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(39) ceglpyy=ain=etraliy  (#,

where o Ad 2ac* and

(36) d —2ac ' AR (x)y<d s 0< P h(E)]

for il . 240, Tere, we require that fi(z)}x be hounded above by d 1. with
P @ prosilive conslant satisfying the conditions of Lemma 1.

= Conclusions. ‘The resulls in this paper, have extended the resulls in
[17]. 12} and {1} to fourth order equations with two non-linear terms, Moreover.
we have given another way by which the discussions in [1] can be extended
Lo Tourth-order differential equations of the forms (1) and (2). We have made
use of all the parameters in Yheorem 3. without necessarily putting fhew
initially 1o zero.

While the major contribution of this paper is Lo prove in anolher way,
resulls earlier studied by using a non frequency-domain technique, [3] and
[3]. we can claim to have by our approach, made some improvements on the
range of the non-lincar function g{x) or gy(x)x in equation (1) or (2) respec
tively. From Lemma 1, we require that

max {g(n)/y s gi<etu<AwT e
We can conclude from (35) thal
max{g()/y sg' () =9'(y) <dA.j2uc e

where 0= e< (g() g —¢). So long a8 g{y)iy is close enough Lo ¢, and (2 —id) =10,
our hypolhesis is an improvement on [5].
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ON A CLASS OF LINEAR INTEGRAL EQUATIONS OF VOLTERRA-
FREDIIOLM TYPRE
BY

N, LUGA and T, HIAVARNEANU

.

1. Summary, In this paper we shall study some problems with respect
1o a class of integral equalions in which Lhe unknown function depends on
several independent variables.

Using the Iilbert theory and the results from the spectral theory of
linear operators, we have lotnd some sufficient conditions which if they are
fulfilled the study of a class of integral equalions is equivalent with the study
of a cerlain system (finite or nol) of integral equations, for which we may
apply the theory of M. G. K cin |2}

Now we shall present an example lo show whatl kind of problems we
treal in this paper. Lel us consider the following equalions

(1.1) (4@ —=)u(z o)z —du=[(E 2), xR, tef0, T).
and "

;
(1.2) §AE —=)u(z, )dw —Au=[{E, ¥), csedo R, £=[0; T,

i
where A eL!(R) and ¢ is a smooth domain of R™ It is well-known Lhat using

the Green funclion G for the operator A, we may write the equations (1.1)
and (1.2) under the form

(1.3) u(s. x) -é'G(.L‘, &, y)dy—}-lj:'; § A —=2)G(x, yuls. pdyde

and ¢

(1.4) (g, ¥)= c[ G(x, pE Pdy+ ] AG =6, puls pdyd=
U g

res.pecti\'ely. Applying the theory Irom the Seclion 3 we may oblain various
existence and uniqueness results for the equations (1.3) and (1.4) under cer-
tain assumplions on f.

: 2, l’_rellminarics. We have denoled by R™ and R* the Euclidian spaces
of dlmensmnmm apd n respeclively, by @, & and Q) some domains (bounded or
not) from R™, R* and R*=R" X I" respectively, and §, x and w are points
from R™, R* and R* respeclively.

If E=P, x=d we shall use the following spaces and norms

@ L) ={¢; ¢:¢=C, (J;icp(x)_ﬁdsc»-: oo},

2 — Matematicd
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22) N = ([ o)

(2.3) D)= "{b; b PR, (%:¢(5)1a',15<_|_001_

(2.1) N“’"(t'r’):{q}; [U(E)[PdEY/7, for 1< p<+oo},

(2.5) LAPYy={d; b DR, -’\””’('1")=ng?1‘;‘1) [b(E)| < oo,

(2.6) C(Dy={d; beL=(D). § is continuous on D}

If Q=P x&, we define
@7)  SHQ)=l1; 7:Q-C NE(E: ) SLAD), 1$p<-hoob,
S5 Q) ={7; %:0—C N(E YN sC(Dy},

l7la=NEON®@(E; ) 1<p< +oo,
where € is the complex field.

i.e.
(2.8) <Py Qo> ‘jfcpl(x)m)dx.

Remarl 2.1. The spaces Lr(D), 1< p<g Foo are Banach spaces and the
space 1.2(<) is a separable llilbert space. Let {o,}17 be a sequence of elements
from L&) (LP(D), C(D)). Then we shall denote by

d o + o0 .
2.9) o) = Sei@) 24 GEO= @@, £ D),
if and only il
(2.10) NO(Egi—g) (NO(E o) 1<p<+00)
1 1=1

tends to 0 as r— 4o,
In Section 3 we shall use the following generalization of the Minkowski
inequality [5]

(2.11) (10 a)dapdgy< [ (] E; ) PdE)rdz,
L5 B ¥ < D

j.e. if for almost every x =<, there exists [19(E 5 2)|PdE and this functions is
integrable on &, Lhen the right hand of inequality (2.11) exists and, moreover,
the teft hand of (2.11) exists and this inequality is true.

Remark 2.2. The space $7(Q), 1< p< -reo isin fact the space LD, L))
if 1< p<teo and C(P, 1.2(&)) il p—=-+0.
Il KeL¥<&xd), then the operator

(2.12) @) (5)= [ K. Do)y

is a linear continuous operator from L(<) in L:(¢) and additionally

For every o,, @, = L&), weshall denole by <9, @,>> their inner product,
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(2.13) NEO(Figy< M N (), Le. [|B]< M, where
(2.11) M= § [ |K(x, p)|ded )< -Foo.

¢ <&

I is well-known Lhat if [x]<1/Af,, then the equation
(2.15) ) =" é R, gy y-Hv)

has a unique solution s L&), Tor every fe LX), which is given by the
Neumann series, ’
If the kernel I salisfies (2.1:4) and the Carleman condition {see [1])

(2.10) § K2, pyldy € My= consl.
(&

then the Neumann series converges uniformiy and absolutely Lo the solution
of Eq. (2.15). We'remark thal in the hypothesis (2.13). all Lhe theorems of
Eredholm-Riesz theory relative lo Eq. (2.13) work (see [1]).

Remarl: 2.3. 1f mes &= oo, then the conditions (2.14) and (2.16) are
independent. In Lhe case Lhalnes &< oo, then the inequality (2.16) implies
the incquality (2.14). 11 K salisfies (2.14) and

—_—

(2.17) K(e. =K. x).

then Lhe operalor defined by (2.12) is called symmetrical. Therglore we may
apply the [lilbert-Schmidl heory relalive to f3q. (2.15) and the the corres
ponding homogencous equation

(2.18) w(r)="2 é K(e, yyz(y)dy.

Finally we remark that. il the kerne! I satisfies (2.14), (2.16) and (2.17)
then the operalor & defined by (2.12) is compact and self-adjoint and the
Fourier series allached to a solution of Eq. (2.15) according lo the system of
eigenlunctlions {5;}ev of @, is convergent both in L&) and unilormly and
absolutely,

3. The main results. Let us consider the following scalar liniar integral
equation of Vollerra-Fredholm Lype. wilh the unknown function ¢

() A0 =0) 4 | T s wypde,

where v=(%, 2)€Q="D X &, w=(n; §) €L, dw=dndyand fis a given funclion.
Soppose that

(i) [ =5MQ),
(ii) T(o; wy= A% =) B, 1) 2 == (& =a"s E" —1") 5
(iii) Al (R,
{iv) 1 salisfies (2.14), (2.16) and (2.17).
Let us consider the operators
@.1) (clg) ()= (JD AE—)p(n, tpd,



20 N, LUCA, T. HAVARNEANU 4

(3.2) (T) ()= j'ﬂ’[‘(n, wys(w)dw,

Remark 3.1. 1f we take @ =D:=(0; £)= R\, Ee(0; T]. Q=Q:=D; x4
and SH(L)=S"(0);) we obtainfrom (E}a Vollerra type cqualion (see the example
(1.4)) and all the results of Section 3 remain lrue. That is why we called equation
(E) of Vollerra-Fredholm lype.

Lemma 3.1. In (he hypotheses (ii)—(iv) (he operators of and G map
SP(Q) in $7(Q2) and moreover salisfy

|etol& A lple where 4= { [A(E)dE 5= 57(Q),
| Tola< il - Milpla where AL=(] [ 15+, Pldedy)'= 2= SMQ).
(5
Proof. Let pe S7(Q). Then, using (2.11), we have
|clola=(J (| [ AG—n)e(n, 2)dn|* dx)?*dZ)1P<
D <D
(SIS [AG =) fo(q D)2 da) 2 dn)” dEyP=
ah @<
=({ (S IAE =9I [2(n, 2)[* d2)V= dn)? dEYT.
D D é
But (§ |o(q, 2)|2da)2=NE(g(n; . ) €LP(D) and as A=L'(R7) il resuits

é T, e
that [JAE—mIND(a(s3 - DdneL2(P) and (] (FIAG DN )
A <[|A]l, . NN {g)), where |[4][= | [AE)[dE.

km

Therefore we have shown that |clg|, <Al . 9]«

To show that the operalor G maps S*(Q) in SP(Q) lel ¢ = S7(Q) and using
the hypotheses (ii) —(iv) we get

(To) ()= (IDJ(:- ) (LBl oo ydy)dn.
Denoting by
3.3 b(n, ©)= g B(x, yyz(n. y)dy,
and taking into account (iv) and the fact that e SP(Q), we obtain
N s NMNOoln s Mi=(] LBz, p)Pdwdy)

from where, using the delinition of S7(Q), it resulis

(3.4) NOENE(Y) = M NP N ().

Therefore < S#(Q). Now using the [act that of maps SP(Q) in SP(Q)), we get
(DI AE —mpb(n, 2)d = STQ),

i.e. Tope=S7(Q) and | Tol,<||A]3,]0la
Now, let us consider the Fredholm operator

(3.5) (Bu) (;r):éf B(x, y)u(y)dy,

i

e

'i
!
i
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which. aceording to hypolhesis (iv), maps 1% (<€) into itseff and thus all the

considerations of Section 2 may be applied for the operator &,

- Le —{?.,,},,G,\: and {uyfeey l)(:)l. the syslem of cigenvalues and, respectively,
cigenfunctions of Lhe operator 4.
Lemma 3.2, [n the hypotheses (D) — (i), if the equalion (I7) has solutions
it SPQY), then cvery solulion has the form
_i

(5.0) o(Z. x)== 7.‘_21:9,-(5)”,(.1),
i

where o) are the Fourier ceefficients of the sofulion (2, 2) cccerding to e
system of eigenfunclions {u;(x)}; ex end these 'ourier coefficients salisfy the follo-
wing sgstem of infegral equaiions
(=) o E)=fl 5)Fre [ AE )9l =1, 2. ..

Flere (2fien aad B en e Lhe v.igen\'u!}ws of & and 1!1'0, IFourier
coefficients of f(%. ) corresponding to the system qu(2)} ex. tespeclively.

Proof. 1 (2, x) = SP(QY) s asolution ol (1), then multiplying both members
of this cquation by u(r) and integrating on &, we oblain (fermaty)

(3.7) Fo(E, Ruepde= {[E Du()de+
& [
A+ 5T G, peCa ) dadiug(adae.
& pxe
But
FOT AE =BG p2(n. ) dndy) ui(ade =

& nre
= [ (T AE—n) (LB poln gily) dn)ude) da=
< <

= FAG 1) (15 B )0 pu (o) dy de) d=
D E¢
= [AE =) ([ 201 o) (J By she(nydaydy) dg=
p) é é

= [1(E ) é 2(0 Y udy)dydy h:‘é AG =)o)

Subslituting this relation in the right hand of (3.7) and taking into account the
semnifications of [{Z) and z,(Z). we gel the relations ().
The relations (£) mey be regarded as a system of integral equations with the
unknown [unctions 2,(%). From the above it results that @ fundamental
problem for (he solubility of (J2) is the solubilily of the system (X) in 17D
Lemma 3.3, We suppose thet (i) — (iv) are salisfied. Then there exists « num-
ber na such that the solubility of the system (X) is equivalen! with the solubtlily
of the firsl n, cqualions of this sysicn.
Proof. We distinguish Lwo eases:
(a) B(xr, y) is a degenerate kernel,
(b)y B(x, y) is a nondegencrate kernel.
In the case (@), the system of the eigenvalues of B is finite and we shall
denole by n, their number. Then (X) contains only n, equations and so in this
case the assertion is lrue.
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In the case () the system of eigenvalues is al most countable and the
system (¥) contains at most an infinity of integral equalions. Because 7,—0

: ] ,
as i— oo, Uhere exists a natural number n, such that 12y —, for i=n,
The operators

(Uw) (2) =2 | AGE —n)(a)dn
N

have the property thal they map each of the spaces LDy and C(P)y into. As
for i fixed, the norm of U, in lhese spaces is

U= 2] 1 |AE) [d2E
Fi
it resulls that
|Udl<1, Yizn,

Therefore, for i >n,. every Uy is a contraction on £2(°0) and C(). respectively,
and so the syslem (¥} is uniquely solvable in cach al these spaces. Thus the
system (X) is solvable il the system formed with the first ng equations of (Z)
is solvable.

Lemma 3.% In the hypotheses of Lemma 3.3, i 2 <[4l Li=1.2... N,
then the system () is uniquely solvable in L7(D) and C(D) respectively. for coery
f= S,

Proof. Asin the proof of Lemma 3.3 31 results that every {; is a conlrac-
tion on LPUD) or (D) Tor every i N and so the system (X) is 0 nicquely sol-
vable in LX) or in C{D\.

Remark 3.2. The condition |x,|<||A|y" i=1,2,.. 1, from Lemma 34
may be replaced by the condition thal % belongs lo the resolvent set of Uhe
operator [A(E—n)p(qydn for every i=.N.

Slnﬁrc;nurizi ng the results from Lemmas 3.2 3.1 Lhe following theorem

results :
Theorem 3.1. Supposing thal
(Cy) the conditions (i) —(iv) are fulftlled ;
(C.) the equation (1) has solutions in S*(Q);
then
&) the Fourier coefficienls (£} of cvery selution of the equation (IY frem ST(A),
satisfy the sgstem of inlegral cqualinns (X)
B) the system (L) is soleable iff the system formed with the first n, cquattons of
(XY (n, given by lemma 3.3) is solvable ;
¥} if % belongs to the rescloent scl of the aperator

(3.8) (cl9) (2)= T AGE - g)elnidn
for cvery i< ng, then the system (X) is uniquely soloable in LMY (C(D)) for

every [ = SP(EY).
Lel us consider the homogencous equalion corresponding Lo (E)

(E.) (s a)= [ KE x5 50 y)dlq. pdady.
2

¢

.

e ]t ot i
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IT G2 : ) is a solution of () from S7(EY). then its Lourier cocllicients P,(Z)
satisl[y the homogeneous systems coreesponding o {X)

o) N l\;,l(i—'qﬂa,('q)d'q. =N

In this case we have oblained the following result.
Theorem 52, If the condifions (1) —(iv) are salisficd. {hen the equation
(J35) is solvable iff the fintte system

(3.9) GBy =74 L AG—n)bln)dn, i=1,2 . ny,
n

is soloable. where ny is given by Lemma 3.5,
Proof. JThe only il part. Let us suppose thal (2,) has o solulion in 7(£2).
Lel (2. ) be such a solution. Then we may write

(3.10) B(E 2= B pi(E)u (o),
it

where {4,(5)} are Fourier coefficients according to the svslem Tu ()Y ev. and
using Lemma 3.2, Lhese coellicients salisfy the system (X} in which we have
to take f=0. Thus {$(2)] salisfy he system (X,)- Let sty be the number given
by Lemma 3.3. Then, il B3 y) is degenerale, the system (X,) has only 1,
equations  (sec Lemma 3.3) and the wonly if part of Theotem 3.2 foHows.
If the kernel 13(x. y) is nondegencrate, then for i=n (n, given by Lemma 3.3),
using Lhe fact that every cqualion of (X) for i=n, has « unigue solution and
ihe Tredholm ablernative theorem, it results that every equalion of (Z) for
i=n, has only the triviai solution, the other equations of (Xo) being solvable
because U(Z, x) is a solution of (#,). Therefore every solution from ST
has the form

3.11) YE D)= 2 ().

1
where 9;(%) is a solution of the i-equation from (o), 1= i<,
The .if part™. If $,(£) is a solution of the i-equation from (Z), 1<€i<n,,
then the function

(3.12) HE. 1) =i (@),
is a solution of (J¥,). because

FECG s g prolgyupdady= [ AE—nBe, phloudndgdy
93

L'

= § (] B DuADIDAE =2 (A E =l 1@
B )

Then. the lincarly independent solutions of (I} ave formed with linearly
independent solution of the system (3.9). Indeed, let $(Z, ) and 0(%, 1) be
two linearly independent solutions of (JZ,). Then, cvidently, these have the
form

(313) Wt 9= 5 5@, 0 = 2 dEuiz)
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where ,(£), 0,(2) satisfy the system (3,9). Because ¢(2, x) and 0(z, x) arelinearly
independenl, il resulls
(3.11) bl 1) 806 0= ¥ @)+ a0 -0
o, ,’BGR(C)T—»a:,G:U.
But {u(x)}i ex is an orthonormal syvstem and so, from relation (3. 14) we obtain
afZ, &) FBOE ) Oead () 4-80,(3) =0, i—1, 2,.... n,

Therefore o, (2) +80,(E) = 0=>x—=0. i.e. L(Z) and 0,(2) are tinearly indepen-
denl solutions of (X,). Then, the solulions (3.12) oblained with the help of the
functions ¢, (£) for different 2; ave lineavly independent because if we should
have

(3.15) o () u(2) F B (B (¥) =0 with |a #5220,

then il would resulls that w(x) and w(r) would be linearly  depen-
dent, that is impossible becausc {u;} v arce eigenfunctions. This compleles
the proof.

Now we shall give some sufficient conditions to make the [unclion
4
(3.16) PG )= 2 2@,
[

belong to $7(Q), where 5,(£) are the solulions of (X) in LD (C(D)).
Proposition 3.1. If f=S7(Q) has the properties

(a:) Ul 2l < oo,

(t) 1<p<+ew and mes D <+ or p=2 and mes D< +00, then o = S,

Proof. We hrve to prove that o, x) given by (3.16) helongs to L¥(7D,
L&) (C(D 5 LAL)).

From the i-equalion of the system (X} il results

[9:@)1* <20/ E) 1+ [0 ._fofl(ihf')?f('fz)dnlf)é 2(/:(Z)I*+

(3.17) -
R fpdlE
But
oi(E)=fi(E) ?-zj)f AE =) (p)dn, e
2i(Z) =[1(E) -+ 2 (cHoy) (5)
with

IlC‘f"II=IIA‘1f|1=(}E | AEY |
Thus for |7~:|<——;— there exists (I —2,cl)?: S7(Q)— S7(Q) and (I —),cl) 1 e
“h
S L(S7(2)) from where il follows
Ipelle s <HU =24y Wfillr i1,
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(ma given in Lemma 3.3). and so Lthere exists &, =n, such thal
(3.18) ol 2. Willr Tov iy
From (3.17) and (3.18) we obtlain

L

[ = A
_"l 2:(2) "42(_%llls(i)l”-l-llfllh_ﬁ (2 il
(3.10) ' - ol

LA .‘_IMI).,-iuI”dﬁ»){ H-w aeie,

i=ky

In conclusion, (3.10) shows thal (%, .)=L*(¢) and
N (oE)=( X T @)
1) I mes "D 4-co, then from (3.19) il resalls
LS 0@ a3 2T (L (X1 024G imes D),

That is ]
I91a< Collf 12+ Ca),
thus o= S"Q).

2) H p=2, we have immedialely [rom (3.18)

o

2y(2)]2) dE< 22 .ﬁr (112, Le.

(=
if) il

[212<2|f[x and so o= SHQ) il [ S2().

Proposition 3.2, If [ =57(Q) and salisfies the condition (a;) from Propo-
sition 3.1, and :

-+ o

() = Pl elies < -0,

(h) _.‘., i [fi(R)| s measurable,
i=1

then (%, ) given by (3.10) is a solution of (I2).
Proof. Beeause
Qi(2)=[i(%) -l-lqu; AE —q)pi(n)d,
we have
[9: ()< @) 1% - |8 fallpellms

from where, using (3.18). we obtain

ko +

+o e : A
Z Nl [2i®)I< Z Il @1 E Bl 424 !ﬁll?wl'llhﬁw
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Bv using the Lebesgue Theorem, we del,

(Toy (5 0= JAE =) § Ble p)o yydydg— [ M2 —7) 131-?-.-'.9.('0)“,('1'\ dog-
A D ¢ 0 i

S0 § AE ) dpum )= 2 p@u(n) =2 0
=1 Wl =1
One can easily obtain the Tollowing result in Lhe case of the space C(7,

L)), . e r
Proposition 3.3, 1] [€C(D. L)) and _Ll i el < oo, then (. )

ginen by (3.16) s « solufion of (E) from CD. LA (ED.
Proof. Using the relation

? !‘;{2”,-”(;(@1. lor =k,

and the facl that g; is a solution of the i-equation of () we easily obiain the

conclusion of Proposition 3.3 ) ‘
Propositien 3.5, I [x Al vieN.  then lhe equalion (I5) hus

a unigue solution in S7(Q), 1<p< o
Proaf. Using Lemma 3.1, we have

Tl < B 1AL
Bul 17B]|= sup {In); ieN} =147

Therefore @ is a contraction on S7(2) and so fol every [el7 (D, L)
(CD, LH&))) we have a unique solution of (1) from 57().
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A SIMPLICIAL PROOIF OF THIE KUONNETII FORMULA IFOR
POLYHEDRA

BY

L POp

0. Introduetion. Although the well-known K{npeth exact sequence and
the Kitnneth formula
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are essenlially dueto Ilerman KinnetUh [3] [6], in connection with Uhe
study of the Betli numbers and the lorsion coefficients of a producl of polyhe-
dra, nevertheless in many hooks of algebraic lopology these importanl rela-
tions are presenled either in the Iramework ol the singular homotogy, using
the Eitenberg-Zilher theorem [7]. [10]. [11], or in the context of cellular homo-
logy (for N and Y CW.complexes) {8]. or the background of the de Rham
cohomology, using the Morse Theory or the cup-product (il X and Y ave diffe-
rentiable manifolds) [2], [1]. Even when X and Y are polvhedra, one hegins
by establishing the fomula for the singular homology and then one uses the
isomorphisim between Lhe simplicial homology of a simplicial complex i and the
singular homology of Lhe space |, [3].

In this note, supposing X and Y being polyhedia, we give a direet simpli
cial proof of 1he Kiinneth formula, using the simplicial structure of the producl
X x Y and the caleulus of the simplicial homology wilh u natural block dissec
tion of the corresponding simplicial complex.

1. Some preliminaries regarding the trinngulation of a produet of polyhedra.
For the data incleded in this paragraph we appeal essentially lo |9, p.
109 —111].

1.1, The topolegical product of lwe simpleves o and < 13 w riagulaled space.
Ifo=[a", ab..., ]S R™ and <=[0°, b1, 07} R, let @, =0, U, =20 (r)a" and

. : : e N %
ryer, with ry= Zp,(r.bl One defines o;(r,)= X xp(v,) and () = £ py(e).
. koo -0
i=0,1,. 913 j=01,..r—t,
We wrile these ¢-rr real numbers in a nonincreasing sequence y,(xry, ¥)< ..
< Yeorl®y 1) ILis denoted M, ={zloc {1, 2,..., ¢+r}, [9|=¢} and. for o =3,

one defines s(p)={(xy, 2.) €6 X 7| Vp Ep—y,(xy, 10) S {ae(r).0 o, 1 (x)}) It can
be proved that s{y) isa simplex. Precisely, one shows thatif p={j,...., j,}, with

Ji=..=j, lhen considering the following ¢+4r--1 points contained in R"**

(Lhe poinls of which are wrillen in the form (v, y), with t=1t", yeR")



