vnadele stpagifieo ade niversitotin CAL L Cuza™ din Tasi
Tomu] NNV, s Lo Matematicea, 1988, 1

36 - GEORGETA TEODORU 0

vz D) and the definition 2 | 1] cach neighlionthond of O intersects the
sets af the form
U7 g s FOL o 205 o) A2 dy
¥i
for E lurge enough. YAz N, (20 (30 1)),

By (21) one gets ON BOUNDED DETERMINISTIC AND STOCHASTIC INTEGR AL

CONTRACTORS
BY

101
(24 A0, F 1 AFec v (5 ) =G v LS w)) ) dE dycgf2
Xy

. ) Vo POPESCE and AL BASCANU
for Lz Noteo (2. 7)) o by (1)

Al Xy ¥
3 dOT S Pz v 205, e dide. {0 Ft3 v Lz ) didy)<ce@ ' L
(29) (WJ1 _\?11 Falz 70 (2. ) Az dy, .‘", "" e Al 101 ) ~ In many papers the notion of deterministic or stochaslic tntegral con

| . ) etor is used (see e [1]. [3]. [3]) The purpose of this paper is to prove
for k2 Na(s. (3. 7). e existence of o hounded infegral contractor is equivalent with

Taking inte account (18) and (23). (17) vields (15) for ¥/l = max
7.

IR LR itz ('.onditi(m. Some u(l.\ anlages ull‘ the use ol tHie approximations indy-

PNatE) Nafe (3 :))J‘ } ) - an mlegral contraclor are also given.

Bul I't2. v Z{Z. o0 15 closed and then, by (15 for z—+0). one oblains . ] e b g !

1 the first scetion we consider Lhe deterministic cuse ¢the case of ordi-

ifferential equations wnd functional-differential equations) and in the
section we consider [he stochastic cuse,

Differential Equations with Integral Contractors. 1. 1. Ordinary

ential Equations. Let (B - ) be o real Banach  space  and ol

Tix B— B be a continnous mapping. Consider Lhe nonlinear evolulion

T20) Alra ya)— Al ya) o Aae ) A s | _l'.rl"(E. o Z(Z. 1)) did,.

Necalling that (24y along with (2) are sufficient condstions in order
that 7 be a solution of Lhe Darhoux problem (1) (2). {3]. [7]. the proofd
is complete,

duldl =[xk OIS T 200y o,

following definitions may be found in [3].

ion 1.t Suppose 1': |0, T[xBliB ) is « bounded con-
g and there exisl positive numbers K such that for any v, y=C
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Esup {]] x(s) || : s=10, L 0= 1.
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Anolher useful norm in (0. 1o 12y mav be defined as follows: e }
' (I {f8={1d) . Iherefore, for no=x we have

{1.5) [| x| sup fexp (=) {2 fle: [0, T,
where 70 is a fixed number. Since ) - . ' .
The above inequalily casilv gives e estimation {(1.7) and Lemma 1.1 is
completely proved.
Remark 1.1, In fact. Lemma 1.1 says thal every bounded integral
contractor is a regular one. !
" Theorem l.1. The function fil. xy has « bonnded inlegral conlraelor

(1.6} exp (—2T) i€ x| [l |

the above two norms on C([0, 1] D) are cquivalent.

Lemma b1 Jvssime that 100 {00 T B—=L4B. 13y is u bonnded con-
finwous mapping. Thea for every x. s (0. T2 By there cxists w unigie
y= (0 Tl B). solulion of fhe equalion (1.3). Furthermore, Here rrist

Wi H E i i o .
I+ '} if and only if fit.) is Lipsehitzian. uniformly with respect to t=[0. T,
constants 1. independent on x and . such tha! o

I

N AR . ! ;
Proof. Lel ([ -] It he a bounded integral contractor. For every v. r= 13

(1.7) p L =)
Proof. For Tixed . z=C({0. T1: B lel ns deline

I .

let us consider the consianl Tuuctions oty v, =)=z £=]0. T]. From Lemma
1.1 we deduce thul Lhe equalion -

¢ :
(1.8) (Sy) (== a\Ji(s‘- () uls) ds. ye=C0 T B hEf T ) gl ds om0l T
Notice that S is an affine continuous operator from C(J0. T By iuto C(J0, T a fmique solu-linn y= 00 T 1) and
B). Furthermare. for every g, po= ([0 1 2 By and Tor every s s<i< T y ) ‘ o
iyl

we have

LSy (D (Sy) () < J [| Pz a0 ] | =g [ des

. (LI x-t2)—fd ) | =] [l ey ] P(se 2y is) dsy (L x)
. —D{t, ) g+ 2y gD <K 1 (L TE o) plh) (<
S K+ |yl LK+ |1 =)

ssume thal there exist positive constants L sueh that

Hf 2 —[0 @) [I< L {j = i

' rery a4 I\
: ]nd.e\ ery . = BRI we put P'(s. ) =0for all {s. 2)=[0. T]
lation (1.2) holds and Theorem 1.1 is completely proved
2. Let us return now 1o the initial vah i p :
us re : al value problem (1.1). where
function, The problem (1.1} is equivalent o the Tollowing

r 2 Il
<M {7 e BT ] =g e A2 ||| =0 111 oxp (727) d=<

<My ety
which implies
exp (1) | Sy, —Sy: | (MY 1 =g 1]
For 7.22M 21 we deduce
(1.9) Sy — Sy S U2 [ g =W
for all yy. y.=C(O. T]: B).

[lence by the Banach fixed poinl {hearem. the equation (1.3) hasa uniqn
solution which may be obtained as the vniforin limil of the following sequeng
: or ¢

Yoll) =z(1). OIS T 'I(f)"’ﬁ+-!;f(s, a(s)) ds. O T

(1.10)

t
(=1 F Ty a(s)) g Sds. Dl T 00 1020 o A
gl =) = J 10 D) a1 () I8 ' Lf(t. x) is Lipschitzian in v, uniformiy with respect to

Let us nole that
1 g 11 B Hact HIAT B —Hams |1 oo ERHETE N IE
<211t —ua 11 g 112 | -2 |41 2 1]

) —{( y) [|<l. ||z y . 0t T, 2. yeB,

aitclrﬁn'sth) has a unique solution r=C([0. T]; B).
] ] e uniform limit of Lhe successive uppl'o\fimu
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l'lmn sequence has a unigue solution y=C([00 T for every fixed x, == C(]0, I'D. Further-

Lol = Bt T more. in this case we have

1.0 :
' ! Tl ==r-]= | fis (5 deo Vgl n 1. 0
i

@r7. 'y y(h €' i+ Mexp(MT). | |s) | ds, Ogig T,

Ou the other hand. Theoren L1 means Hat this condition is equivalent Indeed. from the equalion (L3°) we oblain | () —x(l) (< M |5 e
i 1 | ~ | %= s R 5 —

with the existenee of integral contractors Iigph e Sihe invqu:llil}': —=(s) | ds+ M '. %) Dds oandl ousing Gronwall’s lemin: v he

(1.2 s satisfied). Lel us consider The following sequences isee also [3)) 1 ; . t o ‘ s
m o 3 e - —=(l) IS M exp (MT). I’| to(s) ds O<t< T and hence the inequality (1.7,

From these cestimales it may be oblained that the inequality (1.15)

Tara(N=a{D = toth— § Piso wds) g(syds, 0t Ton=0.1.... is equivalent with the fellowing Lintegral Lipschitz condition™ :

(1.1:4)

' 1
gy ) - U (s a sy ds g 0=l oo 01 £ /b 6“ [f(s. x(s)-1-=(s)—[(s. x{s)] ds | < L. J'f Cxsy ) ds, Ot T
o (1)

It may be proved that the unique solution of the mitial value problem (1.1)
is the uniform limit of the sequenee ‘z, from (110 while the error sequence
{g.} ts uniformly convergenl lo zero {see {3},

Noticing that for 1" 0 the sequences (L1} reduce Lo the sequence
(1.13). we also remark that if f(t.) is Lipschitzian. uniformiy with respecty
to f=[0. T]. then for every hounded continuous mapping 1" [0 T B—

l |1'I' z=C([0. T]). which is equivalent with Lipschitz condition (1.12)

For a fixed m< ([0, T]) let us consider the eontinnous function

Jizh (=) — l [lso z(s)yds v, O0<igT

s L(13. By, 11+ [ I} is a bonnded integral contractor, he linear operator A(z) : C([0. T)}—([0. T7) given by

& <

The following question arises @ is the method (1.11) better than the

method (1.15) 2 This will be true whenever there are inlegral contractors

such Lhat K= L. (recall that K and L are the constants which appear in (1.2)

and (1.12). respectively) (see. e.g. [3]). We do not think that this happens
(see also the following remark).

Remark 1.3, Here. Tor the sake of simpliciy. we vestricl ourselves o

the case 13 =R (the real liney, Our opinion is that the natural definition of

t
> A () Y=y + [ 1 s {s) yisyds, oI T,

that f(#. ) is continuounsly differenti i of | ¢ i

f(t, cont able with of/éx uniformly

dlltuzlformly }-lolﬁder continuous in v then the nonlinear operzllttl))r
C{[0, T] is Fréchet differentiable und

. A tf

integral cuntraclor s as follows 1 We will say thal {/--§ "] is an integral (=50~ b‘ };‘.S: () y(s)ds. Osi=s T, yeC(]o, ).
coniractor for the function f:jo. T RBes Rl Lhere exist a bounded conti-
nuous function I {83 O<s<IS T R R and a positive constant K
such Lhat : }

D=5+ ¢ 2 (s, - Ear
' . JoB s, s)) exp§ — {5 (=) ({3—) . y(s) dy
Vs syl = § s =0 a(2)) yl=) d=) [ (s ts) : . Y
{1.15) N f (1.14) are equivalent with the sequence

(t) __'l'a(l)""'A(.’L'n) (J(In)) (). V=t= T y=0, 1, ..

be the unique solution of the injtj
ome calculation, we obiain -

S s () g ds | SRy | dy Otz T,

for all v ye (0. TH). al value problem (1.1).

Once again, the integral equalion

(@) J'(2)— 1 || [l w{r, x,— x) ||

[ Xy =

X, =1

ks

(1.3 g+ 1 Dt s x(s)) y(s) ds=2(1). u<t< T
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vz (| b Tl BT there exists a (uaique) function y=0O(f —h, T]; R™)

where lim of| (x. @) /¥ |1 =0.
such that

p=ah
If we may choose an integral contractorsu chihat Ay Jay -0 as

n—soo then the approximations (1.14) (equivalenl w ith (1.200) will he beller
than the approximations (1.13).  From {1.17y and (1.18) it secms that the
best choice of the function I' is as follows @

(e :
(1.28) URORE l Piso (s glsy ds—z,(). O<ig T

Buf, the equation (1.28) is equivalent to the equation

af o (rer
(1.22) I, s :(S))__-—é’- (s.7 () expi) —(- (=) d= .
T s O . - |3'| Pls. afs)) sy ds—=(0. O<ig 7.
In such a case, the relations (1.20) become (1.24)
[ zo{l)y="17 OgigT
| 2w =2 = (J (@) Tz (0 Vsls T. =0, 1 ..
which is the Newton-Kantorovich method for the integral cquation (114
1.9. Funetional-Difierential Equations. Let us consider the following
initia) value problem q

() =), —hgsg0

and, using Lemma 1.1 we may obtain the stated result. Furlhermaore
from(1.7) we also deduce thai there exisi positive numbers T sueh ihat '

(1.20")

(1.30)  sup { | g() : —h<ISTI< Losup =) [ hst< T}

- ‘Theorem 1.2. The continuvus function fii. 1) has )
i ) S R, ! . s o bounded integr
. conlractor if end only if {(I. Sis Lipsehilzion uniformly with respeel lo {et[(){!];'(i[

t = f(t, ). vgi< T,
(1.28) {dx,’d fitt, @), bl

rp— 2 oy ¢ 1Tl R vl g e

Ly=0 . Proof. Let [j‘ 1"} be a bounded integral contractor: let us fix (e[ 17,

roevery o. 'sC([- i O]: R} lel us consider the functions x,, o,
%

where [:[0. T}xC({—h 0]; R*)— R" is a continuous function and :p ‘ 3
C{f—h. T1: R" defined by

eC([—h, 0]; R") is a given element ; h=>0 is the retardation. As usual. b

r,eC(|—h 0]; R*) we have denoted the function defined by | (—h), s
' pl—n) sl 0

aofs) =9 pls—fr - hss<d,

(1.24) vsy=a(+s). se{—h O Ogig T,
The initial value problem (1.23) is equivalent wilh the following equatiol
(= Ry s<t b

2o (5) = YWis—8). I —higs<l.
¥0), s> 1.

¢

; wf)y =20+ | f(s, w,)ds gt T,
(1.25) u
.ta=?-

A natural extension of the nolion of integral contractors given in (3]

as follows (sec also [4]):
Dejinition 1.3, Suppose I tf—h T)w R'—= LB, R") s« boundl
measurable matriz-palued funciion and there exist posilive constanis K- sud
that for any x. ye (| —h T]; R") one has

k 1.4 we can oblain thal the inlegral equation

y(s)-+ df iz o(=» y(=yd~- vy, Ogsa T

=

(1
G =:(7). —h<=<0,

i . . . . .
ion y<=C(| —h. T]; R") which salisfies the condition (1.30).

. . . t:.*\, e N de) o — g 4
WIURE TS I 8 11 )+3 P(s, x(s)) y(s) ds)—fil, x0) Pt w(t)) add) |£., 3 (1.28) for s—{. we oblain

(1.26)

<K sup §ly(s) |+ —hgs<t}; Osis T, Lo
where \ et g Tz 2(2) y(=) d= 1
(1.27) U(s. z(s))=0 for every —h<s<b. m (1.26) becomes :

(& () y(t) <K sup § 0 gisy 3 hgs<il.

1-30) we easil
s i=[0, T).

]
Then we say that the function (1, W) has a bounded inlegral contractor {1+ | 13
p

Remark 1.4. Every bounded integral contractor is regular (i.e. ¥ ooblain that fif. ) is Lipschitzian .
L) is Lipschitzian, nani-

below equation (1.28} has a solution). Indeed. we have to prove that for evé
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Since the converse part of the theorem is obvious {we may put I'=U0)8 i
Theorem 1.2 is completely proved. :
§2. Stochastie Differential Equations with Integral Contractors. Ll

Preliminaries.  To begin with, we shall recall some classical aspects of stoes . Q: H— 1, the covariance operalor of W. ie. Qh= X 2,(h. ¢ ¢, [or all

nhastic analysis. In the sequel we shall consider a fixed complete stochasticl h ke e lorall he il
base (Q, F. P, ((Fdien) which means that (€. (7. P’) is a complete prog
babilily space, (7FJize IS an increasing family of sub-a-algebras of (Z
such that (F, contains cvery P-negligible subsel of €, and 7. ="F, Tor allf
1< 0.

h-isic i[] fln o Il(l b, are ll]d(‘,pl?n ](’lll l(’,'ll—\ lh](‘(i (l 110 WG, WWOCeSSeSs
a { « [ , stands i
\\']th l(‘\p ‘t 10 lhl ’t )(’haSl“ ha‘"“ ("'Q‘ Jd s +, (.3 f)f\"o)' \ ( d(’lléll } )
CC = )

Finally. we shall denole by AW [, H) it‘=11lo s
‘ e = A Ty, he space of all s
processes [0, TI= Lo ) which verify : Pace of at Slochasti
(i) for every helf, the function (o, OD—fle, HE:Qx[0. T
. , . ' . & T ;
ls_(C,‘r-' w L, B)-measurable (i.e. f: QO x]0, T!—-))II(FIH- ”[) is PLT:I{{
Tet (M, |.}) and (He - lo) be two real separable Hilbert space withj wise¢ measurable) ;
the inner products (.,.) and (.,.)os respectively. We denote by @B and B, thefl
s-algebras of Borel sels of H and I, respectively. ‘
Let 70 and =20 be given. We denote by 124Q; C([—= T]; H)
the space of the stochastic processes felxQ; (| —= Ti: H)
LAQ, 7, P C(l—= Tl H)) with the following property : there exists &
representative f of the equivalence class f such that for all ts|—3. T] the
function o— f(w, ) : Q—=H is {(F ., B)-measurable (Borel measurable = weakly,
measurable = strongly measurable since H is separable). We can easily sho¥
that every representative of f has the same property as the process T and L
(Q; C([—=x T1; H))isa closed linear subspace of L¥Q; ([~ = T]; HH)!
Hence La(Q; C(l—= T1; H)) is a Banach space with the usual normj
[ 11 =111z where |

(2-1) L FI[2=E (up {] f(s) 155 —7<s<t))

lHere, E is the expectation operator.
For a positive 2, we define

(it) for any he H, the function w-—f(w, ) h: Q) : T
(2.4) / measurable for a.a. f={0. T]; flw. 1) =il is (7. B) —
4 ;

def

Gy 11711 == E 110 J3 dt< oo where | [ J5 <o tr fof" —

—tr [0 =X %] e, I"
A 1=

Here, as usual, by f.(H, ) we have denoted th
., 3 ave de e Ba i i
continuous operators from i, into H. HAcH spRec of lineas

If one identifies the clements f, g=sA(W; H,, H d :
B " Aements f, gSAN 5 Ho ) which verify |} f—g i,
~then A(il% ; Ho Iy is a pre-Hilbert space and the slochastic imcgr‘a‘i

) (@, ) =Df f(w, 5) dW(w. s) is a linear conlinuous operator from A(W;
- 2

lo: H) into Loo(€2; C({0, T]; H)). Here we only mention that :

a) E I(f) (1)=0:

b) B 1) (0 = | ()3 ds

(2.2 [V F 1 =sup {|Iflle-exp (—Mi+T)y; —sst< T},
Since ¢} Esup {|1(f)(s)}1*: 0<0<!} <4E i‘ [ f(s) [& ds
(2.3) [1f1].exp (—MT+D<H ik » h

W We give i i
give an existence and uniqueness result for the following stoc-

the relation (2.2) defines an equivalent norm in the space LI (€ Tuation :

({—= T1: M),

We shall denote by LI(Q x [0, T]; H) the space of stochastic processes
fel: (Qxb, T)|.GF WP, Pxdt; Hy=L*Qx [0, T]; H) such that there is 3
function f belonging to the class f with the following property : w— f(o, [}
QI is {((F, B)measurable for almost all 1[0, T]. (Throughout th
paper £ denotes the g-algebra of Lebesgue measurable subsets of [0, T] and
wilh df we denole the Lebesgue measure on [0, T'].) Also we note that every]

representative of [ has the same property as [ and Lig(Qxjo, T); H)is @
closed linear subspace of the Hilbert space L2 (Qx [0, T]: D). i

IE W(t), {20 is a He-valued Wiener process with respect to the stochasti
base (Q, 7, P, (F)izo) it is known that WelLl(Q: ¢(u. T1; H)) ant

Wi, )= v Vabf(m, {) e, where «; =0, T, < o0, {e) is an orthonorm
=1

i=1

(@, s)=zw. s), —<<s5<0
!
w, = . A 3 [ ¥ ! N
(0, HH=z(w. HL (l) Fz) (o, s) ds+ g G{x) (0, 5§} dW(o, 5), 0<IL T,
4 i,z S
)1;.L:d(Q; C{I—= T]: H)y—=Laa(Qx [0, T); H),
G La(Q; C([—= T H)—A(W; H, H);
i) there1exists an .0 such that forall{€{0, T]and z. y= Liy(Q ;
C([—= T]; H i F ~ g
| )) one has E 6{ | F(x) (s)—F(y) (s) |* ds<

t
L3 | T Ll ¢
g |2y IR dsand B [ G@)—Gly) |§ds< L { 12—y |13 ds
e Laa(Q; C([—1, T; H)). ¢
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Sinee - S(tg). using the definition of 11
. = § > e operator § S e
(2.0 ¢). we have : ] S and the condition

rgle=12 sup o} ol [F<3 |} 2 jE+3TE { L E (o) (s) [) ds+

tep—-=. 71

Theorem 2.1. Under the hypotheses (2.7) the equalion {2.4) has o uniques

salution ve 12Q; -~ Th: I1y). Furthermore.  there exists O =
Cul, T, =)=>0 such thal [or dl xosli(Q: C([—= T); 1) we have i

(2.8) o (1< Co (I 2 112 @ 1211 Fra) oo 1 mE|| GLra) R): (2.12)

T
Cqo oo e
Proof. We vole (hat the equalion (2.6) ma\ he written in the form ptele ﬁ" | G(xa) |g ds.

Cpee where S:Li(Q; C([== T1: 0 P Lha82: € = <. Tl 1) isf
d(*finml by : S(x) ((_-) {) —=x{w. ) for cctell and S() (o )= o HHE

ff(l) (w. syds-+ \ Gl (0. dWio. 9 for U= {gT. We show Lhat

aperator S is a contraclion in

From the relations (J 11} and (2.12) it may 1
ay be casily ob
{(2.8) and Theorem 2 2.1 is complelely proved. SRSl e eta e
29 Stechastie Differential Equations wi :
: I é ith Integr: - :
‘sider the following slochastic system : gral Contractors. Con-

thu(, exists a & () such that the
(e, H=:o. ) —ssi<h

(L@ C= = T15 ). 1] |- Let i ya LA (| |
be given; fer —-<I~f() it holds Sty ()— Stye) (l) 0 and. for DI,

using Lhe relations (2. 3--¢) and (2.7 i) we oblain :

i
Esup { | St (94— S(ya) () 175 Oge<t] <28 sup F Ry
0

(2.]3) . N Lo f
.’C(ﬁ-", [)-—‘.((-J. 1= 0‘ /(5 -I‘:(m)) ds+ ';'I‘ g(S, J:,((D)) ﬂ'“(m ") o<t< T.

y— Fly)do 2+ Here. for z=l2(Q: (] -= T]; H). t=[0. T
) o EHI . .. , N . 'I 5 X .
zw)e C([—= 0]; I is defined h_\'){ M S O B G T e

5 r
ok sup | f (GG — GQuap dW(e) F<2tlE [P - Fya) |t ds+
4 [

AR

Tde) (s)=r(w. f+5). —-gsg0.
‘equation (2.13) will be sludied under the {ollowing assumptions :

(1) f:[0. '—l'.l:-: C‘([-—: 0] Fy—H is measurable,
g [0 TGl —=< O ID—L(H,. HY is pointwise measurable ;

[ L
LRE [ | G~ Glys) (3 dss U2+ 812§ [Lih —1: dse LT+ 1)
n s
= e — e || o=t | esp (TN
(i} there are posilive constands I, s
" : g : s A such hat for all {1 ). (1, Pe
s[0. T1=C(|—=. 0]: H) one haus : o )
|t @) —f(t. WY Il sup { [ o(s)—T(s) |5 —=<s<0}
gt =it 1) < losup {* 5(s)—3(S) | —x5€0) ¢

[1] ¥a—
whenever 7> 4L3 T+ 1. Henee. for every te|—= T| we have
1 osup | S(y) (8) - S(ya) (8) P exp (- 224N — Y e
Ve =Tl

and 1herefore

(2.9 | S(ya) 1= HTEN (i) 2 1
(2.9) o S - Se) |50 e e i) z=12(Q; ([~ T}: M) and C(:)=E r P z) 2 dit-
for all gy ya=ianfd: (===, T]: ] s

it resulls thal the equatiol +E r:, gt =y 2 dt< 4o

Trom (2.8, h\ the Banach fixed pmnl theorem. i
- T]: 1) which may be ol

{2.6} has a unique solution LEL.,1(Q (]
that under the assumptions (2.15) the functions F(2) (@, ) —

tained as the [,(£ s (=7 T1; y-limil of the following sequence and G( ) (
i : T) (w. =gt rw)) verif
(2.10) e LAy G- = TV H)Y = Sy =00 1. 9 tate : :( ) rifv all conditions of Theorem
E ) .
. 2.1, Under (he assumplions (2.15) {he equation (2.13) has

alions (2.9) and (2.10) we casily oblain

From the rel
ion T e Loy ; T ]
oQ; C = T} 1Y which cifisfies the estimation

o P - I 2 224 -2 £yt pals 2o
ext
x lgr]ls:mdof the notion of bounded slochastic integral con-
o, 7 Xn(‘ [')]) for some functions [: [0, T]x= (([— 0] ;
([—= 0]: H)— L{H,, H) is as follows: :

] 21 w
e saj Hml the pair (f. g) has ¢ bounded stochastic integral
_I‘Ids-}— .‘f) CdW(s)} whenever :

which. [or n—ce, gives us
[ 1 e 1142 0= T
From this and the relation (2.9) we oblaim

Ty [7) exp (+20(T+=)-

2] o HE2 1 =0 | <30 w11 (D)

(2.11) [ |[2< 18 ()] 2
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48
@ r:{== TIX H ow [-»11 is measurable.
D [ow TIxH <=Ll H) is poiniwise measurable ;
(i) there are positive conslants M such thal for «ll (1. B)s[—= T+

and heH we have:
reover, the mappings I'(l, hy,.) and M, Iy, .) are lincar;

(ii.ij) there are positive constants K such tha for all t=[0. 1] and

r, yaLlia(Q; C((—=, T1; H)) one has :

a) | f(t, x(@)+(AE) g)la)—fU. t)) =T 2@, O, glo. ) =
<Ksup {| ylo, 5| —7<s<lf. woas.

by | gt (@) (A @) —g(l. 7))~ xle Dy ylo- D) o=

<K sup {1}y 9| a.s.

(2.16)
T -

Here, the lincar continuous operator g—A(x) i La(; C(f— = Tl
SIA(Q; C([—-= T1; ) is given by :

Hw, ). — -0

(2.17) (A(x5 §) (o, N { Yl DT ¥ Ds. (o $) o, $) ds +

i
+ [ s, (o, s) yle.s)) diV . s), 0= T
o
(see the definition (2.14) for the meaning of the function () W)

Definition 2.2. .\ bounded stochastic integral confractor {1+

F

¢
4 [ ®dW(s) is said lo be requler if for any x. rell (@ Cil—= Ti; H)
B i

the equalion

(2.18) A(ryy—:

has af least one solution ge o2 C(l—= T1: M)

Remark 2.1. We note that for [yl = R,

1
Tt hy WISA TR O b 1) s Mo hoend. mo-§

H))—

f i
§ Pds+-
a

W a real standard Wienel

*) Soop i
‘ Lemma 2.1, I,m._ry bounded  slochastic inlegral conlrector is regular
Furthermore the equalion (2.18) has o« wnique selution and there are pr'wifju(.»

constands I, sueh that

(2-19) ENALE
Proof. Theorem 2.1 with  the  Tunctions  F(g :

o : #) o = I'(l. r(o. 1),
ylo, ) G o D= rlo. O glo. 1) and 1,0 casily ives s the
assertion of the lemma (recall that rell, g - ” L
stochastic process). l = Tl 1))y is a fixed

Theorem 2.2. The pair (f. y) has a bounded slochasiic i

. ' . : ; ; slie inlegr
if and only if the Lipschilz condition (2,15 —1i) is verified. T s
Proof. 11 .'II" funclions [ and ¢ verify the conditions (2.15-ii) then

!
T Caht (I =0 . .
o - EIO ds+ [0 dW(s); (I'=0 and P =0} is a bounded stochaslic integral
contractor.
! '
i N R I N g .

. Assume now [hat { [ J Fds-+ .‘} ¢ dW(s) is a hounded stochastic

Integral contraclor for Uhe pair (f. ). Led us {ix x. Z*:L:d(ﬂ' o -= T);

- H)) and let gelall: Cl—= T): 11} be the corr . .
: : ac 0 > wrresponding s
equation (2.18); the relations (2.16) become : ponding solution of the

ay | fi, vde)ne)—[{ 2ol

Shosup || ylo. ¥

't vlew. ), o, )| <
sl

by gl v (e =gl 1(w)) DU (e ) ple D) <€
_ S osup ] o, s
Lt€[0, T]; o as.

sing the inequality (2.19), the relalions (2.20) become ;
B E | f({. x4ty — U x) fe (K
B) Efg(t, vtz - gt v) j<(K

[0, T]; & a.s.
slel (=0, 1 and . N ey

€8st

5

FMYLEE sup {] ) |2
FMRLEE sup § z(s) |7

<. O; 11 be arbitrarily lixed. Tel us

process and Q=171 we have AMW: RO l.id(Q 0. T]: Ry and [ . [o L), (s 4o W) LiiQ; o
—1{.|;in this particular case we ecasily may obtain the problems considered = ' baak€d s C([==, TT: H)) as Tollows :
in the papers [3] and |3]. namely : for the problem considered in [37 we only YY{—=), sgt—n.

have to define f(l, o)=[{l. o). g, ) =gl (D). where i g [0, T x(s; ) Ws ). (- =<s<l,

« R— R. and for the problem considered in [3] we may lake fu. 2)

=f{t, (0), 2(-
g.: [0, T}x R=x R—R.
=®,(f, ¥) y where I'. @, : |
functions then from Definitions 2.1 and
of bounded stochastic inlegral contractors considered in [3] and [D].

It we define I'(t. &, y)=1"{/. 1)y and O 1. 1)

2.9

=) and gt 9) =gl 9(0). 2 7)) 0 7€ OSE

~. T]= R— R are bou nded Borel measurable
we may obtain the definition

UH0Y, st

(=) (—=) sgt—o,
s ~W(s )., | —<<sg
2(0) 1), s> 1. ’

25 1, 9 ¥
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\We notice that r and z are determinislic processes and

(2.21) RO PR VI PRI N NI Bt R S

Let us consider the relations (2.21) where (o: L%y and (.5 L9 )
stand for r and © respeelively, From (224} we oblain ;

o) i ) U ) 2 (I Myt sup |oals) ws) S5 sg0).
12.20) _
DY gl 90— gt Yy (R4 MyeLrsup { o) M) i msas
Therefore the conditions (2,15 i) are salisfied. and Theorem 2.2 s comple-
tely  proved.

Remark 2.2, We have proved that the existence of a hounded stochaslic |

integral contractor is equivalent with the Lipschitz condition (2.15—1i). But,
in the proof of Proposition 2.1 the solution of Bquation (2.13) is obtained as
the Lmil in La@2s €(1—= T1: H) of the successive approximations
sequence s

[ 2.26) POt iR e Ji™™), =00 120

while. in a preol which used the integral contractor (see also [3] and [3])]
the solution is obtained as the limit in PaaQ: €] = T]: ) of the correc- |

led successive approximations sequence :

(2_27) FRLLTY y.n._ J(.l"”'). ‘l.llli-l)__.l.(n- -H‘FI")) yur:, y —(. 1. 2. ...

where

o, )~ Do <I<O.

5 f
J{a) (. 1) a1y (o, §) ;,‘"- f(s. 1)) ds — ﬁ‘l. gls. o)) dWis). O T
and A(r)y is defined by (2.17}).
To prove the convergence in 1248 | -+ T} M) of the sequence
rimhgiven by (2.27) we Tirst remark that .Iq.r)hl,.'.r‘:iil; (|- = Ty: H)) for
every e laQ: C(l—=. T): ). Then, the main steps of the prool will
he as follows :

20 H:u.ﬂ JT(I 0 Ay ) i W )

by || J{x4- My gy—de)—¥ e K, [l y §ds. Ol T
) g || g™ 2 (for n>2K). n =0. 1. 2.,

d) FRLES DL N - Y AR T A 2 =0, 1. 2 ...
We alse note that the relations (2.27) may be rewrilen in lhe form
(2.28) o =z Mt =gt L™y Jeet )y et 120

which, al least for A=(f7) ' is a Newton-Iantorovieh type method (se
also the Remarks 1.2 and 1.3)

15 ON BOUNDED DETERMINISTIC AND STOCHASTIC INTEGRAL CONTRACTORS

[1 is interesting 1o study. for the stochastic case. the speed ol conver-
gence of the method (2.28) with respect Lo the method (2.26) (recall that lhl
relatinns (2.26) may be obtained from (2.28) for I ( and & —=0). bt‘('z;uw i‘;
seemny there are possibilities (see Remark 1.3) o choose integral vnnlt'aﬁors
with better convergence resulls @ but this problem is bevond of the scope
of this paper. .
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