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Corollary 5. If feX, and
(18) Re (14" @< 12 z=D

then [ is meromorphically close-to-conved.
Our next theorem strengthens the results of Corollary 5.

Theorem 6. If [ =X salisfies (18) then
(19) —f'(5)<1 —z, z€D.

Morcover [ is close-lo-conved,
Proof. It is easy lo see that g(z} -1 —= is univaleul in 1. Deline a regular
function w(z) in D, w{) =0 such that

(20) —z3' () =1 —1w(c}
Differentiating (20) we oblain z{"(:)/[') tl=—1 —z' (! —w(z))
We claim that |w(z)] <1, otherwise there exists z, e ) such (hat

Max w(z) = Jw(zo) =1

PN
Then applying Jack's lemma to w at 2, we have
2ot0' (zo) =Tao(zy) wheve kz 1. so Lhat
Rc(l :"’”("")) g e fwl) g ks L
[(z0) I —w(z,) & 2

which contradicls (18). This proves that [w(z)[<1in D and henee (19) holds,
which in it {urn implics

Re (—2'(z)=Re (1 —w(z))=>0 for

Hence  is close-lo-convex.
Acknowledgement. The authors are arateful to the referee for his valua-
ble suggeslions.
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GNIFORM DISSIPATIVITY OF SOME FOURTH-ORDER NON LINEAR
DIFFERENTIAL LQUATIOND
Y

ANTHONY UYD AFUWADLE

1. Introduction. We shall be concerned in Uhis paper with dillerential
equations of the form

(1) V4 it b - g(.;‘)—i—h(‘l')=q(!, X, v, x),
and
(2) a4 @ b i gl()l R(v)=ql, v, 1, T, 1)

wnder lhe busic asswmptions thatl

(3) a. b are posilive constants and functions g.g,. f and ¢ are real-valued and.
continuous in their respeclive argitments ;

oy, 2, 1, 0. 1)< o

In an earlier investigation, Barbalat and ITatanay [2] and ILala-
nay [1}used the frequency-domain lechnique Lo sludy uniform dissipativily for
equations of the forms (1) and (2), but for which at moest one of the funclions
¢, ¢, or his non-linear. Also, the author in [1] studied the equivalent equalions
o (1) and (2), but for third-order non-linear cqualivns.

Our objective in this paper is to employ the frequency-domain techuique
in proving uniform dissipativity fovequations (1) and (2). Weshall thus extend
earlier results in [1]. [2] and [1] to fourlh-order dilferentinl equations with
two non-linear lerms.

9. Seatement of results. Two theorems will be preved in this paper.
Qur first result is concerned wilh equation (1).

Theorem 1. Suppose, in addition to the basiv assumplions (3) and (1), there
cxisl positive constanis ¢, d, g, and . such thl

5)) abz¢, (b —c)e —a*d =\,
and for all |z|z2,. %, sufficiently large,

(6) e gDz et py g (<
and

) d< W@z d4-pq d< N D)< d e
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Then. if

) i (129 Egls)ds —z0(2) 2120,
eind
{" i (1az?) (e —20) CLEhgs)ds - h(2) 242 0,

cquation (1) is uniformly dissipative.

We note thatif
(i) g(a)y=ca, e==0, in equation (1), then inegualities (6) and (8) ave triviathy
salislicd with g, identically equal Lo zero. a sttuation investigated in [2]:
(i) h(x)=—dua. d =0 in equalion (B). then inequalities (7) and (9) ave riviaily
satisfied wilh w, identically equal to zero. a situalion investigated in [2] and[4].

Our second result is concerned with equalions of the form {2).

Theorem 2. Suppose. in addition lo lhe hasic assumplions (3) and (1),
there exist posifive constants ¢, do py and o such thal ineyualities (3) and (7) are
safisfied as well as

(1) e () r< e,

for «ll [xlz%e o sufficiently large, where Gi(0) o (s,
Then, if inequality (9) holds, equalion (2) is uniformly dissipative.
We remark that if in equation (2), h(ry=dx, d=0, we obtain

oY e b g () de=gid, o x).
Uniform dissipativity Tor this equation was studied in [2].

3. Theorem of  Yacuhovieh. The proofs of our theorews. wsing the fre-
uency-domain lechnigque are hased on the Tollowing result of Yacubov ich
[7), and generalized by Bar balal and Ilalanay [2] lo allow for sys
tems of the form

(n N =AN—B®(e)+ (L ). e=C"'X.

Theorem 3. Suppose thal in system (11). A is an nn stable mafrix, B
and € are n<m mairices with C° as the complex conjugale of C,
d{s)=col (¥,(5;), j=1, 2o ti3 and Jor all &2k

O<ad (D)<ppnt, — a< D)<
paal afz0;  and [P N)I<go for «ll (1, X).
If there cxist dicgonal malrices D=0, Dy 12320 such thal
{10+ Re{[D,diag pﬂ‘l—im])_.](}(iw}+o)'31{c[1)3(f—'- diag (af —af)i(io)] -
—GH(—iw) D, diag ajad)G(io); =0
for Wl o in R, where Giw)y=C*(lol =)' B, then, if further, we have
(13) Vi Da(1/22) diag {7o® (e)da—(1 12D (1)} 0,

AR

system (1) is uniformly dissipative.

(12)
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We wote that il of==0, the last term in (12) vanishes and inequality (12)
rednees o
(L) 4D, - ReilD, diag gt ie D6 (10)] Lot Rel Dy [ - (iay A (im)])] =0,
far all & in B

Furthermore, if $j(x). (== L2, m)y is linear in oz the j-th
component of (13) s zero.

n the same line wilh the fregqueney-domaiu technique. we  inlroduee
the foltowing delinition :
The system

(15) Y Y =By (a) ED V) e GRY

will be referred to as the dual of system (1), i matrices Ay 83, Cpare respecli-
vely equal or equivalenl to matrices 47, Cand 13

Wilh this definition, the frequeney-domiin conditions (12) for system
(11) are equivalent to those for system (195).

4. The Prooi of Theorem 1 4.1 Some Preliminary Resulls. Let g(v)=
ex4-G(¥) and h(x) dx+h(x). where ¢ d are posilive constants and g, hare
differentiable real-valued conlinuous funciions. Thus, incgualities () 1o (4)
become :

(16) 0<g(x)z  V=FE=r

(17) l)é?i(:),l':ﬁ' met 0= ﬂ’(-) Lo

for all ziz2q:

(18) fim (U =5)fad(s)ds — (=2 jgizhz 0,

anl o . .

(1 tim (1 fez®) (b —2e) {EERC s —(= 2Nz
respeclively. &

o1 convenienee, we sel &=, .1",=.t'=, 2= Ty .{:;s r, to obtain for equa-
tion (1), an equivalenl syslem
(201 N AN —BdO(e) (L N), a=C"X,

where

.z'l 01 00 00
L 0 (} 1 O 00
N Ty A Tt L | = 00
5, L od —e¢ —b —u N8 B
1o {
01 0
- ; (. XV
C 00 ud (6 X) ) 0 )
L0 0 y(l Ty, X Ty )

A . - o
with q(l, 2;, @5 Ty y) = (L Ty Ty Ty Toh
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In that case,

L Xj , ;J(J‘.l)
4] E . l[ H B
v (n] wt (ﬁ@d]

Observe that. since (ab — ey =8 and (ab —c} ¢ —@d =0 with o200 and dA the
characteristic roots of matrix 4 have pegative real paris. Thus malvix A s
slable. TFurther. for all real values of o, (fof —. 4} b exists,

A simple ealeudition shows thal

Gio) = Clial 1) (1 -“x(fo:))(.] .l).
G ]

'

where A(ie) == (@' —bo® 1 d) Lin(e —aw?). We shall denote (i) shinply by A,
and ils conjugaic M i) by T Thus, 1A= AN=(6! —ba-d) o (e —ue®)
Clearly, for all e in K [AJ2=0,

For us Lo use the generalized Theniem of Yacuhovich, we chaose

D, iy 0 s 0, ¢
0 Talus - a 0.

g (3 . ! 0
h, = B and ding pi= ( the .
0 & E T

wilth 220, 820 and 0; (j=1,2) as paramelers o be chosen appropriately
fater on. By inequalities (16} and (17). pu, pa. b of Theorem & are respee-
tively py, O and gy (=1, 2). Wiil these, weave lelt the evaluation of inequality
(1) for ali e in 1k

In view of (21), the [requency-domain condition (1) becomes

99 (o) (e} n:((-:}) -0
() (@) (7:;-,((-.‘-} ()

where 7). m@). =) and 7,(o) are delined by

(2

mle) (1 p) -+ ot —bo* 4 dy e 0(e ——wew?) (=1 w23 1A ]
mo(e) = { (7140 (3 —02)) (o' - bor® 4-d) e (7a 03,4+ ) (c—ew’)] —
—ie(m, o8, 4-02)) (¢ —aw?)- (ot 28 —0,) (&' —bo* )] 2IAE

() =T ()
and

() -72{(1.112)—[—@“[(0 gy —Du(er! — bo® -l d)_'(ra—}-m:S_.)];'Ai-’}.

4.2, Verificalion of (22). Matrix () will be positive definite For all real o, il
either of the following Lwo conditions hold :

(23) 7{0) >0 and w(@)r ) - |mra(e9) 2 >0,
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or
(24 o) =0 anl = (wm (@) — ()P =0

fur all real o.

Conlitions (24) ave obiained by i nan singuler teansformation of nfw).
T achieve these, Lhe [ollowing resulis witl be uszclul,

Lemma L Lef O,=(ab —Z¢) (=48 o) acund Qe (v, -eaids) (e — 1dy',
Then [or all real o, =,(0) =0, and 7o) =0, provided w, < [(ab —c)r —« dYar and

e (e} — o), where 2ot = [h-| (0% — id)" | i deing the larger rool of of ben®-1-d =10
Proof of Lemma 1.1 is clear Trom the definitions of = (e} 7o) thal
m{e) =0 and = ()0, il furall e in R
(1w > max (P (@)A1 and (Hp) > max {Pu(e?)/iA]F
where
P ()= {ne? =)0, — {7+ ) (! —bey! (= o B
and

Py(e?) —o{(et —bo? +d) 04 (103, (06’ =Y (724 078.).

If the maximum of Py(e®)/|Al* is aftained al e*=cja, then it has the value
@A, with A, =(ab —c)e —ard. Thus (1) >a?fA On Lhe olherhand, i the
maximum of P(o3)]/A]* is allained at @*=oi. we have
Py} ei(c o)’ = 1(aw] ).

That is. ™1/ {tei—e). We abserve that
23) «® . for*(atew? —¢) (b —2¢) (i) ae} —(1 HHoH (o' —bo= d)
L) —

A, (1o Al2

for all real values of @, where (=38,/=;=0.

Ta a similar way, we note that for all real values ol o,

e o) (0? wy) (14-oi) Fd{aon? —¢) (1 4-6%) (0F — o)
d{1 -} 03%8) (7 — ) AJ*

(20) (voi—o) 'z

where s=8./7, and «, i5 lhe smaller rool of o'—bo*4d=0, given by
D=l —(b* —dd) -

Furlher, we note Lhal equality oceur in (23) and (26) if we respectively
have o?=cla and o=} This compleles the proof of Lemma 1.
Lemma 2. For all real values of o, and all positive choices of

(=37, and s=38,/7.. m(o)m,(w)— |mdw)2>0.

Proof of Lemmua 2 From Ue definitions of =), m.{e) and =, (o), we
have that
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m()me) )=
w*(ath —2¢) (a--lo)(e — tea?) } ¥
el -fe?l)

1 =8

(2 stk _(.'.)_ (¢ —aw®y — c(l _H':‘S) (.f‘)‘ —I,{');i—i-")]}.._
o Ao} —wiH1 4= %)

(A (et (3 — O —be? Fd) (= A28, -F0 ) e —awT) ]k
doi(n, o340} (('-—um-’)—]-(rg—',—tozSz—O,) (' — bor*--d)}*].

Sinee (A% is a polynomial of order eighl in e, or a poly nomial of order four in
i, for all o oi the last expression in brace bracket is always very small. We

‘ efore ¢ o1 and w. such Lhat (@) (e) —|m0)[*=>0. In articular.
can Lherefore choose wy and p, such Lhal m(w)m(0) —|7d0)] p

il @?=cla, then (27) becomes
; a1 +ois) ]

ot — @ ATt
R R L WO B Y Y

: = ¢ [ A\
(244 {[7,—\-:—‘(8‘—- ﬂg)] -i-;(fg-l—zﬁg—ﬂl)}.

H . a at Y Ty PRVIRR lh
Thus 1, .. con be cbosen as i [Lemma lqmu.h that  this expression |
positive. This completes the proof of Lemma =

1.3, Supplemendar y Conditions. The supplementary conditions from (13) in

relation Lo our system (20), and our choice of malrix D, will be

- {p{" { A,'”[((-)‘—bﬁ)"-l—d){—

0, O {J‘.ﬁﬂ(x)ds - % h (:)} 0

. =0
0 0 {J‘f.g(-s-)ds—;si(o}

u_l._.

(28%) .lim

’

A simplification of this shows Lhat (28) is \;nli(l if and only il

q 15, N
h(:}};zﬂ, and  lim -_—I-I{jf,g(x)ds—‘—gy(:)}zﬂ.

I L

lim L (ab — 2¢) {_[5}1(.\'_3(1.\' -

s QIE

| SRR

since 0, is posilive. ' -
4.4. Completion of the Proof of Theorem 1. The choice of malgices Dy, D, and

D, with the conditions impo

5 ave fulfilied for this system. This completes the proof of Theorem 1.
=. Prooi of Theorem 2. In equation (2),let j‘;‘,g,(s)ds—-c.f Fg.(2) and h(z)=

—dx l—?z(.r) where ¢, d are posilive constants and §.(x) and h(x) are ¢conlinuous
0=h(0). An equivalenl syslem for

differentiable funclions satisfving §:(0)=
equation (2). 15 given by
oy = —dat,—h(y) F (L T Ao Tar Ta)y

29 . .
) x, =2, —cxy— (1), Za=mpa—bEy, XTIy A,

sed on them by Lemmas 1 and 2 make the frequency-
domain conditions valid for system (20). Thus all the conditions of Theorem
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where
fes . .
q(!‘ Ly Lo Ao By} [[-:[‘ e d T ‘l‘l).
As before. svstem (289) can be writlen in the veetor form

N, N =B, b5yt N). 5 =N,

wilh
00 0 4 1 0 1
A= I 00 o | i 0 1 . 0 00
010 b 0 0 00
001 a 0 0 0

Thus, we have a svstem dual to system (20) The frequency-demain conditions
for holh systems are Lhe same. Hence. all the conclusions for svstem (20) are
valid Tor svstem (20, This comptetes the proof of Theorem 2.

6. Remarks. We nole that some work has been done by Ezeilo and
Tejumolia [3]. Harrow [3] and olhers [G]. on the ultimale bounded-
ness of some fourth-order equalions which can be reduced to the forms
(1) and (2). They have all employed Lyvapunov’s second method in their
proofs.

Of particular interest is the work of Harrow [3]. The equation he discussed
reduces Lo equation (1) il we tel f(xy=hx in [3]. Then, the Lyapunoy function
cmploved reduces Lo

2V(x, g o) (b3 —dfe)y* (e e by fa ot

G bz By fayz )y () e gy Cagp(adls |- 3 fah(syds
This function has the Tollowing propertics

(30)

(31) Vo, 0,0, 0y 0.

(32) Vi, yo ooz D (et by - ),
and

(33) Vg — (),

where D), (j=1.2) are some posilive constunts depending on «. b. e, d and 3.
The frequency-domain lechnigue uses a special Lyapunov’s function (cf. [2]),
satisfying in addition to condilions (31) and (32). the following condition

3 1) ‘—.S_ —D{ed 4y +:'—'_-'--”:"),

with D as a positive constant depending on «. b, ¢ and d. This makes a diffe-
rence, since, with this condition. the full requirement of Lyapunovs Theorem
can be exploiled to advanlage. Furthermore, Lhis gives the frequency-domain
technique an advantage, especially with the appearance of the a and w para-
meters in (34), over the Lyapunov second method as used by Ilarrow in [5].
The resulls also oblained improve constderably the results of Harrow in this
direction.

We further remark thal. the conditions on lhe non-linear funclions
o(y) gmd h(x) in [5) and the condilions here are the same. In fact, in [3]. it was
required that
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(35) c<ylpysg nsatalnly  (G#F0),

where o= Ad/2ac® and

(30) d —2ac ' A= R(a)y<d y 0= B<h(x),

for all x. r#{L Tere, we require that i(x)/x be Dounded above by d-1u. with
e 0 posilive constunt satisfying the conditions of Lemma 1.

+ Conelusions. The resulls in this paper., heve extended the results in
[1]. [2] and [1] 1o fourth order equalions with two non-linear terms, Moreover.
we have given another way by which the discussions in [1] can be extended
Lo foarth-order differential equations of the forms (1) and (2). We have made
use of all Lhe parameters in Theorem 3, withoul necessarily putting thewm
initially lo zero.

While the major conlribution of this paper is to prove in another way,
results earlier studied by using a non frequency-domain technique, [3] and
[5]. we can ¢laim to have by our nppruach, mude some impm\'cnwnts on the
range of the non-lincar function g(x) or g, (x)F in equation (1) or (2) respec-
tively. From Lemma 1, we require that

max {g()/ys ¢ @hgetp = Ao
We can conclude from (35) that
max{g(y)/y 1" (=9 (y) <dA2act e

where 0= e (g() g —¢). So long a8 g(y)iy is close enough to e, and (2r — iy =41,
our hypothesis is an improvement on [5].
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ON A CLASS OF LINEAR INTEGRAL EQUATIONS OF VOLTERRA-
FREDHOLAM TYPLE
BY
N, LUCA and T, NAVARNEANU

1. Summary. In this paper we shall sludy some problems with respect
1o a class of integral equalions in which Lhe unknown function depends on
several independen! variables.

Using the Hilbert theory and the vesults from Lhe spectral Ueory of
linear operators. we have lound some sufficient conditions which if they are
fulfilled the study of a class of integral equalions is equivalent with the study
of a certain system (finite or nol) of integral equations, for which we may
apply the theory of M. G. K rein [2]

Now we shall present an example to show whal kind of problems we
treal in this paper. Lel us consider Lhe following equalions

(1.0 [ A(E —7)u(z, )z —du=[(%, 2), ved=R", T=[0; T,
0

and
.

(1.2) EE A(Z—)u(z, ayd= —Au=[(Z, ¥}, redo R, (0 T),

where A eL\(R) and ¢ is a smooth domain of R™ It is well-known Lhal using
the Green funclion G for the operalor A, we may wrile the equations (1.1)
and (1.2) under the form

{1.3) u(z, x) -é’G(.t:, (&, y)dy-|-j § A —2)G(x, yyuls, ydydx
and ¢

T
(1.4) (@ 2= J 6w I i+ § { AG =6 Puls. yds

res:pecti\'ely. Applying the theory from the Section 3 we may oblain various
existence and uniqueness results for the equations (1.3) and (1.4) under cer-
tain assumplions on f.

_ 2, l’_rchminarics. We have denoled by R™ and R* the Euclidian spaces
of dlmensmnmm and n respectively, by @, & and Q some domains (bounded or
not) from R”, R® and R*=R" = I" respeclively, and §, « and w are points
from R™, R® and R* respeclively.

If £=P, x=4 we shall use the following spaces and norms

R L0 =le; 9:¢=C, {Ip(x)[dz < +oo},

2 — Matematici



