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ON DECOMPOSITION OF GROUP-VALUED SUBMEASURES
BY

VALENTINA BLENDEA and GHEORGHE BLENDEA

o Illll thlslpa[{cr \'i'e have established a decomposilion Lheorem for exhausti-
group-valued submeasures which g aliz ¢ result han
ye ot f Sy res which generalizes the resuit of Khan and
. I..Mnlatiuns and terminelogy. Throughout Lhis paper we use th
lations in [2]. Let G be 2 commulalive laltice group (I-group), which i =
complgle (i.c., every bounded increasing nel in ( has '1 su‘premum : ;)Tder
Uc is said lo be solid (sce forex. [3]) if xs U and |y|< [x| impli )-r: Sgt
solid UcG is called a l-band il A< U implies V x<U. AE LD LR 1
In whal follows w Ti T i
. ollows we assume Lhat = is a ltopology on G, in which {he lalii
op‘er.a[mnx are conlinuous and ~© possesses « base of Lhand neighborhoods | e
origin, denoted by B(0). A G-valued funclion n defined on & ring & {s 0; e
of a nonemply set XN, is called a submeasure if by s

(D)= 0, (AU By () L), for all A, Be® AnB=d and 9(A)<0(B)
if A, Be®. Ach.

A G-valued submeasure v is said lo be ive i
: as 51 cxhaustive i, s disjoinl
sequence {1} in @, lim %(4,)=0 in (G, 7). i
ordcr?iim?{)h" ‘I:c_L G be the 2dditive group %I}, equipped with the usual
(i.e O;,Oy).._-_ (= 1) if <z e nd y<i). Then G is a complete order lattice.
. (:FJ rS()nhcwtlhe collection of all subsels of the form {{z, N R xRjag
< vebige y=d}, where «<0<b and c<<0<d. Thenany element of B(0) is a
E'ﬁil;m-lhe funclion n: =R xR by n (D)=(n(4), 7.(4)), for all Ae?
o flz‘oq.,';q, are real-valued exhauslive submeasures on @. We deduce fron;
F01~]]L\\'g% J-QSIOE 1 2nd 7, thatl v is an exhaustive submeasure.
b wiL]:arued submeasures )\'a nd % on @, we said that ) is absolulely conli-
T ‘;:(s_:!mcst l(}:) ?l (n-ciimn(gous) and wrile 1<y, if, for each Uer
. - < such that, A=® and y(A)eV, implies L(4)s U ’
}lnotgcss;:{qim(al[l\i eolrs[; ])lh}: te;pm of the addilivity in Lhe s(en)se o.f Drew-
.Le denole 2 colleclion of pairwise disjoi i
:E}r}il legl_\ lie tllﬁL?SBESOf all such colleclions. s T 0
iven a set o=@ A we wri T = !
. EU . <A we write o(E)={D eA/(E, D)=sc}loreach E€®and
er
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A set oS @ x A is said Lo be an aldilivity on @ if il salisfies the condilions:
a) AfcA,, where Af consists of those collections D which have only finile
number of elements;
b) if Ee® and D sa (1), then VD=1 ;

¢ if Ee® and @y Deco(F). then Dy(\Po={Din Dy €D, i=1,
2l es(l); 0

d) if E, E.=®, EnE=® and D, =a(ll) (i=1,2), then DD =

1D Dy D, €D, i=1, 2} €0(E, U E,). 0

e) if E, Fe®, Ecl, and D o(F), then DNE €a(lf). Let cbean addi-
tivity on 2. .1 G-valued submeasure % on @ is said to be o-continuous if, Tor
cach E=R@, and D =6{li), “I,me'ﬁ (2 —u Py=01in (i, <), where {(D) denofes
/[
finile colleclions of men‘lbers(DUI (f/).
A G-valued submeasure = is said Lo be o-singular il any e-conlinuous
G-valued submeasure A on 2 such that A< is identically zero.

2. The main results. Let p be an exhaustive G-valued submeasure on R
and suppose that o is an addilivity on @, For cach E« @, define

S(L(E)= F 3 P-(UKD')
Ay ealk) Gy /(D)

S, (Fy= Vv A E—ub).
F)= ) o o Lot )

2.1. Lemma.S, and S, are G-valued exhaustive submeasures on R.

Proof. S, and S, are G-valued submeasures on 2 as we can sce from[2],
Lemma 1. For exhaustivity let he any F e®. We have S (F)<u(E) and S,(E)<
< u(E) and so, itU € B(0) such that p(F)= U, implies S,(E)=U and S,(F)=U.
Therefore both S, and S are exhauslive and p-continuous.

2,2. Lemma. 1) S, is g-conlinuous ; 2) S}, is o-singular.

Proof. 1) Suppose on lhe contrary, that there exist U< B(0), Ee®, and

8)) D ea(E) such that S(E=UD)«U, for all D' ef(D)

Since S, is a submeasure and U is a solid we have S (E)¢U and
SF(E)QCD V@)p(u DN implicfb !\(/@p.(u D'y« U. Since U is I-band there exists
: e

e/l g
a D,={(D) such that w(u@,)«U. By property (5) of an additivity,
D —D,sa(E—yD,) and from (1), S(E—uD,}§U. Because V
D" efD—Dh
w(u D)z SUE —uD,), it follows that,D f}é p(UD)& U and so Llhere
P eSD—)
exists a D,ef(D—D)) such that p(UD,)& U. Thus we construct by
induction a disjoint sequence {@,; n=1,2,..} such that u(u@,) ¢ U. This
contradicls the exhauslivity of p and so S, is g-conlinuous.
2) Suppose, on the conirary, that there exisls a ¢-conlinuous G-valued
submeasure A such that 2 €S, and 2#0. Then there isaset Ee®, and U=3B(0)
quch that M(E)&U+U+U+U. Since A< S, there is U'e@ (0) such that

) (Fe®, S(F)eU)=0<l)

Thus S,(E)& U’ ; since U’ is a I-band there exisis a Do=a(E) such that p(E —
—yDy& U, for all D' (D). Because & is c-conlinuous, there exisls [y =
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=[P, such thal (I -y Pyye U, Lel I =V Py A =FE =1 Thenp(d,) € U,
MADEUand M) EU +U--U.  THence S (& U’ and so there exists
W D, ey such Wil pl, —u@)y& U, for all D" =[(D)). Again o-conti-
nuity of % implies  Lhe exislence ol a D= f(D)) such that ME,—uPDHeV,
where VEB(0) and V4+Ve U Lel By=y@ A, BT Then u() & U,
nA) e Vand 1) & U V. Il oblains a disjoinl sequence {4, n=1,2,.} in
@ sueh that p(4,) £ U, Tor n=1, 2., which is a contradicltion. Thus S, is
a-singular.

9.3, Lemma, (1) 1] % is « g-conlinuous G-palued submeasure on % such
thal 3 <p. then 1.&5,.

(2) If v is « o-singular G-palued submeasure on @ such thal v<y, then
v S,

Proof. {1) Since n<u, given Ue®B(0), here exisls U'et such that
8)) (Ee®, wI)=U)=0)=l),

Since U is open, we can choose U =B(0) such that U< U, Lel us prove
thal S (FE)s U implics W) & . Suppose on the conlrary that there exisls
an E,=@ such thal S, (I,)=U" and ME)&E U4V for some VeB(0).
Going to a bigger U''e U iliLis necessary lel us assume thal thereis a 2 =o(l,)
such that w(u @y U”, for all D [(D). Since ) is s-conlimous, there exists
a Py such thal I, upe V. 1L Tollows thal 7.(U Dy & U, Thus
w(u Py U7 and (U )& U (contradiction (o (3)). So n<€S5,.
(2) Since v <p given UeB(0), there exisls U'e B(0) such lhal

(1) (Fe®, and wl)ys U)=(wE)y=)

Suppose on the contrary there exists an E,e® such that S(E)=eU’ and
W(Ey) & U+ V. Tor some VeB(0). Since U is solid, we have A p(E--u@)e
e U, for all D eo(l,). Drefn
Because v<€p and p is exhaustive il follows thai v is exhauslive and so,
by Lemma 2.2, 1), S, is g-conlinuous. Moreover, S,<v and then, since vis
a-singular it Tollows S;=0. Thius there exisls a Do=a(l)such that v (D) e
= V. for all D’ =f("D,). Using Lhe same arguments as in 1), we can choose 8=
[e(Dy)so lhat w(E,—uD)eU’. Lel In=U Dy and it Tollows that v (E,-
)& U which s a coniradiction, and so v<€ S,.

In the following theorem i~wn means thal 2 <€+ and n <

2.1, Theorem. Lel (G, <) be a lopological l-group which possesses base
of -band neighborhoods for origin. Lel p be an exhaustive G-oalued submeusure
on @ and & an addifivity on @, Then p~ 8,4+ S,(~ S,V S)).

If % and v are G-valued submeasures on ®, 3. is c-conlinuous and v is o-singular,
respeclively, such thal p~)+v, then ke S, and v~ Ser

Using the three lemmas presenled previously, the proof follows as in Lhe
Theorem 2.1 in (2]

Parlicular case. Lel G be an order complele [-group equipped with a
quasi-norm g on G, which is a -quasi-norm (i.e.. g(r)< () for all x, y=G,
with |&< | yl). Suppose thal ¢ is order conlinuous likein [2]. If we write Uge=

{xeGlg(x)< 8} for some 320, then B(0)={U;}8>01is & base of neighborho-
ods for origin in {(G. ¢).
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Hence we deduce that Theorem 2.1 in [2] is a consequence of the preceding
one.
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SOME SUFFICIENT CONDITIONS FOR CLOSE TO CONVEXNTTY AND
STARLIKENESS OF MEROMORPITIC FUNCITONS
BY

B. A, URALEGADDI and 11, 5. PATIL

1. Intredection, Lel A denote the class of Tunctions f(z) regular in the
open dise I)-={z: |z/< 1} and normalized so thal [(()=0=/(0) —1 and S denotc
the subelass of -\ consisting of univalent functions in 1. Further € and S
denole the subclasses of S whose members are close-lo-convex and starlike
in D respectively. Ram Singh and Sunder Singh [3] established
a few sufficient conditions for close-lo-convexity and starlikeness.

Let N denole the class of functions f(f)=1/ztaotamFaz ... which
are regular in the punctared disc O<jz|<1 with a simple pole at z=# and
N and M. be the subelasses of X consisting of functions which arve respeeti-
vely starlike, ¢lose-to~convex and univatent. A funclion

(1) g(z)=b (2 by b s bt (|h_y|=1),

which is regular in the punclures dise 0<|zj<1 with a simple pole al z=0
is said lo be starlike il Re 29°(2)/g(x)<0, z=D. A function { in X is said to be
¢lose-to-convex in the punclured disc 0<|z]<<1 if there exists a meromorphic,
starlike, sehbehl funetion g(=)in |z}<1 with a simple pole al the origin, given
by (1) such that Be of'(2) 'g(z) >0 for zeD. The concept of close-lo-convexily
1o the case of meromorphic functions was introduced by R, J. Libera and
ML S, Robertson [2] Itis well known that X¥*c 2, while f€X, need not
be univadenl.

In this paper we obtain a few sullicient conditions Tor close-lo-convexily
and starlikeness of meromorphic Tunclions. Methods arve lhe same as could
be found in [3].

2. We need the following resull due to Jack [1].

Lemma. Lel w(z) be reqular in the unil disc D and such that w(0)=0. Then if
lw! alfeins ils maxinum value on the cirele [z[=r1 al the point zq, we have zow'(zo)=
== faw(z,), where Iz 1.

Theorem L If [ €2 and

2) |G H YA G2 @<, s,

for some Iz 0, then [ is meromerphically elose-lo-convex in D—{0}.
DProof. 1L suflices to show that (2) implics

(3) [z2'(z)+1]<1, zeD.
Define w(z} in D hy
(4) #f () +1=w(2).



