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Hence we deduce Lhat ‘Theorem 2.1 in [2] is a consequence of the preceding
one.
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SOME SUFFICIENT CONDITIONS FOR CLOSE TO CONVEXTTY AND
STARLIKENESS OF MEROMORPHIC FUNCTIONS
BY

B. A URALEGADDI and I, 8. PATIL

1. Intreduetion, Lel A denote the class of Tunctions f(z) regular in the
open dise [} {z: |z/< 1} and normalized so thal [((H=0={'(0)—1 and S denote
the subelass of -\ consisting of univalent functions in 1. Turther € and S
denote the subclasses of S whose members are close-lo-convex and starlike
in D respectively. Ram Singh and Sunder Singh [3] established
a few sufficient conditions For close-lo-eonvexity and starlikeness.

Lel ¥ denole the class of functions f(zi=1/z-bdy+a,z2 bty zt ... which
are regular in the punctared dise O<jz|<1 with a simple pole at z=# and
N and N, be the subelasses of X consisting of lunctions which arve respeeti-
vely starlike, close-lo-convex and univalent. A function

(n g(z)=0b (25 by b -0 (Jh_y|=1),

which is regular in the punclures dise 0<|zj<1 with a simple pole al z=0
is said to be starlike il Re 29'(z)/9(z)<0, € D. A function [ in X is said to be
¢lose-to-convex in the punclured dise 0<|z]<C1 il there exists a meromorphic,
stardike, sehbiehl funetion g(=)in |z1<<1 with a simple pole al the origin, given
by (1) such that Re z/'(z) g(z)>0 for z&D. The concept of close-Lo-convexily
1o the case of meromorphic lunctions was introduced by R, J. Libera and
M. S, Roebertson [2] Itis well known that X', while feX, need not
he univadenl,

In this paper we oblain a few sullicient conditions Tor close-to-convexily
and starlikeness of meromorphic Tunclions. Methods are the same as could
be found in [3].

2. We need the following resull due to Jack [1].

Lemma. Lef w(z) be regular in the unit dise D and such that w(0)=0. Then if
lw! altains ils macinium palue on the circle |z]=r al the point =y, we have 7w’ (zo) =
=law(z,), where Lz 1.

Theorem £ If [ €2 and

®) 21 TP @2 @ <L, 2D,

for some Iz 0, then [ is meromaorphically close-lo-convex in D —{0}.
Proof. 1L suflices Lo show that (2) implies

(3) jz5f'(2)+1| <1, zE€D.
Deline w(z} in D by
4 2 () +1=w(z).
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‘Then clearly w(0) =0 and w(z) is regubat in D, We claim that fw(z)|=-1 tn D.
Diflerenlialing (1) we oblain

S () A2 () = (D).
Hence ‘ . ‘ o
©) ) A2 Q= @ e @

Suppose Lhere exists a point % in I such thal
Max (w(Y=ti(z) =1
12 &zl
By applying of Jack’s lemma to w al z, we have
ot (z2) = ktw(z,), where kz 1. so thal () vields
3z 171 (G 238 G =R 1 .

which contradicls (2). Therelore w(z)|<<1 in ) so thal [=f ()4-1l<t in D
which shows Lhal f(z) is meromorphically close-lo-convex in D—{0}. Putling
I'=1 in Theorem 1 we oblain

Corollary 1. If [ =X and
(6) S 2] <1. =D,
then [ is meremorphically close-lo-convey in D— 0.

Theorem 2. If f=X salisfies
() |2 @B IO 2 s D,
for some U'z0, then [ 1s meromorphically close-lo-convex in 1) —0k

The proof is similar Lo that of Theorem 1. Taking U=1 in Theorem 2,
we oblain

Corollary 2. [f [=X salisfics
&) 13- f (Y (<32, ce
then f is meromorphically close-to-conver in D {0k

Theovem 3. [f [ =X salisfies for z= 1) the copelifion
() OO+ U I Q) =2 I < @)
for some I'=0, then [eX’

Procf. It sulfices lo prove that (9) implies Re =f'()/f(z)<0,
Define w(z)} in D hy

(o () {1 -t ) D —w(s)). |
Then clearly w(0) =0 and w() s regular in ). We claim that Jw(z)|<lin i
Differentiating (14) logarithmically and stmpliflving we obtain
(1) FEIE QIS =2 L EOUEI = |
2o()/(1 —w()) 1] s () A-w(=N)E.

By applying Jack’s lemma lo w at 2o we geb 510’ (zo) =kw(z,). where k> 1, so that
(11) wvields

Lzof (za)[[(z0) 1’ Plzof () (20) _’2301('(:0)'){(:0”1‘?(1 +]"/2)1i:/’ (127,
which contradicts (9). Hence |w(z)j<l in D aund from (10) it follows that
[ex

=

(3]
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Taking U'=1 in Theorem &, we oblain
CoroHary 3. If [ €I salisfies
(I —2 L <32 =D

then [ is meromorphicatly slarlife in D,

Theorem 4. If [€X salisfies
(12) |l O AD A =) @A @IE 2@ =1, =eD
for Oga<t, then f s meromarphically starlike in D.

Proaf. 1 suffices Lo prove that (12) implies the inequality

SONE < e

We deline w(z) in D by
(13) w(z)=f G+ L
Then clearly w(0)=—0 and (z) is vegular in 1. Logarithmic differentiation

of (13) yields 2-4-zf"(2)/f (z)=10(2) ' () (wdz) —1)

and hence _
(1) (= AN A —2) @ L EUE) =7 EE)
() |14 (1 —a){w() -+ 2w’ () w(z))
Weshow thal ()] <1, z€D. Suppose 5, is a point in Dsuch that
Max ()] = |w{z)1=1.
QLN
Applying Jack’s terama to @ at the point z.. we gel Tpn'( ) = Koz} where
F> 1 and w(z)=¢9% so thal we oblain from (10
a(zof (z) [z} 1) |- (U=} (214 2f (%) {(zo) Fxaf (=) [(z0)]
=[14-(1 —2) 4021,
which contradicts (12). This proves that [w(z)! 1in D, and henee [/ (2} f(2)+
41]="1 in D, from which it lollows that [ is meromorphically starlike
in D. Taking =0 in Theorem 1. we oblain
Corollary 4. If [EX salisfies
(15) Bt OGO <1, 2€D
thep feX.
Theorem 5. If f €N, a2, and
Re fa(l £ @I N+ =) @) )< =12 z=D
then [ is meromorphically close-to-conved,
Proof. It suflices to prove that

(1) |22 (z) 1) =1 for =1
Define w{z) in 1) by
(17) /()4 =),

Then cleatly w(0)—0 and w(z) is reguiar in . We claim thatl jw(z} =1 in D.
"The remaining proofl is similar to that of Theorem 1. Putting e=1 in Theorem d
we oblain
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Corollary 5. If [€X, and
(18) Re (14" @I (< —1/2. z=D

then f is meromorphically close-to-convex.
Our next theorem strengthens the results of Corollary .

Theorem 6. If [=X salisfies (18) lhen
(19) —f' ()<l —z, z=D.

Morcover [ is close-fo-convex.
Proof. IUis easy o see that g(z) =1 —=z is univalenl in 1), Define a regular
function w(z) in D, w(@)=0 such thal

(20) =22 (@)=1—uw(z)
Differentiating (20) we oblain 27 () 1= —1 =z (2)/(1 —w(z))
We claim that |w(z)] <1, otherwise there exists z, = 1) such that

Max |w(z)|=|w(z}|=1.

He=ak ]
Then applying Jack's lemma to w ab 2, we have

=o' (z) =kio(z,) wheve &z 1. so that

Re (1 i :o{”(:u)) — 1 —-Re _I'w(_:“)__. =—1-- f_‘; . l s
/ (:0) b —w(z,) 2 2

which contradicts (18). This proves that [w(z)[<lin D and lience (19) holds,
which in it turn implics

e (—2*/'(zN=Re (1 —w(z))>0 fur [z

Hence [ is close-lo-convex.
Acknowledgement. The authors are arateful to the referce for his valua-

ble suggeslions.
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UNIFORM DISSIPATIVITY O SOME FOURTIH-ORDBER NON-LINEAR
NDIFFERENTIAL EQUATIONS
LY

ANTHONY UYT AFUWADRT

1. Intreduction. We shall he concerned in this paper with differential
equations of the form

(1) @ \'—,r.'..l: brd g(..v)—';—h(‘r) =q(f, v, . x, a),
and
(2) AV b g (AR =gty 1, & T ),

under the basie asswmptions thal

(3) a. b are posilive conslants and funclions g. g, It aud g are real-vahted and.
continuous in their respeclive avguments

g, 2 2 0 D) e

Inan earlier investigation, Barbalat and llatanay [2] and ILala-
nay [1] used the frequency-domain lechnique lo study uniformdissipativity fov
equations of the Torms (1) and (2), but for which al most enc of (he Munclions
¢, ¢, ot It is non-linear. Also, the author tn [1] sludied the equivalent equalions
to (1) and (2), but for third-evder non-linear equalions.

Our objective in this paper is to employ the frequency-domain techuique
in proving uniform dissipativity fov equations (1) and {(2). Weshall thus extend
earlicr results in [1]. [2] and [1] to fourlh-order dilferentinl equations with
lwo non-linear terms.

9. Statement of resulis. Two theorems will be proved in this paper.
Qur first result is concerned with equation (1).

Theorem 1. Suppose, in addition to the basic assumplions (3) wid (1), there
cxisl positive constants ¢, d, gy and g, such tha

{5) ab=c, (b —cYe —a*d =N,
and for all 1222, %, sufficiently large,

) ey ety <y <P
and

N d< h(2)[z<d 4y, d<H )< d it



