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As a consequence cach operator of The form da o (aepe es B =3 s
the adjoint operator. 1Cis also clear thal a Tinite linear vomhinaiion of {he
operators of the above Torm again has the adjoint operalor. Thus

Corollary 3.7, For cach operator v of the fori
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1. Introduction. In the sludy of maximal topological spaces il s
observed that some masimal spaces are submaximal (e.g. see |3 [ [10]).
Bourbaki [2] alter associaling a semiregular space Lo a lopological

"

dr=200 apds by e N

1
- : space, introduces submaximal space and then gives o list ol ils properties.
here 3,2 el ol o osuch thal pota=TRp (b ' 3 . A . :
”ZK 31 IA., il "'”I,' : '! .’!h' o .::! a t“:h that = pyta, Pale) Lhe associaled semi-regular space to oo topological space is Leried semi-
* . 2o on fhere erists adjoind operalor, - el . : . : . . -
. : S o ¢ ot peis regularization of the space due to Camevon [1]. Here in this article we

Unfortunately, in a nonnormable [H-loeally convex space cach finite
rank operator does not have the adjoint operator. namely. we have

Theorem 3.8, [f in an H-locally convex space cach finile rank operalor
hus the adjoint operator. then it is equivalent o a pre-UHilbert space.

Proof. Choose arbilrary ¢ X. f€N'. Since Tor the operator a®@f
there exists Lhe adjoint operator. by thearem B0t follows that e/ Con-
sequently I N and by theorem 2.2, there ds some - &3 such that p.is a
norm on N and all p,. 2=\ are proportional Lo il

Let us point oul that we proved in f1f such a result for the case of an
H-Yocally convex space wilh an orthogonal basis.

generalize the retated facts Lo bitopological spaces w hich were iniliated by
Kelly [3].
In Section 2. our objective has been lo investigale whether eertain
well-known  hitopological * properties are pairwise semiregular  properties,
In course of ‘this study we have, al the same Lime. found improved versions
of some of the resulls of [11]. We have also characlerized pairwise To-equiva
nt bitopological spaces.

In Seciion 3. we have introduced and studied. to some extent. pairwise
paximal bitopological spaces and have established the existence ol a

S pairwise submaximal (semi-regulur) il R s« pairwise semi-regular
and this has enabled us Lo recognize cerlatn minimal (maximal)
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Qropen sel U Wil be called ij-regnlarty open [11] or simply aun
[ E=0iint Qpcl U. where i 102 and i#j. N subsel .1 of X is
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Note 2.8, Tt is proved in Theorem 7 and 8 of [11] that if (X, @, Qo
is p-Hausdorff (p-Urysohn) then (X0 Qf. @) Is pairwise 7, (respectively
p-Hausdorff),  Since p-Urysohn = p-Hausdortl = p- 1, the resulls  in
Theoreins 2.6 and 2.7 have strengthened and improved respeetively Theorem
7 and 8 of [11].

Definition 2.9. A spece (N Q. Qo) is called p-I7 dff each point x in
is the counlable infersection af the Q-closures of (b-open sefs containing x
and is also that of the (s vlosures of Q-open sets contfaining .

Theorem 218, ) iN. Oy (=) is p-f,. then (N. (], Q) is alsn so
and conversely. ‘
Proof. For the first part we are only lo observe that of U=, then

calted an ij-re set iff X .Uis an ij-rosel. The colleclion of all tj-rosets formsy
a base for a topology (F which is coarser than Q.. j— 1. 2 and i#jy. Th
space {N. (. (f) is pawrwisc semi-regular [L1} (i.c.. a space such tha
the set of all ij-ro sets of (Xo (1. () forms a hase for @) and we call it the
p-semirvegularization of (M. (5. ). [n the last sentence and in subsequen
statements wherever i and j both oceur. we assume that t#) and i, j=1. 28

Theorem 2.1, Lel (N. O, Q. be a space and (X, (. @) be il
p-semirequiaritzation. Then for each U=Q, Q- U=Qi-cl 1" and Q-int Q,
el U=-inl Qi-el L.

Proof. 1et Ue(,. then Qp-cl U (-l U as (0,000 Now  we fin
that Qqinl Qrcl (N— Q¢ () Qpint Qrcl Qmt (N =) = Qp-int (X —U) | ] e Sl L . ; el
SN Qeel U which implies that X Q;(-I(l is ji-rosel, hence O,-cl [0 gV =Qeint (Qrcl U)=Ql. UCY and by dheorem 2.1 Qpd U=Qpel 1
@, *~closed and therefore Q%-cl UC Q¢ UL Thus Qpel U =Q-cl U, @%-cl V. The converse parl dl.s_o follows Trom Theorem 201,

Again O -int (Qp-cl DY D@-int (@-ct '), since ¢, DQF (1 =1. 2) ang Definition 2.11. A space (N Qi Qo) 18 called (j-QHC (termed [j-almost
Orcl U=0%ct L. But il V Q-inl (Q,-cl ). then V-oQrint (Q-cl V) ompact in [7]) iff any urhrt_raru Qropen cover of X has « finte subfamily.
so Vis (f-open and since Vs contained in Qf-cl (. we have Qpint (Qy-cl U) he union of whose members is Qpqdense in Xo We define (N. Q. () to be
—=F-inl (Q-cl U). Bij-feebly compact if in the above definition only countable Qopen cover is

Corollary 2. 2. .\ spuer (N. Q. () and s p-semiregularizaiion  hav aken instead of arbitrary Q-opert cover. X s called p-QHC (p-feebly compact) iff
the same collection of ij-rosels and henee hape the same colleclion of (j-roselsgit Is 12-QH C (12-feebly compacl) and 21-QUC (21-feebly compacl).

Nofe 2.3. In Theorem D of [11] il is proved thal the family of ij-rosetfi Theorem 2.12 [8]. .\ space (N, Q.. Q.} I&s J-QHC (p-QHC) iff
of (N. Q.. Q) and thal of (N. ¢f. ) generate the same topology. Now@lX, @, Q8 is §j-QHC (p QI
Corollary 2.2. presenls a much clearer insight o the result. We now easilv obtain,

Theorem 2.4. If (N. Q. Q%) is the psemiregalarizalion of (X, (. Gy Theorem 2.13. (N. Q.. Q.) is ij-feebly compact (p-feebly compucet) iff
rt}:?d' (N, Q% QY is « p-senureqular space with W NCTQ: (for 11 2 . O, @5 is respectively so.
then Q) =@ (for 1=1. 2). : Definition 2.14. A subsel .\ in a space (N. Q. Q,) is said lo be {j-semiopen
. Proof. ket U7 he an ij-rusel in (X. Q) Q). then Ql-ci f: Q',’-—Cl iff lhere exislts Be Q, such ‘:'h(rt (Hc(.lg)@-cl I andjhenrr piﬂ'
since CQCQ: and Q-cl U7 = Qucll.  Also  i-inb((-cl U7} = Qrin Q,-cl (Q-int A).

(@-cl U}, therefore. Qp-int (Qy-cl U)=QinL (QF-cl L) 1. Thus L s 2 A space (X, Qy, Qu) is ij-S-closed [6] iff every ij-sentiopen cover of X has a
ij-roset of {X. (J,. Q?) and hence {7 =04, So we have @f. =Qf fori=1. 2. ubfamily whose Q -closures cover the spuace. X is called p-S-closed [6] iff
p ffenmrk 2.3, 'llhe above theol;lem fimplies that gi\'eltl any space (X, @ -S-closed as well as 21-S-closed.

2}, 118 p-semiregularization is the finest p-semiregular space among ak ¢ 15, (X ; T g . .
the p-semiregular spaces which are coarser t]{an (N, %,. Q,).p :[[;; i:o (X, Qi Qo) Is {j-Seclosed (p-S-closed) Jf (X, & &)

Theorem 2.6. I/ (N. Q. Q) is  p-Hausdorff then (X, (A @) _he theorem f[ollows fromn Corollary 2.2 and the following lemma.

p-Nausdorff and conversely. i 9 = .
Proof. Let (X. ;. Q.) be p-llausdorff and r. y be two distinct poin# 216, A space (X, Qi Qu) is {-S-closed iff every cover of X
has a finite subfamily which is a cover of X, :

of X. Take U,=Q; and V,=(; such that r=1, y=V; and UnV,=0

We have. Q;¢l 1,0V, — ¢ and so Qpinl (Q-cl Un V, - @f. Consequentl f.C_.' i.s any ji-rc sel in X then it is also ij-semiopen and Q;-closed,

Qeint (Qp¢l Upn@pint (Q-ct V)= But r=Q¢int (Qpcl U)<sQ; an ecessity part follows.

yeQ-int (Qi-cl V)= Hence (X. . (%) 15 p-ilausdorff. i,condition hold and {G, : 2 =1} be a cover of X by ij-semiopen
The converse part is clear since 3@, for i 1. 2 . d5el G =0ycl (Qr-int G,) is u ji-re set for cach o' =7 and also
Theorem 2.7. If (X. Q,. Q.) is p-Urysohn then (X. Q. @3 gL '}:-covers X. Hence by hypothesis. N is ij-S-closed.

p-Urysohn and conversely. Evin [9] defines a space (N, Q). Q) to be p-connected if X
Proof. Let (X. Q). Q.) be p-Urvsohn and v. y be distinct points of X lgexpressed as the union of two nonemply disjoint open sets. one

Choose U,=Q, and V,=Q, such thal r=1",, V=V, and Q-cl UinQprc! V3 Qr-open and the other Q,-open. Now we have

—@&. Let 1',=Q,-int (Qcl U))and &, =Qint (Q,-c1 V). then x € T, =] at torem 2.17. (X, Q;, Q.) is p-connected iff (X. Q% 0. is so

yeS§,=@. Also we have (using Theorem 2.1) @ ¢t U, = Qqci T, = @j-cl f- We only observe that if A =Q, and B=( such th ft X==A B

and Qpcl V,=Q,-cl S, =@-cl S,. Hence (X. Q}. @4 is p-Urysohn. 14 @, then A<@ and Beg. U ¥y a == Al

converse part is obvious. : ’
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Pefinition 2.18. 4 bitopelogical property s stid fo be a p-semireqular
property provided « space (NL Oy ) has the property ROGfF(N Q0 ) has
the property R, )

From Theorems 2650 2.7, 2100 2,120 2003, 2000 and 2,17 we can now o say

Theorem 2.1% For a bitopelogical space, the property of being p-lansdorf]
or p-Urysehin orp Lo or p-QHCor p-feebly compact or p-S-closed of p-ronneeled
is o« p-seniregular  properiy.

Definition 228, Twoe spaces (N2 O Q) and (X DL
he p-vo-equivadend iff Q7 P for i—10 2

Theorem 221, An erpansion (No PPy of o ospoce (NC Qg Qe s
p-ro-equivalent fo (N (). O iff Pi-ed U= Ol UL for all U=

Proof. Let U= D0 then Pl ECQ-el UL sinee P30
Now lel VXN - Peel U Peint (N D) then Peind (P -l Vo Voand
therefore V= 127 which s swme as 070 Henee VeQ, dien Peh U is Q-closed,
s0 Qrcl UC Pl UoThus Precb 7= Q-cl U Converselv, let (X, 0 P be
an expansion of (N Q. QL) and Pl Qe U Tor ol U= P00 To show

Py oare said o

M0 (Tor i =1, 2) we observe thal the base Brim =1V Ve -inl
(P-el V)L Tor Py7is identical wilh the Tamily (N Prel U2 U= P 0 In fuct
il '/, then X el LBy and il V= Print (P el V), then

VX Dl U owhere U X P eb Vo By our supposilion Pl U
Qrct UL for all £ =P, Henee B (PO, which implies thal - P Q,
(-1 2) and therefore by Remark 2050 P00 Again O implies

@ECP, and so QT for i 1020 Hence we get 7P (o 10 2)
3. Pairwise submaximality of o bitopological space,  Pefinition 3.1,

Let (X, 0V, 0% be « posemireqular space and © be the collection of ofl space s
(X. Q% . 0 ahich are p-ro-equivalent lo (N QF . QU thal is. p-senvireyu-
larization of eqch (N, Q¥ 0% ) is (N. @ Q. Then € is parlially ordered sel
under the relation =7 such that (N, QL OZyS(N. Q4 Q& #f 2CQ% (for
i=1. 2 where (X, Q% Q% and (X. Q. Q%) are in € Then
element of € is defined to be p-submaximal bitopelogical spuce.

We now prove the following existence theorem Tor p-submaximal spaces.

Theoremn 3.2, Every bitopelogreal space is coarser than sente pestthmarimal i

e,
Proof. Let (N. ¢, (1) he a bitopological space and let {(N. (F. Q%)
be ils p-semiregularization. Let © be the colleetion of all spaces (N. (. 03 )

such that O™ ¢ (for i—1. 23 € is a poset with the relalion "<’ such
thal (N, Q5 03 (N, Q8 0 il QP CO5 Tor i—1.2
Lel O, = 3N, QL 000 Q007 Tor i 1028 Then € is also o pusel ander

UOT and B, U0

the same relation as in €. Lel ¢, he o chain in €, Let 4
where (N Q. Q)=

0. Tor i 1.2 Obviously, QL Tor i—1. 20 We  show that £
tlor i 1.2 e (N. O () and (N, Q. Q) are p-ro-cquivalenl. fet
UeQ. Then OFcl UD0-el U oas QC0 (i—1.2). Let vsQ- U and

let W he any Q-open sel containing 1. 1et W,=08, such thal =W, W
then W eQ* Tor some (N. OF QD=0 Let W, Q¥ -int Q7 -cl W, then
Wi O, (sinee Wi=0* Q) and =W and therefore Wi = @
Let y=Winl and gy, U where y=28. Then U, =7 for some
(X, 0% )=C, Now il possible. let Wn U= gd. then Won LU= ¥ and

a marimal

N s elear that B, forms a base for some topology |

50 &
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Qe Wi ', - @, Bul (N, Q5 0D and (X, Q. (8 are comparable
and  p-ro-equivalent. Heance by Theorem 2200 (7%l W, (el W, and
therefore Wi Q%-cl W, which mmplies Win @ e ys W This

contradicts that g Win . Henee WA UE@ v asQ=cl 1 50 Q-cl U
@;-cl U. Thus (N. O 00=C, and clearly it is an upper bound of €.
Hence by Zorn's Lemmi O has o maximal element. say (N. Q). (). This
maximal element of 2 is obviously a maximal element of € and therefore
(X, Q. Q) is a p-submaximal space which is an expansion of (N. ¢, ().

Theorem 3.3, .4 space (N Q0 () is p-submarimal if every ) -dense
subset of X s Qropot.

Proof. Let (N. P 72 be an expansion of (XN, Q. ) sueh thal
P=, for i—1. 2. lel L=, then ', =DP-int P~ "2P" and  so
U,€0,. Also let V=1U (N Q- Uy then Vois @ =dense. Therefore by hypol-
hesis V is Q-open. Bul U=,V (sinee P -cb 0 Qpcl 7. by Theorem
2.21). hence {'=(Q; which inplies Q.= P, Thus (XN. 0, 0y is a p-submaximal
space,

Delinition 3.4 () .V subsel A of o space (Xo Oy (L) is said (o be p-
dense [11] iff every nom-emply sihset of Xowhich is the tndersection of @ Q-open
and a Q-open subsel of N has non-poid inlersection with A
by [3] For u topological space (No Q) and for any subsel A of X. he space
(X, Q(A). where QCA) is the topology generaled by the subbase Qu 1A s called
- the simple expantsion of (4 by L.

E Remark 3.5, As a simple consequence of the above definition we see
hat a subset .1 of {(N. @, Q.1 is p-dense in N il .1 s dense in N owast, the
topology (L), for cach U=, or equivalentiy ilf .1 is dense in X owort.
- Lhe Lopology Q.(V) lor cach V=0,

Theorem 3.6. I« p-submacimal space (NO Q0 (L) every p-dense subsel
p-open (i.e.. Qpepen as well as (),-open).
Proof. Let (X. (. (1) be a p-submaximal space and 1) be a p-dense
I X Let P2,=0.(1) be the simple expansion of (4, by D for =1, 2,
'_'_-—»{\"U(Unl)),l'b. Ve, Tor i1 2 We show (hat = for
el We P then Q-¢l WP -l Woas ;0P Let xsq ~cl W and
zh thal rsT. Let WV a) Vi t=0 and T—V000 0 D),
pLi €V then clearly Wn T @ So lel ren . We have
Cso. Ujin (Vi U)# . which implies that O (Vo Uon D# .

nn ('(‘\'.-U Upny# & and henee (00 DVl n DN£E1. so
. Thus v=P-cl Woand we get abthuately @-cl W P ael W,

0 are ro-equivalent (by Theorem 2.21) but (N, ¢, () is

Hence P, —=0Q; or U=, ) )

7. Izjnﬂ‘y maxrimal-R (minimal-R)  bitopological  spuce  is w

semiregular) space if R ts a p-semireqular property.

aximal- it (min_inml-l{) space (N, O Q0 is nol p-submaximal

) then there exisls a p-submaximal space (N0 Po Py

an (XN, Q.. Q.) (p-semlrcgu’lz.n‘ space (X, 050 (1.9 coarser than (X,
.i-.h has the property R. This conlvadicts (hat (N. (3. (0.) is muxi-

inimal-f?). ’ " -

em 219 we found some p-semiregular properties. 1 now

n : finallv
)V wirtue of the above theorem (hal )
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Theorem 3.8. (a) .4 bilopological space awhich is either minimel p-
Hausdorff or minimeal p-Urysohn or mininial p I is p-semiregular (spaces
which are minital w.rd. olher p-semireqular properties. are nof mentioned
because of trivialily.

(b) .\ bitopological space which is ¢
compact or maximal p-S-closed or maximal p-connecled, is a p-su
space (o avoid triviality other cases are nol meniioned) .

ither maximal p-QHC or maxinal p-feebly
binarimal
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ON AN APPLICATION OF FREDHOLAI'S ALTERNATIVE FOR
NONLINEAR ABSTRACT INTEGRAL EQUATIONS
ny

DD BAINGY, 5 1 KOSTADINOV and Al L ZAHARIEV

\

The presenl paper studies an abstract nonlinear analogue of the Vollerra
integral equation. With the help of the technique developed in {1] a fundamen-
tal theory of the cqualion considered is constructed.

- Let Q be a Lopological space with Borelian measuve w and @ : x— M,
 be a mapping which associates every elemenl =0 to a closed subset M,
| of Q; and let denote by 4 the sel (M, 2=
1l We will say thal the conditions (A} are fulfilled if the following condi-

Al For M,=_/ the [ollowing is fullitled :

o =sup u{dM j-<So.
x 612

A2, For any £ =0 and x=Q there exists o neighbourhood V=V(x, <)
that for every p=1\" we have

a(ALAM ) =u({MN MW M\ M, ) < e

For any = Q and yeil, one has M,= M,

For every x <L and for every nonenply relatively open subset @
f:_xllsts a neighbonthood W —W{&, 0) such that for every y=W
ing holds ‘

:‘[yrl 0 ",’ég

Let Q=[0, 1] and Jet «:{0, 1]-+]|0. 1}. We define Lhe
0, a(x)].

( ditions A2 to A3 are fulfiled if and only if Oga(¥)gx
i(x) is continuous for x <0, 1.

" Ly i ' .
_:; al Banach space wilh norm -1l Consider the linear

QB ={/If: Q— B, sup | f(x) |l g<on

H
rEL g

BYy={fl-f: Q— B is continvous and sup Jif(x)ijs<oo}
1ELY '



