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and i we take the mapping b from lixample 1, Use equalion (1) takes the

form :
o (ab

() + S?u: fon) dy —pla).

(10)

conditions (A). (B) and

The operator ¥ and the mapping d satisfy the
the

Condition 3 of Theorem 2. On the other hand. according to Temma 3.
operator K defined by
'I(:)

(Kf) () -S:p(.c} [y dy

i\l

is compact. Then according ie theorem 2 the equation (10) has a solubion.

Remark 6. Obviously, the condition (i) is satisfied if e, =0 x=l
and the function » salisfies the condilion of Lipschitz with constanl L .
In this case the solulion of equalion (1) is unigue.
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APPROXIMATION OF THE SOLUTION OF THE DARBOUX
PROBLEM FOR THE EQUATION _aﬁ'é" eF(x, y. z)
xdy

BY

GLEORGLETA TEODORU

In this paper we consider a sequence of approximating equations for
the multivalued hvperbolic equation

Gz

e Froy, o

ardy

| we prove that the sequence of solutions of these cquations is uniformly

ergent on compact sets to a solution of the PDarboux problem in the

of the definition in [1]. [5].

me that the following hyvpolheses hold.

1) F: D« Q2% s a multivaluied Tfunclion whose values are nonempty,
ex and compact sets in R”; I is upper semi-continuous and sublinear ;

—[0, a}x[0, b} and QX <R* is a bounded set in R",

> the Lebesgue measure on [
e exists a Lebesguc integrable function g : D—R; on D, such that

),. YEesF(x. 4. 2. ¥{x. He V-0,

tions ¢ = AC({0, a]; R, ==.1¢([0, b]; R") satisly o(0) ==(0).
ider the following DDarboux problem ] ) y a(0)==(0)
&z
dxdy

sfx. y. 5. . peD. -eQ,

(x, 0)=o(r), V= r=a
20, y==<(y). O=y=bh

\.Cellina [1]). The function Z : DR
. C . : ts called a solu-
;r;))blem (I).—(‘J)._ if it is absolulely continuous in the
“on [3 §565 —§568] and satisfies the equation (1) a.e.
: 1(1_(3{13 (2) for each r=[0. a|. y=|[0, b].
2'!'[-1] on the approximalion of multivalued functions can

() =<(0).
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Theorem 1. Lef F:ASRY T =2% he q mude nalued  function df‘ﬁ”f’([l By (7). 18 18h, we dedure

on open seis A and whose valllts are noneninly. convea and compact sels in R". pl :

Assume that I is upper semi-conlinuous on A\, Then. [ihere cxisls o sequence I fl.(,r. if. =} < o <A 2 S A I: N A F 1 y g
of single-valued continuous funclions fi : A=R* &N, such thal fi—1 uni- L (10 T, e VS IV P bl S ) %0
formly on compact sets, in the sense of the definition 6 1 The prool is com-J - g - R P | P L
pletely analogous with that of [1]. where J, =k = bobe =R

By (10) we conelude that [ b= NOis sublimear.

Because f,. FEN. s conbinuons and sublinear. by the Schander
Fixed Point Theorem. Hlie Darbous problems ¢3) (1) Tas at least a solufion
zy : D-R®, k=N,

Indeed, (3) - (F) is veuivalent lo the iutegral cquation

Fheorem 2. Asswine that the hypotheses (11} (1) are salisfied. el

fﬁDXﬁ—»R' be a sequence of single-valued econtinwous funclions such thal
fi—F uniformiy on compacl sets and {et o D—R". keN, be the solidions o
the Darboux problems

2in

[T —
B - flr, o, 1), b, geD. e, keEN, - , 2 T T 'Y
(3} oxdy ful. g2, (o, 4) 0, N, 2(x. y) o) FR) a0 5 g S(E ) didy,
(7, ) =—o(7), U< rga. B - . o g
(4) { (f A 510) —=(0). — (. W A1 TS o wE o didg ks
(0 yy=(y). O<y<h,

; -‘\”‘e o : DR is the Tunction defined by
' sl gr=ate)4 () w0 (o grE

Then, there exisls a selution 7 : D—R" of the Darboux problem (1) 1(2)
and a sequence of positive inlegers {n,},ex such thal z, (x. n)—+Z(x. y) uni-
formly on D. £

Proof. Suppose D xQcAcR™? Taking inlo account the sublinearity
of I and the uniform convergence of {f3};ex Lo I on compacl sels. il Tollows
that f;, k<N, is sublinear. Given the compact set Koo D 2O by delinition G
[1] for each ¢=0 there exisls a nalural number k{<) such thal

d* (graph f. graph F)—e Yk o Kz).

|
| :Pefine the operalor 1o (1 R)y— Gl RY) =N, by

ez, ) =={r. y) - S o I dide (o = LeN,
(LI ]
The operator 1. L=N. is continuous. The se

N ) ! > I)’ x; T ___4,":' = : : M .5 o b ] T
By the definition of the scparation [2]. the previens mequality vields [25 rl=iEl=e QDT RY. Jle=2 )l 028

sup d{[(x. ¥, = fe(r. ¥, 2. graph F 1 Vi l(z).
vy, 2, Fu(rs g Dy graph fi, and moreover
Gy sup . ' {dl(n gon fulaog 90T BT A< VESk(2)d

ey 0 f)E G T T o
ggraph f,  €graph F

vex and closed and il is carrvied by the operator T, k=N into itsell.
et 2= B[« ; r|. Then. taking imiu account (10) one gels

™M

Ny ¥

sy
B (2 7, (5 ) [ s I TS e R )Y |idEdng

',) i ﬁr-f\'.-‘] = ﬂ"r'. LLE T L P 0 Y (To- Hat=1I)

From (3), luking inlo accoont that 2] ' '

di(z, ¥. 2 fule, g D) (R 7. 20 Df=max felex. g o (0 T 3.
dif sty D 20

| R (. ) i 25 ) &g ra sup |23 || =C,

I =4 H ey
we get Yol =2, and therehy

(6) di{x, y. 2). @ T 5))<e and (7)) d{filr g 2)
Relation (0) yields d(z, Dy==![z--Z [{<<e. Thus.

® [ESE RS EE
Since F is sublinear, there exist ;0. l.j.;*'-_;R, such that

) 1 E <k || 24k, VESF( Y. 2).

e

) - i Xo }'n - .
IA(J~ §.=2) - ";O’. ”--<.. 6[(}' (I\'l(. H In-;) t]:_(l'f' == lrl.j(.. .l'.'nl Tudfn

ED such that the conditivn

- v

" (£ C4+k)) 2oytost holds.

Y J

o (12) we obtain || T,zz [j<r. | T oee
e 3 ! I~ |lgr, e TrzeEBlx;
& ; r], keN. The set TeB[#: ‘ <48

| J or
r] is relalively compact by ihe



3t APPRONXIMATION OF THE SOLUTION OF THE PDARBOUN PROBLEM

Arzel d-Aseoli Theorem. By Sehauder's Fised Poinl Theorem, the operalor
Te k=N has al least a [ixed poinl z,. k=N which is a solulion of the
prablem (344 on A, This solution can be extended to all of D {5} [6].

Then

el S y‘) 2 o _U).:.

(13)
||, LalZeir. =% h dZ dv. (v. el keN,

(1)
(16)

is equivalenl to

g7 ) fie gz gy, (o=, el R

(37 e
caay
(1 e Uye=—nix). U= rsq, (0, gy = gy, -y =0}, [
7

where o, k= N. denvies Lhe extended solulion 1o )
The Family [2p (o M leex of solufions s equicontinuous and equi-

hounded in the Banach space (D3 R").
For r. ke R, (v-+h. y+k)yeD, one gets

— i ha x -1)‘_‘; .
sl gy ke ) I ! fatz,

"

T 1 (Bm)) Mide—

¥ athor
Y feGe g s ) dE = T i g ndE ) didy—
k yuly

hom G ) dE doge

A

I (S

o

SLAE

k
PG g wtd ) di dy

and vensequently. from the absolute continuity of the inlegral. we have

|zl I y-;Tf) ol ) |j=e. Jor k| |k Siz).
Thus. Lhe family | o0 g)leen I8 equicontinuous.  Tuking o

account the sublinearity of fi. k= No Iy Gronwall’s inequality [d] from

(13) we get

S g) < Bk ] exp (T1 kdE de) ds di]<
o0 Fi

neh. ke N

< B| 1=k, ab exp (bab)] AL e

sup || o g) ks ab, and thus z(x, p)laes Iy equis

i, YIED

where 2

bounded.
By the Arzela-Ascoli Theorem.

unifornly convergent subsequence
PNENN') SZ(r, y) (xo grE Do We shall prove that the
above is a solution of (he Darboux problem (1)--€2).
show that the conditions of characterization of a solution is fullilled
The condilions {2) from (1) are obviously satisfied. We have to prove

the sequence (o0, W ices conlains an
to a continunous function Z=C(D; R
function Z obtained

To this end we shall

(7

(L) Z(xe o) —Z(x ¥)— Zxa Yo} #2400 1) = [V (2 Z(E ) d3d

for the compact o i

-z

(2 (e, 1))

~ Inasmuch as d(Z, 1)

APPRONIMATION OF THE SOLUTION OF THE TARBOIN PROBLEM 3h

[#,- g1 . Thus. we prove the inequality

d(Z(x.. ) Aar s e 1) 200 ). TV FGa. 202 o) d digy <=

Ay My

Integraling (37) o [ ] b g:)= Dyoone gels

2o @e, Y — il Ue) Sl ) = Tl !»’:)'—'.i"“fé (S (2 e)) di d,

A )
By (15). (16) we have
d( (s, y2) 740 0D Ay e g T FGE g L2 ) dide) <

Sd{Z(xy. y.) 70 4 Zvae g4 A 30 Tl ga)— 23y ya) —

[P

e ) -E=s e 020) =TT TG 2 ) e FTFCE 7 2 ) S

L o 5 o . . o ) .

enoling for simplicity &=/, by e g)—Z(x, y) unilormly on the
et set I3, we deduce
FARTEE

-l g )

ZQ ) EA0 00y Tr(e Ya) = 2p(Xe Ya) -
gf2, Viz N(e).
dif), Z—.1) where 0 s the null vector in R”
1 =R” we deduce

X2 ¥r . o Aa Ty
dC ST [e(Ge e sl o d D e J 1 FC v 205 )y dide) =

A ¥y 4 -

R

=0, § 5T e 2 ) Fg g Z(200)} dEdy).

[1]. there exwsts a

| <ty yalo by the Lemma
z. (3. %)) such that {2} 7]

fe(t 7 55 m) S B 7 22
(2, ). aud therefore
NAd(u(E 0 i ) FE g 205 p) s
o - "
0’ fi:("v UL :k(é: T,))—FL‘:‘_, Y Z(E, q)))-___s
mition 2 [1]

Ml {fx(i, s :k(i.s f,})

0= rj) = [:1‘1! €y
ber N ==N,f

W), sk

'_ a3 4. si(5 0 F(E v, Z(E NV dE d.

3.2, [3] (or Proposition 2 [7]). (20) vields

FAGG 0 22 ) - F(E o 205 )} dE dy,
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3v 21y aud the defmition 2] 1] cach seighbourhood of & intersects the
sets of the form

Fod S5 7o oS o= F(%5 . ZF5 o} dE dy,

for L large enongh. VA2 N (0 120 ).
By (21 one gets

[(22) detl, § U etD o oG g ) =FEE v AR w0y didg o)
fov fz Naz. (5. nh or by (1)

¥i'ls X%
(23 dOf felE g s B ey d S e §§ F(E0 w0 A ) dEdy) e

for kz Ny(e. (2. n)).

Taking into account {18) and (23), (17) vields (ld for V& = max
PN Na(e (20 6)) ).

Bul Ft2 4. Z(Z. 7)) s closed and then, by 15 for ¢~0. one obtains

1240y Alva Ya)— AL o) =Alva ) —Aly. gpE | _l'.:l"(Z. 7. L0550 1)) dids.

Becallng that (24 along wilh (2) are sufficient condotions in order

that Z Dbe a solution of the Darboux problem (1) (2). [3].17]. the proof}

is complete,
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ON BOUNDLED DEVERMINISTIC AND STOCHASTIC INTEGR AL
CONTRACTORS
BY

VoOPOPESCU and AL BHASCAND

In many papers the notion of determimstic or stochastic integral con

actor is used (sec c.g. [1]. [3]. |3]). The purpose of this paper is ta provi

the existence of o bounded infegral conliactor is equivalent witl o

hitz condition. Some advanlages of the use of the approximations indu-

* an inlegrai conlraclor are also given.

the first scction we consider the determinislic case (1he cuse of ordi-

ilferential equations and functional-differential cquations) and m the

| section we consider the stochastic case,

I. Differential Equations with Integral Conteactors. 1. 1. Ordinars

ntial Equations. Let (1. - ) be o real Banach spice  and Ir"l
X B— B be a continwous mapping. Consider Lhe nonlinear evolulion

dedl =l vy OIS T .

2 Tolowing definitions may be found in |3,

qn I.1. Suppose I': |0, T|xXB-+LiB It is « bounded con-
ng ar;]d there exist posilive numbers K such that for any ¥, y=
te has ' -

+ b
(- ..! s, a(s)}y yls) ds]—fu. atn I 2y gy | <
SKsup { | y(s) | ;s[04 vz
{, @) has a bounded integral contractor 11+ l! I}
- h

L bounded integral conlractor is said {o be reqular if for
- T]; B) the integral equation I

e ¢
} 0_[ Pls, () y(s) ds ==y, 0=y

T): R).
([0, T]; B) is | » .

sup {/! 2(s) ||: s=[0, 1)1, 0<I< T,

r whete



