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Theorem 3.8. (a) 4 bilopological space which is either minimal p-
Hausdorff or minimal p-Urysohn or minimal p I is pesemireqular (spaces
which are minimal w.rd. other p semireqular  properties. are  nol menttioned
because of {rivialtly.

(h) A bitopological space which is cither maximal p-QUEC or marimal p-feebly
compact or mavimal p-S-closed ol maxtmal p-connecled. is a p-submarimal
space (o avoid trivialily other cases are nol mentioned ).
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ON AN APPLICATION OF FREDHOLAM'S ALTERNATIVLEL FOR
NONLINEFEAR ABSTRACT INTEGRAL FEQUATIONS
Y

n.D, BAINDY, SO T ROSTADINOY amd A L ZANTARIEY

\

The presenl paper studies an abstract nonlinear analogue of the Vollerra
integral equation. With the help of the technique developed in {1] a fundamen-
tal theory of the cqualion considered is conslhructed.

e Ect Q be a Lopological space with Borelian measure woand @ r— 3,
- l?-eu ﬂ‘,'mapping which associales every clemenl w0 to a closed subset M,
of €, and let denote by # the set [V, v=0 ).

We wilt sav thal the conditions (A} are fulfilled if the following condi-

Al For M, =/ the [ollowing is fuifiled ;

e=sup vy Lo,
. 1 642

A2, For any £ -0 and x=Q there exists o neighbourhood V=V(x, )
that for every y=1\" we have

w(MLAM,) =u( {MN M, M, M, ) <

or any z= £ and y<i3, one has M,SAf,.

T every 2= and for every nonemnply relatively open subset @
_exllsts a neighhouthood W —W{x, 0) such that for every ye=W
g holds .

M0 # 3.

‘e exists a poinl v, Q for which w3, ) =0

I. Let Q=[0, 1] and lel a:{0. 1] +[0. 1]. We definc the
0, a(x)].

A .

onditions A2 to A3 are fulfited if and only if Oga(r)<e
() is continuous for a=|0. ||.
1'eal' Banach space wilh norm |, Consider the linear

EE=CNO, B)={/|f: Q- B, sup § i) llg<on
fEQ

iy [T 2
S B)Y={fl-f: Q— B is continuous and sup Jif(x)jlg<oo}
X ELL

81




26 D. D. BAINOV, S. L KOSTADINOV and A, L. ZAHARIEV

ON AN APPLICATION OF FREDHOLM'S ALTERNATIVE 27

12

Remark 1. The space 1 is a Banach space with respect to the norm

{Ifil =sup [If(x)]]e:

e

Definition 1. We say that the funclion [ is A-almost separably-
valued if for any M, M there exisls a set E,= M. o (F,y =0 such that fiM DR

is a separable subsel of B.

The operator F . Qv C'— 1 will be said Lo satisfy the conditions (3}

when the following conditions are fulfilled :

B1. For every >0 and f,=C* there exists 8=38(e. fo)=0. such that}
for every feC? for which ![f—{i] ~§ the following inequality holds for]

z=)

F(@ N—F(x foll<e

B2. For every ¢>>0 and x, =Q there exists a neighbourhood £
of the point z, such that [or every ze U the following inequality holds lor]

feC!
|1F(x, [)—F(xe. f)|l=%.

B3. For every fixed elemenl x<Q and every fixed function [=C?
the mapping o )=F(z, /) (¥ is A-almost separably-valued and weakly

measurable with respect to M, for x€Q.

B4, For every x=Q and fe (! the lollowing inequality holds

[1F(x. ) li€A | ]

where the constant A does not depend on x and [.

Remark 2. The condition B3 is satisfied if for example B 'is separable

and gy) is continuous with respect to .
Consider the equation

(1) [+K[=p.

where f, p=C! while the operator K is defined by the equality

) (Rf) ()= § Flx, [)(v) duy. x=Q,

Since for cvery linear and continuous functional 9 defined on 13 the|
map {o%, 9;> :{Q—R is measurable on every M,= " then the existencel
of the integral in {2) is guaranteed by the condition (B) and the theorems

3.7.4, p. 94 and 3.5.3, p. 86 in [2).

Remark 3. The condition A3 allows to consider for every point a&
the restrictions K, :C (Mg By=C (M, B) (K, : C(M,. B)y— C(M,.
where the operator K, is defined by the equality (2), C (M, B) is the space
of the bounded functions f: M,— B and C(M,. B)is the space of the hounded
and continuous functions [:M,—B. In this case the restriction [ | M, o
the solution [€C T (Q.. B) of the equation f+Kf=p, p=C Q, B)is

tion of the equation 3-+K3=p{ M, 3=C (M, B).

Lemma 1. Lel the conditions At. B} and Bd hold. Then the operalol

K maps C* in C.

Proof. Let feC 7 be an arbitrary element. Then Al and B4 imply

1 Kf ||<Awlf], ie. KfsC™

U{a,. &)

B)

a solu

~ Lemma, 2 Ll the conditions A1, B, B3 and Bl hold. Then K is a
confinueous mdp from ¢ inte (5
If. in addition the condilions A2 aird B2 hold, then K maps €3 infe 1]
confinuonsly.
Proof. Let lim [, fu fote fy=0C" and let -0 be an arbitrary

L]
. number. Condition B1 implies thal there exisls o number m, - ny(e.fy) such
that if nzn, then

Fle L) Fle o) =tsgio. for o=

The above inequality and A1 yield || Kf,— K[, [[<=.
Now assume {hat the conditions A2 and 132 are (ultilled and et fe= (1 be an
arbitrary element. We will show that the function A is continuous. l.et
e=0 and x, Q. From A2 and B2il follows thal there exisls a neighbourhood
W=1W(e, x,)=Ulz. ) Vis. &) sueh that for 2= W the following inequali-
ties hold
(3) (e [ e [ 1 <eiCion. a(MA M) 8A |5 f i

'l.'hen, for =W, (3) implies

WK () — (KN (r)  a= iRF(J:. Yy iy du, gf‘(xu. [AREIAN T

M

] . ) L e ‘ |
,J < “ ij’n‘[‘fl(.’l" I) (y) }'(Zlfﬁ- I) (Fnl (IEJ_;, ”ET i ‘\Mz.. .{;.Enl'. i} (y} dllﬂ "
T S‘!z“ I‘I:(:'o )iy d?b‘ et 13T +

424 ([ I <fsA [ 1w - =

e following lemma treats the probient of the compactness of the gpe-
1 1he compactly open topology.

m 3. Lel the conditions AT—Ad be faifitled, the eonditions (13)
B(0, R) be the closed ball with center ) and radius R Then the
RY) is uniform{y bounded and equicontiniunous.

Let f=B(0, R). Conditions Al aund Bd vield

||.Rf |t =sup :;S Fiv.fyim du, psdal.
" €0 At '
D, R)) is uniformly bounded.
e an arbitrary lixed element, fe B, 1) and let £ -0 he an
A2 an'd B2 imply that there exists a neighbourhood-
Ly, )0t V(o €} such thal for =W the l'uilm\'?ng ineQuéli-

MAMag) <e/(3AR). | Flro. ) For [y < zitio),

‘the relations (1) and (3) imply that the following ine-
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RS ()= (KT) () [

This completes the proof of the lemma
Remark 4. The Ascoli-Arzeld theorem thal the necessary andd subti

cient condition for the sel K(3(0, R)) Lo be relatively compact with respecl
to the compactly open topology is the demand for the sets I, = {{Kfy(x) | =
< B(0, R)} to be relatively comnpact in I3 for every x=£2 and Q1o be a regular
locally compact topological space.

Theorem 1. Suppose that the following conditions hold

1. The conditions (A) and (B) are fulfilled.

2. The space Q is connected.

3. For every element b=Q and f=( the following inequalily  holds

sup sup || Flz, )W) [[s<aAuf) sup [ 1)
¥ &

xeMb )'EM:

(8} af{ W AM) e

Let bV and denote by o(x) the restriction of fo(x) over M, i.c. o(r)=
fol£) | Mp. Then frow the conditions (A) and the condition 3 of Theorem 1
the following inequalilics hold ‘

sup ot w nlosup LAF(e 2) () duy |lps
1EM, vEM, My

< [ n] sup CF(x o) s dw <k [ A(fo) sup w(Me SAL) sup [[o(y)ile<
xeM, JM NN TEM, yEM,

I
<= sup el il

o xe.\fh
Hence o(x) =0 for x =, ic. [o{x)=0 for &M, Then b=, which implies
| that @(, is an open setl.
 Since ) is connecied, then H, = and hence fo(z)=0 for every
. x<Q. This means that (6) possesses the trivial solution only for any A€ R,
This completes the prool of Theorem 1. _
_ " Remark 5. It is not dilficult to sce that the assertion of Theorem 1
remains valid if we replace the condition Al with the following condition :
- Al% For <.} the sets M, arc closed, connected, and every one con-
as a point y=y(x) for which u(M,)==0 and y A =0.
) 2 €0
- Theorem. 2. Suppose thal the following conditions are fulfilled :
1. The assumptions of Theorem 1 are salisfied.
2. For every clement fe ' and »e R {he following equality holds

! : F{z. wfy=nF(z,

where A,(f) is independenl on M,.
Then the equalion

(6) f'_}'\I{f’

has only the trivial solution f(x)=0 for A&t
Proof. Let fy=C ! be a solution of (6). Lemmu 3 implies that [, is a

continuous solution of (0) and by [, denole the sel
M=z | z=Q [(=0. y=M}.

The condition A5 implies that there exisls an clement rosL2 suchy
that p(M,,)=0. Assume that M,#@ (The case M, = is trivial). Then
A3 yields that p(M,;)=0 for any &M, and from {B) we oblain  that}
fo(x) =0 for z&M,,. Hence x, &M, ie % . :

The set @, is closed. Let {x;} = @, where D is an arbitrary oriented]

agh

set, be an arbitrary convergent generalized sequence and denole lim x, =17,
o .

. The operator K is compuct with respect lo the topolegy géncmted by

{ ihe. equation. (V) has a solution for cvery psC™.

Smc? t!lc identity is a (1.1.1) homeomorphism (see [1], p 34),
em 2 is implied by Theorem 1 and Theorem 3.2 from 1, p. 61.
y. 1. Supposc that the following conditions hold ;

conditions | and 2 of Theorem 2 ore fuiffiled.

compact reqular topolagical space

ery closed hall with center 0 and radins 1. B{0. R), the sets
S B0, Ry} are relatively compact subsels of B for xz<L.
quation (1) has « solulion for p=(. 1.

corollary follows immediately {from Lemma 3 and Theorem 2.
. Let Q=[0, ¢]. ¢=0 and let the function o :Q X R"— R
d satisfy the conditions : I

‘ ant L >0 such that for every r=Q and u < R" the following
olds : || o(z, u) || < L || u | g

5 Ap(x, u), x=Q, uesR", L=R.

1, if we set

We will prove that o™ &Ny, :
Let zeM,. be a fixed point and let >0 be un arbitrary number.§

There exists a neighbourhcod W(e, z) of the poinl z such that for 5= 1V we/
have

@) [(y)~f(@) lln<=.

From A4 il follows that for the set 0, =Wn M. there exisls a neighbourhoodf
U, of o' for which M,n0,.# @ for y= U,..
There exists an element o«,=u,(e, z7) with the properly

1, & Upe My 00,-% @,

for w=>a, Let y"=M;n 0,. for some o >a,.

Then obviously f(y")=0 and (7) vields || f(z) [|»<<¢ whence we conclude
that f(z) =0 therefore x* =@, i.e. 7/, is closed. 4

We will prove that @@(; is open. Let a<(;, be any clement while]
e>0 satisfies the inequality e} A ] 4,(fo)<1/2. A2 implies that there exisls
a neighbourhood V=V(a, ¢) ol the point a such that for y= V we have :

Fz, ) (n=9(z. f(y))
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and if we take the mapping b from Linample 1 Urie equation (1) takes ithe

form :

o (2}

(10) f) + S‘?‘“"’ fanm dy = pia)-
APPROXIMATION OF THE SOLUTION OF THE DARBOUX
éer

T'he operator # and the mapping ® satisiy the conditions (). (D) atul
PROBLEM FOR THE EQUATION Erm =F(x, y. 2)
Ty

Condition 3 of Theorem 2. On the other hand. accol ding to Lemma 3. the

operator i defined by
)
BY

(Kf) (x) = S:PH' [yt dy

u

GLEORGETA TEODORU

is compact. Then according fe theorem 2 the equation (10) has a solution.

ftemark 6. Obviously, the condition (i) is satislied if a(y, M=0, xel
and the function » salisfies the condilion of Lipschitz with constant L=0!
In this case the solulion of equalion (1) is unigue.

In this paper we consider a sequence of approximating equations for
the ‘x}]ultivalued hvperholic equation
S

(] Gz
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we prove that the sequence of solutions of these equations is uniformly
wergent on compact sels 1o a solution of the Darboux problem in the
of the definition i [1]. [5].
me that the following hvpolheses hold.
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f each z=Q, the mapping (2. y)-~I{(x y. 1) 15 measurable with

the Lebesgue measure on ).
e exists a Lebesguc integrable function 5 : D—Ry: on D, such that
y), YieF(x. y. 2). Y(x. f)=D. v:e0.

tions a€ AC([0, a]; R, - ([0, b]; R") satisly o(0) ==(0).
ider the following Darboux problem

2w

oxrdy

eF(x. y. o). (x. peD, :eQ,

Y coiiditiens

(., 0)=a(x) Ugrsa
20, ) ==(y). O<y<h.
Cellina [1]). The function Z : D—R" i
Co fu. : is called a solu-
;;r}))blem (I)—--(‘J),_ if il is absolulely continuous in the
on [3 §565 — §565) and salisfies the equation (1) a.e.
tifg'}s (2) for each r<|0. u}. ye=[0, b).

on the approximation of multivalued functions can

3(0) =<(0).



