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ON A CLASS OF PENALTY FUNCTIONAL METHODS FOR
SOLLUTION OF CONVEX OPTIMIZATION PROBLEMS

BY

C. 1LTO1

The method of penally functionals is one of the simplest and widely
known of the methoeds for solving the problem of constrained opthnization,
by reducing il 1o a sel of problems of unconstrained optimization. Usually.
for a minimization problem on a closed domain. the penalized functional
chosen so that il coincides with the Tunctional lo be minimized in {he admi-
e domain and increases steeply oulside it. Theoretically the convergence
this method can be proved under wild hvpotheses. but in pracltice it is
n that some difficultics arise even for convex problems. It was proved
hat the size of Lhe region ol superlinear convergence for The minimiza-
of the penalized Iunctionals lends {o be small and even a method which
e limit, theoretically. converges rapidly. can become ineflective by Lhis
. Moreover the solutions of the penalized problems do nol belong Lo
Imissible domain. so that. by such a method. we are in the unnatural
to estimale the solution of the constrained problem by approxima-
‘hich do nol satisfy even the constrainis.
the present paper we counsider a class of penaliy functionals for
missible approximations of the solution are obtained at each step,
onvex problems. The rate of convergence is studied for the corres-
penaity methods. Also seme special examples are considered.
et X be a Banach reflexive space with the norm .|, X° the
t With the norm denoted by . |, . (X a convex closed domain
}-00,00] a functional with the effective domain INF) such that
Consider Lhe oplimization problem :

find us( such that Fiu)=int [Fa); asC),

[7] by penalty functionals it is meant a set of functionals prXx
0,00[ satisfying for each 7 -0, the conditions :

plx, 1} =0, Vre(;

(2, 1) =0, p(r..) is decreasing. lim pla. v)==, Vare (.

§ 2l

'fu:lctiongls I N | —ac.ac] are delined by () ~ #(2) -+
the penalized optimization problems are the following :

. v

find u; =X such that Fo(u,j=inf {F;{r): ze X},
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The concepl of penally Tunctionals can be extended by subslituting (i) with
the weaker condilion :

(" lim ple. zy = Vees(,

£

With the definition (i'). (i) for the penalty functionals, a theorem of conver- §
genee holds, which is similar with that proven in [3]. )

Theorem 1. fel 170 X—] oo.o0] be o conlinuous. sirictly quuxi—mnrw‘v‘lr
aid cnereive funclional and lel the sel of penally funcltionals satisfying the con-
ditions (i), (i) and 17, he lower semi-continumes and quasi-cotnivey. Then there
evist unique solutions u respectively w, for the problems (P) and (’3) and {u;_}'

is weakly convergent to v, w; —u.when 1—=0. Moreover lim Iy ;) - Tim Fu;) ==

-0
A ().

If in addition the funclional 17 is supposed 1o be locally uniformly quasi-
convex, then the convergence of {w,} fo w is strong and the family of problems
(Py). (P) is equiwelisel.

Proof. Since FF and F;, are quasi-convex and lower semi-conlinuous,
they are weakly lower semi-continuous and there exisls unique solutions i
and w, for the problems (I’). respectively (P;). Vi.-0. The condition (i)
implies : i

FAR

lim sup Fi(u;)

P} i

lim sup I(w; )+ plas . 1)< Flu).
oo

y . . 1
where from {F( ) is upper bounded. so that fu.) is bounded. ilence Lhere
1 (LA

. N . . w
exisls the sequence Q{7,Y lim 7, 0. such that w; —u™ Lot us suppose that
Lk F & I
o

1" does not belong Lo € and let (eventually a subsequence) u;, & (. The cons
dition (ii) implies for cach 7 =), :

Pt 1S plis, RISF (16, - Fu, )5 ()

where v winf {F(r): xeX|. For k—ox. we oblain al the limil
plu’. )< lim ind pa, . < EF@) .
k-
which is a contradiction of the condition (ii). It follows thal our suppusitio
is not true, so thal u’ =, Passing to the limit in (he inequality : i
(n Fr, V<8 G Y F(y+plu, 7.4).
we gel lo:

F(u*)glilkn inf F(u;k)slilil sup ()< |ili] sup I~';‘k(u-,,k)s1“(u).
for -

* o

Sinee u* < and because of the uniqueness of Lthe solution « of the problen
(P) we have u"=u. Therelore u, is weakly convergeal Lo @ when »—( and
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lim Fas) =, Mso from the inequality (1) we get {im (i) —Fla) and
a0

o 2
’i he tirst parl of the thieorem is completely proved.

When the Tancltional Fois locally uniformly quasi-conves the proof of
the second part follows the similar proot from 3]

Remark 1. "The conclusions of the theorem hold il the properties (ii)
of the penally fupetionals are replaced by the condition ;

nk-%u. v ~—0 fmply lim pog. wp)==oc.
*

o

(ii")

(which 1s used in [3] for finite dimensional problems).

Remark 2. The condition (i) or (i) could be removed. whether it is
provided thal the solulions u; of the penalized problems (12,) belong to the
domain € for any 220, Moreover in this case we would obtain admissible
approsimations for Lhe solution u of the problem (1),

2. Lot us consider now the domain € of the form
(2) (==lreX: (g,
with € @ XN—] —oc.ec|. salisfving a Slater condition
(3 Jre X, ()= 0.

Let us consider a conves differentiable function o {000 — [0, 00| satisfving
the conditions

(4)

In the sequel we study the penally Tunetionals of the form
(5) ea((G{ry+3)4) 7

where ¢ is a

SN =o' (0)=0: Fo —consl.. »'(2)/rz 20, Viz0,

plx. 1)
conslant.
Theorem 2, fol 12 Xo]-—cc.o0] be convex differentiuble and salisfying
the hypolheses of Theorem I and G : XN—+]—ac. o] conver differentiable such
that the following hypothesis holds :
6) sup !t Foli (e, ; e =X, Gle) 0]

Then, by tuking the penally funclionals of the form (3) where the function &
alisfies the condifions (4) and under the hypolhesiy

) o> Bx.

4 po
8 =0,

€ conclusions of Theorem 1 are valid and oll the solufions u, of the problems
) belong fo (he admissible domain (.

- Proof. For cach a=(¢ the functionals p osatisfy the condition (i), so
In order to prove the theorem  we need only 1o verify  thal
‘Solutions u; ol the penalized problems belong to the domain €. Lel us

POS(;’— 'tl?hal. there exisls 70 such that w. € () and consider =€ so that
=0. Then

D) s = (D) s> e (GG () 2 — 1>
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Let = be the best approximation of the solution &2 on the domain . which
eXists in the reflexive space No Then zis o minimizing point for the tunctional
g(r) e 22 o the set €0 thal is 0= og(z) 4 (2). where {, is the
indicator tunction of € Lel Z=og(n) Y — el (), As = = ey() the equality
< i, > "I [ i holds [1]. Sinee el —:" be-
longs to the normal cone of ¢ ol . which is the cone spanned by ¢6i(z)
=16G'(zy o 6] Therefore  there  exists o -0 such thai Fe=ali'z)
and {hus (') i, (') . Soc Trom the equality(®),
we obtain

Iz z

-t = - o -

> > i

] Hl

H> =<' (z), x raf(n) G
(G = GG (L W)=

By using the hypothesis {7) and (he properties (1) of the function =, we gel
the inequality </5(z). = 1w,> 0. On the other side. since 15 (1) =0 and
because of the convexity of the funetional .01t follows

{9) <I5().

This contradiclion proves that. for each 2 =0. the solutions u, belong to the ©
domain (. The theorem is completely proved.

1%

W =<5 Fu ) s w2 0,

Consequence. Under the hypotheses of the theoremt ? the rale of conver- W
genee of the oplimal palues of the penalized problems (1;) fo the oplimal value }
of the problem (P) is given by the inegualities h

(10) F(IS (1) < F(u) -+ eo(2) 7.

]

o of the problems (12;) belong

Proof. Since we proved (hatl the solutions i
to the domain €. we can wrile :

()2 Py -+ plus. 1)2 Fu).

Also, by using the inequality )< I (u), we obtain the second relation |
from (109, ;

This estimalion implies a rale of convergence depending on the con-
vergence {o zero ol o(x} 7. when 7.—0. For example when (2.) =77 we gel al
rate ol convergence of the order (). By using a superlinear method for the ',
approximation of u al each slep. we obtain an efficient penalty method.

3. We consider now an example of optimizalion problem wilh opera- |
Lorial constraints. for which the same type of penalty functionals is applied. |
In this case we shall see that the condition as the solulions of the penalized
problems o belong 1o the admissible domain is much simpler than that of
the Theorem 2. .

Let us consider a problem of the form )
with [2]:

an obstacle problem

(11) Fimy=1{ grad p|* dx— [flo)e(a)dx
{1 Q

and

(12) Co oy v=TI(Q). v(r)= 8(x) ael.
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-0 a b : n domain of 1% with the boundary I,

"o denole here by © a bounded open < : T At
N (lllll;j(l(inu'nsinnal variety ol class 67 and hy 3= Y L2) Lhe obbltacl‘( func
. We suppose hal l-"[S)Fl.'(S_l) and ¢ -0 is a constant safisfying the
p1on. v b G !

incqualily =

(13 ez [ F8) ..
For solving Uhis problem by penalty functional methed we take:

RV B Il v
plo. ) =c{(8—e-1) 320
the norm is thal of LQ). We shall prove that the solutions of the

' o LW the inequalily (13} is satisfied.
snalize oblems helong to the sel (0 when : :
pt "‘lll-m-ﬂ )p)l(?s:- ‘lhut ther:uxists a » >0 such that the s._olulml_l i, of (P,) does
e, Then a [unction o, Zu, can he defined by

{

Ginee the functional [ is strictly convex it {ollows Lhat

(1 1)

where

pol helong to €
i, () when (@) 3().

{1 3(x) otherwise

(16) (F'{p)—F'(w). no—w) -0, |
where by {...) we denote the inner product, 0!' I.E(Q). Then, since u. is the
solution ol the unconstrained problem (/%) we have

O=175(w) = F"(w) +p'lw,. 7)
and berause of the convexily of p'(o. 1) we can write successively :

O (FU)4p' (0 2)e 0 IS (F () +p (1, 7)., iyt =

{aerad mfx) . grad{m(z) - i) — flye () — mxd) dx—
) cefi 8y — () L aydmf) — i {xN)ride.

Let us denole

Q1 mx)=38a) —clireQ; Ja)y=u(x)h

=y

[}

O, ={z=

~ Then we have 1he inequality
0§ fgrad p,(x) . grad(8(x) - w,(x) SfOEM ) - u i) bdx -—ct_lh(b(.L)--
ok
- eyyds.

where from

17) 0= §(F'(3(x)) — ) dx) -m, (endx< (| F7(8) _.,-)g‘i?‘)m) Sl

t this is in conlradiction with the hypothesis (!H:.. Saoall the solutions &y
elong to the set € and Lhe Theorem 1 can be applied.
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MS G SRNED
VANIMUM PRINCIPLE FOR CONTROL PROBLEMS GOVER?

- . NE OCALITES
BY BILINEAR FINITE DIMENSIONAL INEQUALL

BY

CATALINA NDAVIDEAXNU

imality conditions (maximum
This paper is concerned with necessary ()pt'l'lndll‘l}f°(](?|l;1(3dl(tlli?]']1]:11(_qio]1aI o
i 'll“)h I!n‘rl mn-lml problems governed by bilinear fim .
principle | | i
qun!llli’ﬁ-. le example is also presented. in which the1 oplimalily con
A simple exe s als ! | whien e
i ¢ applied ¢ he oplimal pair is fou ) ' .
S A dpp:)];(tlirr‘:z‘:!t;' conlditions. We consider the following rontrol
1. Necessary
problem :
Problem (PPg) : Minimize
/ by L] - '__.{1:.‘
(1.1) Hgte. gy hu(hH)ydt -+ oy, 0T
. St

i ") A0, 1Y subject o -
ver the sel of all functions y< Wre({0. r]: ") and a2 .) )j
one . ‘ e
(1.2) YO (F Ly +uhE (g = i) a.e. t=10. T
y0)y=p, =K.

(1.3)

i I_g\;iI!If;‘{:l*:{‘H:l(:['i(I]lﬁi:(;:-(:),|: lllwlc.)[.)!t‘zl:z-a-t-.(::}.fIh. the relations (1.2) and (1.3)
can be qui\'aIently wrilten us:

YO+ (E g e O g(0) =filly a.e. S
gAY+ (O g (O)i2 [ ae. (S0, II g =04
O+ Pyt @ gy fitt) ae {10071 gl =a,
Yo 100 0]

e|o Ty 0= ydhat

=

O <yh<a. ae [=]0, T{, yd0)

here i=—1.2.....n. = ria I wing pro erties
b The eclements which have appeared satisfy the following prop

.= IR such that
) F:R—R" s locally Lipschitz and there exist D, D.= R, s

(Fy.y)> D, |y —D, for all yelit'.

i) F,: R"— 0" is a M Lipschitzian function.




