are

complete. Hence we have lim " —x, ;=0 where r. &/, i==1. 2, .. m.

o m

and consequentiy lim r 3 =0, wherer =Xr,.
pra

1=

from the Hilberl space (X. ="y onto the barreled space (X, 7) is continuous
and. by the open mapping theorem [8] . hoth lopelagics coincide.

J Let Li¢,. a.. ... u,) denote the linear span ol the vectors a, . ...
@, X. We shall conneel the set J° with the orthogonality relation.

Lemma 2.4, In an H-locally convex space X the following stalements

are equivalent

(i) asF, (i) X=L(aO@L(OT. (iii} for arbilrary v&X, r«¢ L(a). lhere exisls
yeL{a.x). y#0. such thal y.a.
' Praof. Let us first prove the implication (1)==(ii). Choose e <), xd L{a)
and B<A such that py(a)#0. Define »=(x, «)./pi(a). then this number is
independent on all €A such that pa(@)#0. Put y=x-—ja: then obviously
» @);=0 for all x=A (if x=A is such that p,(a) =0 this equality holds tri-
Hy). Hence y = L(apt and we have £ =hg--y. This decomposition is unique
L{a)n L{a)T ={0}. The case r<l{e) is trivial. In the same way we
rove that (i) implies (iii). Let us check that (ii)=>(i). Choose first z < L(a),
here exists 3.#0 and yeL{@)l such that r=ha<4-y and it follows

Ihe identity  map

O=(y. o), =(r, a),—wpia). z=A.

m;ljllies that (r, a),/p3(a) is independent on all x €A such that p,(a)#0.
) ase e L{a)l this quotient is 0 for all z<A. Thus a=F. Let now
(i) “be true. Choosc «. x =X such thal a#£0 and a4 L(«). Then there exisls
of the form y=j)a+uxr. yla. By a shorl calculalion we verify again
afF. Thus (iii) implics (i), ’

From the above lemma il follows immediately that cach vector from
s a nonzero orthogonal vector which helosgs even to a twodimensional
space containing this vector. This situation is characteristic for the nor-
I 1lity of an H-locally convex space.

Theorem 2.5. If in an arbifrary twodimensional subspace of an H-locally
ber space X (dim N>2) each vector has « nonfrivial orthogonal beclor,
X is equivalent to « pre-Hilber! spuce. |
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Proof. Choose arbitrary a= X, a#0, and v % L(«). Then there is som
ys#£0, y=IL(a, x), such that yla By the above lemma ¢ =/, hence F=XN anf
by theorem 2.2 X is equivalent o a pre-Hilbert space.

3. On the existenee of the adjeint operator. In [3] we delined fof
a linear operalor A on an FH-locally convex space X the adjoinl operator .

by the relations
(3.1) (Ax. yly=(x, A%),; r, yeX. 2=A,

We noted that the adjoint does not exist for each continuous linear operato
Also, as far as countinuity is concerned, there arise difficulties. If .1 is cop
tinuous in the sense p,(Ax)< Cap,(r), x=X. 235, then A° is continuous
this sense, too. The conlinuity of A° if .4 is continuous. cun alse he provel
if the space is metrizable [3]. We shall prove a generalisation of this resulj

Theorem 3.1. Lel X bhe a barreled [{-locally eonvexr spuce and A,
linear operators on X such {hat

(Ax, Pa=(x, By),; =, yeX. zeA,
Then both A and B are conlinuous.
Proof. We may assume that P—={p . x=A} is a calibration on

Choose arbitrary a<=A, denote U, ={zeX, p(n)s1} and define the -,.
{f,, y=U,} of linear functionals of the form

f(x)=(Ay, x),, reX.

This set is pointwise bounded since | f(x) = {(y Br), =p.(fix) for
ye U, and by the Banach-Steinhaus theorem it is uniformly hounded

There exist pg e P, i=1, 2,...,n and M, >0 such that |[f(x) = M@

max {pgl(r), i=1, 2, ..,n} x=X, y=', and we have
(y, Bx), |£M, max {pg(2), i=1. 2....n}; zeX. ysi,. ;
Let first x=X be such that p.{Bx)#0 : then putling y=Bx/p,(Bx) we ohta_'

pABX)S M, max {pa(r). i=1 2. ..n} r€X. ;
If on the other side p (J3x) =0 then this inequality is trivially true. Thus
B is continuous and by the simmetry this is true for A, too.

Coroilary 3.2. If in a barreled li-locally convex space X for a lined
operalor there exists the adjoin! operator, {hen bolh are conlinious.

As usual, we shall denote by ker {A) and im (.1) respectively the kerne
and the image of A. We call A a finile rank operator if im(A) is finite dimen
sional. :

Lemma 3.3, Let X be an H-locally convex spuce and A « linear conly
nuous and finite rank opercior. If the adjoinf A° exisls if is aguin « finite rang
operalor and ¢

dim im (%) ==dim 1m (4).

Proof. Let us choose -=im (A% ker (A). Then there is some y&.
such that =A% and for all x=A we have '

PH(2y=(z Z)a=(z. A%k =(Az, Ya=0.
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thus =0 and it follows that 1 (A0 ker (1) = J+], Consequently, the natural
mapping im ()« X'ker (1) s injective and we have dim im (A9)=

<dim X/ker () ~dim im (). Sinee 4™t we have also lhe opposite
inequality dim am (1) —dim im (A™=dim  im (A% and  the proof is
complete.

We shall conneet the exastence of Vthe adjoinl operator of some finite
rank operators with the vectors from the set I,

Theorem 3.% Lel N be an H-jocally convex spuce. If for A = a&f. where
asX, feX. f#0 there exists the adjoinl operalor. then as/,

Proof. To avoid teivialily, we assuine «5#0. By the above lemma A® is
of the form .1°=0®@y. F=XN. g= X and clearly b0 and g#0. From the defi-
nition of the adjoint operator we oblain

ftoita. gl =g {x. b, : 2. yEX. 2=A,
For z=b we have
fiBY (a. i =gty) pith). y= X, 24,
and it follows that f(b)#0 since g0, Finallv. fix y=a
f(B) p(e) — i@y pih). <A,

From the last two cqualities for arbitrary lwo indices x 3=A it follows:
LAY P ((y. w)y pi(e) - (4. @3 pHa)) =0, and  consequently «sF.

The opposite direction of the above theorem is in general not true.
We shall obtain one result of this tvpe for a special case. But. first we shall
prove

Proposition 3.5. If in an H-locully convex space X for a linear aperaior

- A the adjoint A° exists. then

(i) p(Ae)=K . p,(e). x €A, r=F and K is independent of x <A,

(i) F and FL are invariani for A.

Proof. Let e<I" and put in the definition of the set F: r—A94e,
ien we obtain PalAe) pale) = ps(de) ple) for all . B=A. We may suppose
at es#0, then there is some v =7 such thal p.(R)#0 and (5) follows with
Py Ae)ip.(c).
t(31:(_1)15 prove (ii). Choosing arbitrary =/, r&X and %. B<A the sta

1) implies that : (ur. Aeypitey=(Atr. o), . K® CpEle) ~(Aex. e)a.

pg(e)z(‘r Ae)gpi(tey thus, desl ' ’ ( 3
At s clear that then also A(FY< I since A" exisls. Hence for e= FL
_(ilf, Yz =(e. Avy), =0 for all y=i-. consequently Ae= L,

Beorenm: 3.6. Lel for fwo elemenls . b in an H-locally conver space
e following two condifions he frue - ! i
b E I,
PA@) =K . p,(b). x=A and K is inde =

_ : 5 pendent of all x=A.
hen for the operator A of the form !

¥ 1

Ar=(r. a)yb; r=X. <A,
: fdjoinl operator exists and is of the form

A%r —(r, b)ye, x=X.
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Proof. YWe may assime that a0, 6£0 and then is K#00 Loo. Let s
choose Tirst 2z = A such that pfa)#h then alse podh)z0 and we have

e e L a)s (B (e ady pita) po(ad g,
(. dhy p2 pyc U (b gy, )b g Aty

where we wrole A%y (. a1t 23 s such that p ) =0 then also
poiln =0 and the above relation holds Lrivially

CAe gy, e ARy, s adl (o, the gyt ar, =0,

As o consequence cach operalor of The form e =t o). e, =N has
the adjoint operator, FUas alse clear that a linite linear comhmation of the
aperators of the above Torm again has the adjoinl operator. Thus

Corollary 207, For cach operalor V of the form

A i‘.(t'. iy Pooovm N,
¥ 1

where 3.8 and a b=l i1 200w such that  ptay =K p.th)
a= A i1 2 o there exdsts the adjoinl operalor.

Unfortunately. in o nonnoermable fl-ocaliy convex space cach finite
rank operator does nol have the adjoint opevator. pamely, we have

Theorem 8. 1) i an H-focally conpex space cach finite rank operalor
has the adjoint aperalor. then ol is equivalent to a pre-dlithert space.

Proof. Chouse arhitrary =X, [f= X', Since Jor Lhe operator a®/
Phere exists Lhe adjoinl operator. by theorem 3.4 it Tallows thal a<=F. Con
sequently - X and by theorem 220 there is some e A such thal pooas a
norm an N and all p,. 2= are proportional to it.

Let us point ont thal we proved in [4] such a result Foy the case ol an
H-locally convex space with an orthogonal basis.

REFERENCGTES

I Haslinger ¥ - &n the geemelrp in projeciine fimits of Hilbert spacrs. I, Math. Anal.
Appl. 80 {1981, 133 — 160,
Joseph Beundness and conpleiness in lovally conpex spuecs and algebras, J. Ausb
Malh, Sec, 201 (1077) o 63
S K raurar b
Rouge, Malh, Pures Appl 26 (1981, G0 62,
{, kramar b
gonal basis, An. S Unive LAl 1L Cuzas Tasiosc 1 a Mat. 30 (1984). 135

|

s Precuaupanna T, Espaees  linégires & semi-pormes  hilberlicnnes Ihidem §0 (1969),

3=,
6. Preceupana 1.
Ihidem 19 (14973 73— V8
T.obPrecapanu 1.
ges. Rev, Rount, Math, Pures Apphk 131970 1085 1038,
® Bobertson A 1, Rebertson WL
iy, Press, 1961,

Receined 170 JisG {tepurtment of Matlemeaties

Ik, Universily  of  Ljubljana
wtave fgubljona. Jdadrenska 19

Y ngostuvio

Locaily conned dopedagical vector spuces with Hilbertiun seminorns. Rev,

Linear operalors and muatriees in H-locally conpex spaces o ith an ortho-

sur Uespaee dual un espace lineaire @ stmi-narines hithertiennes,
Bases orlhogonales dans des espuces linéadires @ semi-norms hitbertic-

Topological  YVreelor Spoces Cambridge

Anatele stiintiflice ale Lniversitaiin AL L Cuza din lasi
Tonm) XMNNIV, s 1o Matematiee, 1988, Il

PAIRWISE SEMIREGULARIZATION AND  SUBMANIMALITY OF A
BITOPOLOGICAL SPACE

By

AMLOND MURHEREE aml Go K BANERJEL

1. Intreduction. [t the study of maximal lopological  spaces 1t s
ohserved Lhal some maximal spaces are submasimal {e.g. see [B]0 [1]. [0
Bourbaki (2] alter associating  a semiregular space Lo a topological
space, introdices submaximal space and Then gives o list ol its properties,
The associaled semi-regular space o o Lepelogical space s termed semi-
regularization of the space due o Cameron [ Herein this article we
‘generalize the related Taets Lo bitopological spaces which were initialed by

Kelly [3].

. In Section 2. our objective has been to mvestigate whether certain
well-known bitopological * properties are  pairwise  semiregular properties,
In course of ‘this study we have. at the smme time. found improved versions
of some of the resulls of [1T] We have also characterized pairwise ro-equiva
lent bitopological spaces.
fn Section 3. we have introdoced and studied. Lo some extent, paitwise
submaximal hitopologival spaces and have established the exislence of a
airwise submaximal space which is finer than o given hitopological space.
imately we have inferred that every maximal 7 (minimal-1t) bitopological
is pairwise submaximal (semi-regulany if R ois o pairwise semi-regular
tv and this has enabled us 1o recognize cerlain minimal (maximal)
agical spaces 1o be pairwise semiregular (suhmaximal). These latter
nay find good applications in the study ol waximal and minimal
sical spaces.
.\". (. Q) or simply by N we shall wean a set XN equipped with
gies (¢, and @,. The word pairwise” shall be abbreviated as -
-L_(),--t‘l A shall denote the interior. and respectively closure of AC X,
pology (), (i=1 or 2). Xspace (N, (M) is called p-ltansdortf
vsohun [12]) if for every pair of distinel poinls vy of N,
H|Q.‘-u|)cn sel o4 ednlaining v and Q.-apen seb 3 conlaining y such
AB=@(0-cl AnQ,cl B @) 4 space (N. Q). Q) will be called
- e ' A spansion of (N. Ppo Poib (XL O Q)
er than (X. I’ ).
% S(-mirl'gularizalliun of bitepological spaces. Let (N Q. ) be a
-\ Q,--f)pen sel ! will e calied ij-regularly open [11] or simply an
L U =Qpint Qcl U, where i, Joo L2 and i N subset A of X is



