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Bv using the Lebesgue Theorem, we get
(To) (G 1) = [ ME—n) { Bl )2(h ) dydg= § HE—5) :“I}-i?i('ﬁ)”i(-r)d"q=
] (e N T

0y §AG ) eln) dr)ui(r) = ‘Jl?f(i)lrf(-r)=?(i- )-
N ' '

One can easily obtain the following resutl in the casc of the space C(7P,
L:(r'.')). e o
Proposition 3.3, [ = C(D. L) and _.‘-..l Yl i Negp < ooy then (%, x)

given by (3.16) is a solution of () from C(D. L))
Proof. Using the relation

2l o€ 2 illepy Tor i>ka:

and the fact that o; is a solntion of the i-equation of (X) we casily obinin the
conclusion of Proposilion 3.3. . '
Proposition 3.4, 11 |2 Al VieN.  then the eqpuelion (12) has

« unigue solulion in SHE, 1€ pg oo,
Proof. Using Lemma 3.1, we have

Tola<HBI - [l
Bul [Bl=sup {il; ieN]<|AIT

Therefore T is a conlraction on S7(€) and so for cvery fe (D, LX)
(C(D, LYY we have a unique solution of (I5) from S$"(L).
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A SIMPLICIAL PROOF OF THE KUNNETI FORMULA IFOR
POLYHEDRA

BY

I 1'OpP

0. Introduction. Although the wel-known Kinneth exacl sequence and

the Kitaneth formula

HANXY)> & H(N)QH.M®( @ H(N)--11L())
qgdr=n gt r =1

are essenlially due lo Herman Kinneth [3] {6} in connection with the
study of the Betti numbers and the torsion cocfficients of a producl of polyhe-
dra, nevertheless in many books of algebraic topology Lhese importaut rela-
tions are presenled cither in the framework ol Lhe singular homology, using
the Eilenberg-Zilher Ltheorem [7] [10]. [T1]. orin the context of cellular homo
logy (for X and Y CW-.complexes) [8]. or the background of the de Rham
cohomology, using Uhe Morse Theory or the cup-product (if X and Y ave diffe-
rentiable manifolds) [2], [1]. Even when X and Y are polvhedra, one begins
by establishing the fomula for the singular homology and then one uses Uhe
isomorphisin between Lhe simplicial homology of a simplictal complex i and the
singular homology of Lhe space [[{], [3].

In this nole, supposing X and Y being polyhedra, we give a direct simpli
cial proof of the Kiinneth formula, using the simplicial structure of the product
X x Y and the caleulus ol the simplicial homology with a nalural block dissec
tion of the correspending simplicial complex.

1. Some preliminaries regarding the triangulation of a produet of polyhedra.
For lhe data included in this paragraph we appeal essenlially to {9, p.
109 —111].

1.1, The topological product of Lwo simpleves o wnd ~ is @ Irtagulaled space.
Ifo=[a", ¢y, ] R and <=[07, b1, 07|V, lel 2, =0, 1, =20 (x,)ad" and

; .

. . p - 3 &
ryet, with ry= Zp,(r.00" One defines o;(r,)= X 2, (r;) and Bj(rs) = £ pp(es),
k=0 fald
i=0, 1,015 j=01..r—1.
We write these ¢4-r real numbers in a nonincreasing sequence yy(ry, .)€ ..
< oy X2 IUis denoted M, —={z/9c {1, 2,..., ¢+r} [9|=¢} and. for ¢ €]M,,

one defines s(7) ={(x,, ¥.) €0 < 7[Vp Ep—yp(ay, 32) S{%6(¥)).0 2, 4 ()} It can
be proved that s(p) isa simplex. Precisely, one shows that ifo={j,...., j,}, with

Ji=e.=f, then considering the following ¢+r-}-1 points contained in R***

(Lthe poinls of which are wrillen in the form (x, y), with t =I¥”, y=R")
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(a?, iy, e, D)

these points are independent and thal simplex spauyped by these verbices,
denoled by (5307) (). agrees with the space s(z). To Lhis way one obtains g o <
U (577) () anel it is proved that i o, 2.= 3, thea 5{m1) ns(pa) grees
SEM
wilh the simplex spanned by Uie common verlices of the simplenes s(p,} aud
s(z2). Tt folows that simplexes (9:¢7) () together with Lheir faces estichlish
a Uriangulation of the space .07
1.2. Remark. Il &'~ o and = <=, then Lhe simpleses of Uhe form (57 - 77)
() are simplexes  of the above triangulation of Lhe product o = But the
converse is not generally (rue, as easily can be given simple counter exanples,
1.3, Lef K and 1. be two simplicial compleres having the dimensions m
and n respeclively. Then the product [ o L] is « triungulaled space of - the
dimenston m--n.
We have |[K| % L] =Uos x5 Applyving 1.1, ¢ == bs a triangulated spaces
cEN

“€l
and il g, 0’ €K and 7. « <L, wilh (603" )% @ then oe'# & and
=M= 5=, such thal (o< )" X T)=(aMo) X (s isa Lriangulaied space.
From this one deduces that the above decomposition of the produet [A <L)
delines a triangulation of this space. The dimension follows from 1.1 We
will denote the corresponding sinplicial complex by K= L.

2. Block disseetion of the simplicial complex K <L and seme  usciul
formulas on the incidenee numbers of K <. Lel N=|A| and Y =[L] be two
simplicial complexes with K<L being Lhe above considered simplicial
complex, i.e. N x V=K xL]. We take a possible oricntation for cach of the
comptexes K and L. Lel ¢ and = be the simplexes considered in .1 and suppose
that the fixed orientations of the complexes K and L are such thal +a= <,
W, at = and = -=0", bl..., b"= (here the notation -, = is for orienied
simplexes). Now wechoose for the simplicial complex Nof, the orientation so
thal for every &3, Lhe simplex (o 7) () and its fuces have the ovien-
talions given by the order of Lhe vertices in the Lable (1), reading Tefl to right
and lop lo boltom.

2.1. Lemma, Let o be an oriented ¢ simplee of X and < an erienled r-simplex
of L. Lel 6" be a (g —1)-face of a. such thal (s’ = <) (3} is « face of the simplex
(o 7) (p) and let =" be a (r—1)-face of = such that (o =<7 (27) isalso a fuce of
the same simplex (s 7) (v). Then the following relations hold :

& (—1)*[{5x7) (2)s (6" % %) (270)=(—1)" o, ).
(3) (—1)7 [(6%5) () (a3 ) ()] =(=1)y"(=1)-"[= '],

T
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where the notation (=12, for w={j0f0 means (1) 2o with (—1)7

Loif p=(.
Proaf. 1.l Leo—=-d® u'... ! a T L ... 'l =
b.'.bl:'....b"}..—l—'." n’!",'(ll',.....";"‘ ..... br— The eases g=1 lar (2) and
q {y for (3) are (‘.\'IdA(‘nll‘c‘ verificd. Thal is whye further on we suppoase ¢z 2 for
(2 and gzl lor (3). Suppose that o= {7 Jooare Theno necessarily,
9 == { o= My ey b and we have (— D e ot =1y G e
and  (=1)7[(s =) () (6" 5<7) ()] om (o 1Y/ LU D iy oy
(= DU e G e (— 1Y S0 0 e 1a o] enee,
the relation (2) is frue. Now, lel be o' =i jile 2. ¢t r—1] and
suppose thal we have j/—h<hgf)  —(hH1). Then, a=[j7 i fia 1.

wdy 1 and we have: (— D7 (— DF [z 2] —=( - et and
(=1)7 Lo %) (5). (53 =) (") (— 1)1 A HUIL OB

B R B R SRR

DA Sy . wtr s ;
t.l_-.l)ll T (ST ()P 2] so Bl the relalion (3) is also
verified,

220 Lenmamnd 1 O iy o (gar—U-face of o simplex (a3 7) (). bl nel

l:z ing cither of the form (e"x <y (7Y or of e form (a0 2y (). then there exists
S& M, bt such that O is also a face of the simplex (6 0%) (1) and moreoner
the folloming relation holds '

(1) (=1 (s} (9) OFH(-1)"[(s 0 7) () Bl=0.

Proof. 1L is clear thal the simplex 0 can be obtained from (5::<) (%),
whaose vertices we suppose Lo be those in the table (1), if and only if one omits
i vertex of Lhe form («" 1. 4% ")y or of the torm (¢, b/ t), conditionsled by
the !Il(’([ll(i]l’li(‘.‘i-_],‘. Jeoa 1 and fiy, Ji =1 respectively. Suppose Lhut 0 is
t‘ﬂ)!:;l_ned by omitling the vertex (¢"t b’ M. Then, we can consider Uhe sel
W= 1 W TR T IR L A U Job anditis immediztely deduced that Lhe simplex
s abso a Tace of (& 2 7) (). Morcover [(a o2 7) (4. O]=[(s < 7) (3). 0)). while
- l)'* (hi)“ Analogouziy it 0 is oblained by omilling the vertex  (a*,
bir®ylhen @3 ji fuae Jal 1 fapreee f, b and Uhe previous relations still hold.

2.3 Lemma, If o and =<1, and we denote by (a3 5) the boundary

o S — " . ; . —
(',/ {he ]JIUJfIt.f G wilh the induced triangulation. then the pair (5% =, (6 X 7))
is « .s-.'mphf'mi bluek of the eomplex W 1. Moreover, when o and = cover Lhe
complexes Kand L respectively. then one eblains o block dissection of the complex
FIG

I 10 olaar . ; te . i 1 11

Proof. IL is clear Lhal s 7 is a subcomplex of Uhe simplicial complex

KL oand (<) is asubcomplex of 6. Fhen, applying [8, Th. A.L19] ik

follows lhal'l.ln.* pair (X<, (647)) 18 a (g-kr)-block in the simplicial com-
plex Koo Lo (it dim o= g and dim =—r). Now lel 0 be a simplex of the complex

Nl T 0=(a> ) (9) then dim G=dim o+ dim = snd O=(ex ) —(a 7).
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e that 0is not of this form, then according Lo T.(‘I}l‘m(l 2.9 Dis
of lwo simplexes {ax =) (7) and (2 7) (). llnrt.‘q. every
1, is in the interior of jusl one Block, Thenal is

But if we suppos
a common laece :
simplex of the comples I\_ N or . |
clear that the boundary {o7) G ¥ TU G5 s in Lhe 11n|.(‘1|1.u.l the m l)ll()l(.k'sl:
for m=dim (5% 7). [n this way, all conditions of the definition of @ bloc
dicsertion [8. w13 are verified. .

3. Prooi of the Kiinneth formula. Let A, be the h‘!m-k n-skeleton in \l’h(‘
block disseclion of the complex K~ L.given by Lemmna 2.3, Henee M, =Usx~

dime P dim=gn
\We ean associate to Uhis bloek dissection ol the complex K <L achain complex
(CF.d"), with Cre @I (M, M, ) and

d'—j ¢ LM, M, N, ,(.\f,,_,)—-J—'w:H,,_‘(.U,, 1 .‘lf,,_:).[& p. 132}

3. 1. Theorem. The chain complexes (C¥, d*) and (C(R)@C(L.), ') ure
chuin isomor phic. . -

Proof. 1ere, the second chain complex 18 ll_\c t?nsmml |)|:mluc.l. n\f ’\‘hc
simplicial chain complexes Gy and C(L)y {10, Chooo § 3). .\('(‘m‘(lln'g_.{ to L ,l llh.
1.4 20], H,(M,. M, ) is the free abelian group with genctza‘lmh _m_‘( )-
carrespondence with the n-blocks o= for g= N and ==1L. Then it is clear
{hal we can define an isomorphism ) . S —
ay I M) —— @ CAR)RC (L) by (o 5)=o@~ We will show
I g iren

Lhat @ =, is 2 chain isomorphism, TFor This it is sufficienl to prove Uhe com-

n
mulalivity of the following diagram

]!u(-‘rm M, 1)_—&_ _"q ®” ("rr(K)®Cr(L)

flh Jd"

| ) .
HysM oMy 220 @ CuB)@G L)
iq r

H

Forse I and = €L, with dim 5= ¢, we have

(U] &9 (a7 =) =" (c®@=)da@7+( i @d-.
On the olher hand, according to the prool of the isomorphism
(7 (G dy=T1L(K 1), [8, Th. 4.1.14},

1M, M) can be identified with the group of n (-y(_;les Z,‘(C(_.U,J. ,"ril:,,_l))c"9
<—"(' ('ll[ M, e C(KN <L) I for 6, a8 above, we consider a chain z==Z(—1)
R A M

(g% =) (), then by Lemma 2.2, this is a relative eyele in Z,(C(M,, M) :\'hic'h
can be identificd will o< . Also by the prool of the sam(;: isomorphism (I,): z\\e
can write s dox 7)—d:=d(E(— 1o 7) (PN =E(~DH T s7) (9), (5% 7)

@) ) () 5 [635) (B (1) (7)) () () HEl(e7) (@) 010,
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where f is not of the form (67 7) (=) neither of Uhe Form (53227 (). Applying
Lemnns 2.1 and 2.2, we deduce: d(s - 5)— X (— 1) [aa'f{s"2) (') -+

FE (DU T 6 ) () =S 0] (6 ) DR ] (o) =
(Elo. &'la’) %X s+ (=1)ta> (}:‘[7. ) Ymde s — 1) d-.

Therelore

) o de ) =de Xz (—1)e N d=.

By comparing the relations (6) and (8) we deduce the commutativity of Lhe
dizgram (). which fintshes Uhe prool of the thearem.

3.2, Corellary. Lel K oand L he two simplicial compleces. Then for every
nz=0 the Kiinneth isomorphism holds

HAK| < L)z ® HKeU(L)Y®( & NOGK):-H(L),
yir=n 1

g ron

Proof. We have the following sequence of isomorphismes: [ (K < |L Y=
= IL(K = Ly = ,(CY d%) = H(C(K) ®C(L)). Further on we apply the Kiinnelh
split exacl sequence for abstract chain complexes ol free abelinn groups
[10, Lemma 1, Ch. 4, §3] and the isomorphismes H (Ky =TT (K Yand H (1) =
& IL(L]).

REFERENCES

L Dicudonn ¢, [ FElements d Analgse, Tome N, Gauthicr-ViYlars, Bordas. Paris, 1982,
2, Godbillon, G Eléments de Topologie Myibrigue, Herman, Daris, 1971,
Joltitbon, PO and Walie, S, Haomology Theory, Cambridge Univ, Press, 1960,
o Karewbi, M oet Leruste Ch — Méhodes de Geometrie Différenticlle en Topologie
Mgebrigre, Publ, Math, de 'Unive Paris VI, 1982,
S Kiinneth 1L — Uber die Betlischen Zulden von Produltmannigfaltigheiten, Malh, Aun.
90, 65 -85,
6. Idinneth (L Cber die Torsionszahlen pon Prediddmannigfeltigheiten, Malh, Ann. 91,
125 134,
7. Massey, W S - Singular Homolegy Theory, Springer-Verlag, 1080,
8, Maunder, € R F. Myebraie Topolugy, Cambridge Univ, Press, 1980,
O Roehlin V., A, and Fuks, D B, Basie Topology. Geometrical Chuplers (Russian)
Nauka, Moskew, 1977, '
10, Spanier, 5 M — Algebraic Topology, MeGraw-11il  Book Co., 1966,
o Swilzer. RO M, — gebraic flomolopy and Hemology, Springer-Verlag, 1073,
Reeeiped 227V 1957 Fueully of Mathemtics,
University of Fasi
Gahn fasi, Romunia



