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A Lagrange space L*=(M, L) is a C7-real n-dimensional manifold A
endowed willh a Lagrangian 1 7'M — R for which the d-tensor field g,(x, y)-=

1 = .o . .
-= EFL'("_I/Y!]’, (i. j. k..=1...n). is nondegenerate. One oblains a natural

exlension (sce 11,12, 13]) by defining the generalized Lugrange space as a
pair A" =(M, gi{x, y)). As the Riemann space V" and lhe Finsler spaces 1™
are parlicularly Af"-spaces, we have the inclusions: {V'p= (I {0 < (AT},
The geometry of the Lagrange spaces plays an imporlant role in the
construclion of a Lagrangian model of general relativily (sce [12]), as well as
“in solving of some problems in variational caleulus (sce [17]). The following
problem arises naturally : what corresponds o the notion of Lagrange space
in Lthe duality belween langenl cotangent bundies ?
" This paper gives an answer to this queslion : this is Lhe 1Hamilton space.
A Ilamilton space is a pair ’H*=(M, If). where I : T°AM— R is a Ilamilton

function for which the d-tensor field ¢'/(xv, p)= > 21 ip:dp,is nondegenerale,

Here T°Al is the total space of Lhe colangent bundie (7M., =%, M. I the

Hamillonian H{x, p) is 2-homogeneous with respect to p, Lhen H* is named

a Cartan space £ (sce [3, 3, 9, 19]). More general, a pair M"=(M, ¢V (x, p))

swhere ¢(x, p) is a d-tensor [ield symmetric and nondegenerate, will be called

a generalized TTamilton space. We shall prove that the following inclusions
(Ve {ene Imeary

are lrue.

It is obvious thal the geomelry of the Flamilton spaces is interesting
for ils applications in Theoretical Physics and in Variational Caleulus. By
our knowledge, 1he spaces I and M'" were not defined until now. In the
theory of the Carian spaces some important facts were discovered by Cartan,
{5]. But our point of view on these spaces leads to resulls which are completly
ew. We are treating the geomelry of the Hamilton spaces by using methods
I'the geometry of the Lagrange spaces and of lhe geometry of the total space

a vector bundie (see [11, 14]).

‘The paper is organized as follows. In Lhe first part we define the notion
nonlinear connection N on 7*3{, we introduce the almost symplectic struc-
e 0 associated to N as well as the canonical Liouville 1-form T, and we
ve that dp—04%. I N is a symmetric nonlinear connection it follows

and then 0 is a sympleciic structure. Then, we deline the d-connections
N), the h- and v-covariant derivalives associaled Lo HT'(N) and we esta-

tematica
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blish the Ricei formulas and the Bianchi identities Finally, we study the paralle-
lism of veciors and the transformations of d-connections. The slructure of
the group of lransformalions of d-connections is studied ton. In the secqnd
parl we introduce {he notion of the generalized IHamilton space, of metrical
d-conneclions and Lhat of d-connections of Berwald, Rund or lashiguchi
tvpe. The duality between the spaces L* and /1" allows us to find the canonical

ponlinear connection N of the Ilamilton space IH* and the invariant
form of the svstem of Hamillon equations. For (he Cartan spaces a canonical
conneclion which is dual to the Cartan connection from Finsler spaces is de-
termined. By using Lhie canonical connection (:I', some remarkable properties of
the Cartan spaces €7 ure eslablished. Then the spaces AP which are weakly
regular or regular or locally Minkowski type are investigated. In order lo
illustrate the efficiency of Lhe these geometrical models the examples ol Pyra-
gas and Alexandrov [15, 16] from the Hamiltonian theory of physical ficlds
are revisited. The 1hird part conlains the almost Tiermitian model H*" of the
Hamilton space II* or of the generalized Hamilton space A", We prove Lhat
71:" is an almost Ivihlerian space K*" for the Ilamillon or Cartan spaces,

Some special results from the Lheory of the Hamilton and Cartan spaces
will be published in Lthe Journals Comptes Rendus Iebdomadaires des Séances
de "Académie des Sciences (Paris) and Progress of Mathemalics (Varanasi).

Part I. REMARKABLE GEOMETRICAL OBJECTS ON T*M.

The fields of the dislinguished geomelrieal objects on a differentiable
manifold give a natural framework for the geometry of Hamilton spaces.
These allow us to define the efficienl operators of covariant derivation and
1o introduce the fundamenlal concepls of Lhis geomelry.

§ 1. Nonlinear connection on T*M. Let A be a C=-differentiable real
n-dimensional manifold and = : T*"M—AI ils cotangent bundle. If (U, ¢)
is a local chart on M lhen the coordinates of a point uex""H(U)c 1M will
be denoted by (z', ps), (is js keee=1,..,m).

A local coordinate transformation on 771 is given by
(.1 F=F(at,..,2"), det [[o%dx’#0,
. Pi=0x'[0%p,.

Denoling by d,=d/dz', #%==3/ap; Lthe local natural basis of the module
of vector fields & T*AM), by using (1.1) one obtains:

(1.2) 7, =i 0510, —p,dtat| BT GV AR AT, pl=0'[0278,
(1.2) % - o3 datdat, A= pidtat|OTIER) ER!|0xMd 4 dx! 9% p,.
From (1.1) «nd (1.2)" it follows:
Proposition 1.1. The field of }-forms
(1.3) F;:p,dx"
is global defined on T*M.
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'-]‘; is called Lhe Tundamental 1-form.

The kernel of the differential of the projection =" : T"M—Al will be
called the vertical subbundie VA of the tangent bundle T/*A. Associaling
lo eucl! poil_nl e T3 Lhe fiber V, of V793 we obtain a distribution of thae
class Co0 Vg "M Vo= TUT M whose local dimension is i, Phe perlical

el f Fole Ui s 3y ‘ i 3
distribution Vis tntegrable, [} being a tocal basis of it,

‘ 'l)vl‘ini|_i1‘m L L A nonlinear connection on T°M is « distribution of the class
( C N us M N e Ty 1ML whic is supplementary fo the verlical disfri-
bution 'V, e T, "M =N, 2V, Yue il

In the following Lhe poinl ue T°M Tor which x=="(«) will be denoled
by {r. pyoand its local coordinales by (&', p)).
A nonlinear conneelion N on T#AT determines a subbundle H 1AM of
1AL such that we have the Whilney sum

TT M=HTAME VTN

Somelimes N will be called a horizontal distribulion on 7M.

Let 8/3x =38, be given by
(1.1) 8, 4 Nle i, (i=1,1)

the adapted local basis of Lhe horizonlal distribution N. The functions N, (&, p)
are well determined on =" (7). They are called Lhe ,coefficients™ of the nonli-
near connection N.

: Proposition 2. Wille respect fo the (ransformalion (1.1) the coefficients
N (=, p) of a nonlinear connection N have the following role of fransformation

(1.5) N(® D)

ket ) pEN

meersﬂ‘y: ‘u system nf !h.t"[:mrlinn Ny, p). defined one each domain of local
chart [n?m T AL, which verifies (1.5) with respect {o (1.1), delermines « nonlinear
eonnection N an T°AL

The proof is immediale, if we remark that (1.1) and (1.2) imply (1.5)

Now, we note l]mL'(81.....8.‘,6-",....6.") is a local basis adapted Lo the supple-
mentary distributions N and V. By virtue of (1.1} it follows

(1.6) 3= 0 [6X18,.  di= i daton,
The dual basis (da', 8p,), where

(1.4) 3pi=dp; — N (v, pyda’,

satisfies

(1.6) del=i%oxidal, 37, =ix!|¢X8p,.

By applying the general results from [11, 14] one obtains :

Proposition 1.3. If M is a pure i ' i
‘ 3. ; wompuact differential ;
{ nonlinear connectinns on T‘I.-'\!. ! e el
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rical ohbjeets on M. A distinguished geomelrical
[-field, is given by its components Qrx, p)
M, such that with respect to (1.1) we have

§ 2. Distinguished geomet
object field on Al shorlly a .
on each domain of local chart of

Q' (e, p)=(F Q% p); ¥, 0;?,...,('f_.'...‘.l.r")

in which (7" has the known classical properties.

Note that inZ" do not enter explicitly p; and p;. For example, a d-tensor
field K of the type (1,1} on M is given by ils components Ki(x, p), ¥(x, pye="!
(U), having the properly :

e . R
2.1) Ki(x, )= ﬁd-{j- Ki{x, p).

‘The coefficients Nz, p) of a nonlinear connection N do nol define
a d-geometrical object field on M. But the functions
2.2) 1 =Ny—Ny
define a d-tensor field of the type (0,2) on M. If =,;=0 then N will be called
a symmetric nonlinear connection. Also, let us consider
(2.3) o Ryp= 0Ny — 38Ny

A direct calculus leads lo:
Proposition 2.1, 1° <,,(x, p) is an anlisymmelric d-fensor field on Al
2° Ry, is a d-tensor field on M of the fype (0,3), antisymmelric with respect
fo the first two indices.
3% We have {he brackels
(2.4) [85 8,] =Rind*, [8, § = —EIN it [, 871 =0.
Theorem 2.1. The horizonlal distribution N on T°M is inlegrable if and

only if Ryy=0.
Yor a nonlinear connection N we consider the fields of 2-forms :

(2.5) 'q—-~12-*:ucla:"/\t13:’,

(2.6) 6 =3p, ndx’.

Theorem 2.2. 1°. The fields of 2-forms 0 and n are global defined on T"M.

2°. 8 is an almost symplectic structure on T"AL

Proof. The tensorial character of 7;; and (1.6)" lead us to 1°.2° is a conse-
quence of the:

Proposition 2.2, The associated tensor field of the 2-form 0 is 0, expressed
in the adapled basis (8, ¢') by
(2.6)' 0(3,, 8,) =0, 0(3, any=—3. 01!, 8)=8), (&', &')=0.

§ will be called the associate almost symplectic structure of the non-
linear connection N.
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To find & chavacterization of the integrability of § we prove first :
1['n_';pusiliun 238 The exlerior differentials of ithe forms o, o and O oerify
the relalivns
i (2.7)
il (2.8) d0=-dy
Proof. We note that, for a function f: T°Al— R, we have df =8 fdet
e fapy. Therelure (2.3), (2.6) and p—=pgdr’ give us (2.7) and (2.8).
Easyv consequences of this theorem are the following (wo theorems :
Theorem 2.3, If the nonlinear connection N is synunelric, then 17, 0 s
integrable ;
2.. ]L_.).'E‘.I{J,'l‘]{kf_."—()-
Theorem 2.4 The almost symplectic structure O, assaciated {o the nonlinear
. - . . q N LE
connection N, is integrable if and only if &F<y=0 and Ry Ry R =),
§ 3. d-Conncetions. We deline a d-connection on the manifold hase M
as a pair of d-geometrical special objects on M having remarkable geome-
trical meanings as we shall show in the last part of The paper.
Let N be 2 fixed nonlinear conneclion on 173,
Definition 3.1, [t is called « d-conneelion on M « pair of d-geomelrical

object fields on M, HI'(N)= (11, (e, p). CP(x, pY). where CJF% is a d-{ensor field
of the type (2, 1) and 1 is « d-geomelric object fickd with the law of (rensforma-

fion :
(3.1) LG, ) =

d}):ﬂ 7}
—16(Ry - P+ Ry dat odad pdad —ébz, 3py poda’ pdad,

c':‘{;i f‘.l‘-r f.t"‘ ., (')"‘\’-i ('fz.l"’
HY (v, py4 — R
ok r ok 1T uTk
ce’ex art g’ ¢x

By using the proposition 1.3, the formulae (1.5) and (1.3) we get :

Proposition B0 1] HO(NY=(1{],, C/*Y is a d-connection on M, then Ny; =
=pH}, are the coefficients of « nonlincar connection on A1,

~ Proposition 3.2, IfN(N ) is a nonlinear conneclion on T°M, then BT(N )=

=(d'N ;. 0) is a d-connection on M.

Therefore, we have:

Theorem 3.1, If Al is a paracompact differentiable munifold. then there
exisf a d-connection on AL

Now, we shall define - and p-covariant derivatives of d-tensor ficlds
on M with respect to a d-connection HI'(N), by

(3.2) Kiy=8, Kj-- KX, —KiH D,
(3.3) Ejy= " Ki+IGC, " —KiC

and similarly for every d-tensor field on Al

From (1.0), (2.1) and (3.1), it Tollows that K}y, is a d-lensor field of the
pe (1,2) and K is a d-tensor field of the Lype (2,1) on M. Also it results
at h-' and o-covariant derivatives determine each of them an algorithm of
ovariant derivative in the algebra of the d-tensor fields on JM.
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Now, we can define the covariant differential of Ni(x, p) as:
(3.4) VR = Kida! + Ki*3p,.

Obviously, ¥ preserves the type of the d-tensor Tields and it has all pro-
perlies of a covariant differential operator,
Denoling
3.1y wy= Hjdxh -+, "3p,.
it follows :
(3.4)" VR,=d K+ Kjw]—Klo).
As an applicalion, we shatl consider Lhe d-fundamenial covector  field
P Its b= and p-covariant derivalives are given by
(3.‘-)) ]);",;.\'}”' Il?f,- P,'V':B,; -(:f"I‘,
and Vp, is
Vpi=pi gl e 4-p " 3py,.
Throughout this paper we denole the contraction with p, by the index .0%
as in (3.5), ﬂ "
The d-tensor ficld
(3-9)’ Div=pan==Np; — 11},
is called the deflexion tensor field of the d-connection HIY(N).
The d-connection HE(N) is called of Carlan type il p,,=0, p; "=3",
Proposition 3.3. 1°. HI'(N) is of Cartan type if and only if

3.9)" N I, €=,
22 If HT(N) is of Cartun typ ¢, then the corariant differential Vp, is
(3.9)"" Vpi—ap,.

_ DProof. 1°.} Pip=0 and p;" =38} ave equivalent o (3.5)". 2°. In Lhese con-
d
ditions Vp,—813p,=3dp,.
) I'he formu]ac of commulalion of h- and p-sccond covarianl derivalives
introduce d-lorsion tensor fields of the d-conneclion HI(N):

(3.6) Tu'=Hj—11};, S = —(CF—CH), Pil= —(&'Ny; =11, CF R
as well as d-curvalure tensor liclds of d-connection FIT(N)
By =8 1 — 8 1 - T L — 1 TE T Ry,
(3.7) Bt Uiy —C - G,
Sj'”=é§’(.'j""—3"(.',”4—(.‘_.”'(.',“—CJ”C,,"'.

_ Theorem 3.1. The h- and v-covariant derivatives with respect to II'(N)
verify the Ricci formulae
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=1

]\’_flh [ I\‘;-. i = I\':-[f,-jf,r—]\-;‘.]fjrkl—- '[‘"Jr}'\'}' i RM.I\-_:' r’
(3.8) KW' — K| w=KD 5 =Py, £ — P! K|
Kt = KT = K0S, s — S MG

Progf. Using (2.1). (3.2}, (3.3) and the expressions (3.6). (3.7) of d-Lensors
of Lorsion and curvalure, by a straightforward caleulus we get (3.8).

As an applicalion we have:

Proposition 3.5 If HIY(N) is « d-conneclion of Carlan type then
(3.9) Ry R0y=0. Pyl P00, St Satt=0.

Indeed. applving the Ricei formulae to the d-fundamental coveclor
field p; and using the equations pqp=(h pidf=28% we oblain (3.9).

Proposition 3.5, If HI(N) has the properties

=" pil/=38L

where the deflexion fensor D, is given. then we have

1° Vp=Dde’+3p;:
2 Do —D = —{"% A R+ Tar ek

(3.10) Dpl'= — (P 4D’ G0

(0= SF 1S

i

For the proof it is sufficient Lo apply again (3.1) and (3.8).

Remark. We will use Lhe previous formulae (3.8) in the theory ol physical
fields, where the deflection Lensor 1);; will be expressed hy the cleetromagnetic
field.

§ 4. Bianchi identitiex. Kach d-connection [IT(N) salisfies a number
of eleven Bianchi identities. T'o deduce these important idenlities we consider

the connexion forms (3.4) and the sirucfure equations of HT(N)

0

i . ;| — i
b ) daj—e) pe= -0

MY

(d.1)  d(dxt) —da? foj= -0 d@p)+3p o

The exlerior differential of 1-forms 8p, is given by

{4.2) d{8py= — ‘ljh’,,h.d.r" Adat —8" Ny Bpy hdat,

Therefore, (3.4). (3.0) and (3.7) imply
Qi =127 e Adad - C)Fde? A Spy.
Q= V2R die? A -’ p Spe- 128588 p; A Spy
Qi==1j2R, ) det Adad P e A 3py 128, 8py 1 8py-

ing the symbol § forthe cyclic sum and Q for the allernale sum and
: (h 3t

(4.3)

. thd, B
erentiating (4.1) and (4.3), we gel:
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Theorem 4. 1. Fach d-connection HIUN(N)=(H],. C/%) verifies the Bianchi
idenlifics

tg { Thrfs'Jf' T.’l l'. Trsl _R.'afr-\"l_h’.'erlcx?'l} U:

1, r, 5}
(4'4) ) ('g‘{s’khrl-=_|_Skh.'S!r.r+Skhn-} __0,
o3 it T Ryt R P10,
o " ,{I{jjhr|x4‘j{filrtTr-sr"'pj'hr]{r*'} =10,
(4'5) \ T iRr)s SARERS ey
ol {8+ 578 =0,
Ity r, &)
Q _{ph"sr_l_(“h” yrﬂ\'l"'l*(“h“.\‘_Ch“‘l)hr} "Ihir|r | ?‘h-\"(“lir=n5
6y "7 | . .
St — (Q 18 C, T CIC =0,
“.7) R AR P =S Ry =D T - .rQq (R G — P — P AP e,
U.Q {Pk"a'—P‘.,"I'—P‘.J”(,‘S”—.‘J,..”I’,,;'}-I—P*,’.‘i,“'—uSk"'I‘=O.
ReIF Pff'l',,;’—i-Sj"”Ii’m-F {2 {RJ-’1,(.',,”'—}-1’_.:',"}.-i-?’;‘,,tl’{,*'§=[l,
(4.8) tr.5)

Sj;sklr+p}irrstxk_|_ (Qk{Pjirxlk'i'P..l;gsCrw [ Sj-.'rp”k}=0.
Sa K

The previous idenlities become simpler in the following cases

a. HT(N) is h- and e-symumetric, Le. T;7=0, S =0,

b. HI(N)is h-symmelric and h-connection. i.e. T =0, €, ==0,

¢. H(T'N) is of the Berwald type ie. =Ny, €80, (=P),=0).

For example, in {he last case, il moreover 7;;=0, we have the following
Bianchi identities :

S Ry,=0, 5 Rys=0,

{hy v, 8} {k, 7, 5}

M t‘; ){Iij"h_i‘,-—f—l)jjnl.[?rq} =:0‘
y T 8

Q I)ﬁisr_o! I"Irhrs'{_Jer.\'k " Q ]),l.-rhl.v 0,
)

ik, 5 (r. s

Q I,kksr_=0; ]?jik.t,k'i_ Q 1)ji-$“r 0!

i rl {ry s)

Q Pji,"lkzo.

{5, &)
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& 5. Parallelism. The existence of the horizontal distribution N and Uhe
vertical distribntion Voallows us Lo consider several Lypes of the auto-parallel
curves.

A point (x. p)ys T is called a support clemenl in the point y= 3.
An meparamelers family of the support clements is given by :
gl

=, (o, 81, my I<m=n.

cu’
po=piites um), pu}FE0,
Definition 5.1, An m-parameler family is called geodesic if ils support

rlements are horizontal.
The horizontalily condition for the family (5.1) is given by

in. 2l
3pi= [:‘”' — Ny, py) f—l—](lu" 0.
cu” cut

Ilence, we have: ) . .
Proposition 3.1, The m-parameler fumily (F is geodesie if and only if

(5.1)

rhex(ad,., u™). rank s

&p; i el
(5.2) (_p__ —N (e (w), p)) — = 0.
' cur Fu

Propositien 3.2, The sysiem Jormed by the first equations (3.1) and (5.2}

is complelely infegrable if and only if the cquations
R (),
du*du®

hold. _

This system is identically verified for m=1. Therefore we obiain :

Theorem 5.1. For every differentiable curpe: xi==x'(l), {=(a. b) in M
there exists, locally, « geodesic I-parameler family. o the given curve, of the

suppor! elements.
Lel ¢ be an 1-parameler family of support clements. given by

ri=ri(f) {=(a. ) rank dg | 1
5.1y ’ . 0), (B
pi=pill), p(H=0.
Definition 5.2. 17 The d-vectorial field X'(x. p) is said {o be parallel on OF
with respect fo IH1I'(N) if VTI\i_i =0 «long of (F.

7 i
2°. HI(N) is called with absolule parallclism of d-vectors if 2?\— =1
il

on every family (F(i.e. Niy=0, X'|*=0, is « complelely inlegrable sysiem).
Since (3.4) implies

E = d_‘\_i. “jx»*:xi]kd'tf N K .Sﬂ,
df df  di dt dat

e obtain :
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Theorem 5.0, Lel 7 be a fumily (3.1 and N, be a given d-vector tn the
point 1=, of F. Then there cxists. locally on 7, a unique d-veclor field X',

parallel with respeet to IIVEN). which for t A, coincides o X _
Theorem 3.3, The d-conuection HU(N)Y is with absolule parallelism  of

d-vectors if und only if ity d-curvature lensors penish, »
Indecd. from (.0 iU Tollows that VX' dt =015 independent of the family

F i ond anty il
Nf, =0, X'"=0.

Bul Lhis svstem is completely integrable if and only il the d-curvatuve lensor
lields of JI(N) vanish.

Definition 5.3, Vi h-path. with respeet lo (I0(N). is « geodesic [amily 7
which has the pectors dx'/di parallel on (F.

Theorem 5. % The family 7 from (3.1) is an lepath if and only if it verifies
the system of dilferential equations

3 da’ datde® dpy . dr!
Al) == (D). p{) — — =0, Ny (r(). p)) — =0.
L dr: A0 p0) dl di ! 2 dt

This property follows by virlue of the equations (3.3) and (3.1)".

The previous Uheorem assures the local existence and uniqueness of the
I-paths in the apriori given initial data.

A Tamily 7 F of the support clements given by

iy (econst), po=pAD), LE(a, b). p()#0,

will he called vertical.

Definition 3.4 .4 vertical family F is a« v-palh if ils d-vectors 3p;di
ure parallel on (F with respect to HU(N),

Theorem 5.5, v-path, with respect fo HT(N) is characterized by the diffe-
rential equalions :

d=p; 0

- . : dp. dp;
(3.3) wterh SR (e, pliy) P
dr dt !
This property resulls from (3.3) aad €3, 4},
The local exislence of p-paths is immediale by virtue of (5.3).
§ 6. Transformations o d-connections, We are inlerested in Vhe effect
of the change of the nonlinear connection N or of the d-connection HT(XN).
A trapsformation of nonlinear connection N(N; ) N(N})) is given by

(6.1) NymNotdg

L 3

where (e, p) is an arbitrary d-tensor field of the {ype (0,2).
The adapled cobasis (da', 8p,) to the distribulion N and V is lransformed
in Lthe cobasis (da', 3p,) adapled lo the distributions N and V, where

(0-2) 8-1)5' -Si)i—g'lﬁd.t':

' 3
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Proposition 6. 1. The {ransformafion (6.1 carries the “-_(.“”m,(l.;”“ HI(N) =
—(H, C) in the d-connection (N )= (11, €) such that VN2 NI for eigr
Xi(x, py if end only if

(6.3) Ml G C bG8,

Indeed. from (3.1)" we gel @) o) if and onby il (6.2} holds, But (6.2) 1=
equivalenl o (6.3), q.c.d.
By applying to (6.3) an usual trausformalion of d-connection : oy ok
-kni we oblain
Theorem 6. 1. The most general iransformalion of d-connections : {1, 13, 1y
HY(N)> HI(N) is given by the equalions :

. Flg=m TG B Gt G5 D,

4

Bd)  Npm=Nga-dy
where (A, B, D)=(dyy, Bi D) are arbitrary d-tensor fields of the Iype
(0,2), (1.2) and (2,1} respeclively.

We briefly denole Lhe transformalion (6.1) by

{6.4)’ WA, 13, DYy (NI Q)= (N -0+ 8, C=D).

Now we can easily prove:

Theorem 6.2. The sel T of the lransformations (G.1) fogelher with the product
of maps is a group, wich acls transitively on the set of d-connections on M.
= The subsel T,="C of the transformations of the forn:

(A, 0,00 (N, L O (N4, HECA, )
and the product of maps is « normal subgroup in T. Also
To={1(0, B, )= T} and Ty={(0, U, D)= T}

gre subgroups in T.

Theorem 6.3. The group T of the lransformalions of d-connertions on Al
is the semidirect product of the subgroup G, by the direcl producl of the subyro-
ups Cyand Cy:

C="T, = (T, X Ty)-
Theerem 6.4. The following disgram is commulalive

SN A HICAB.C) 7,

Q) [
N <

s
t10,6 .0} (N+A H+CA.B, C-D}

”% &
2 <5
IN+A HeCACeD) N

MR, c) L0900 L nea Hech ¢

()
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Part H. IEAMILTON SPACES

The theory of ([-g(-nnwlricni objects on the differenliable manifold M
has an initial application in the study of amilton spaces. We begin with the
definilion of generalized Pomilton spaces, then we shall tread the Tamillon
spaces. Carlan spaces and also the special classes of weakly regulur, regular and
local Minkowski spaces.

$ 7. Generalized Hamilton spaces. Delinition 7.1. A yeneralized Hamillon
space is @ puir XU={M, (. M) i which ¢ (x, p) is « d-fensor Jield symnrelric
nondegenerale of the type (2, 0).

g(r. py is called the melric Hamilton structure or the fundamental
tensor of Lhe speee MY

Proposition 7.1, If M is « paracompact differentiable munifold. thew there
exisls on M an Hamilton melrical siructure.

Proof. M heing paracompacl, T2 has the same properly. Let G be @
Riemann metric on 7M. Then gi(r, py=6G(&' &), ¥(x, py=T"M is a gene-
ratized metric structure on M. ued

Let us consider the d-tensor lield g (x. p) uniquely determined by

(7.1) gt p) y* i, p) =3

A d-conneclion HU(NY=(Hi. €% will be called compalible with the
Hamilton metrical struclure g(e, p) if
(7.2) .r;”“.:(]. gt =0,

Supposing ¢"/(x, p) positively defined. we can consider the square of the
length of a d-covector field @ (v, p) given by
(7.3) o[ = g (s Py, V(v pys T M.

Denoting by S—=(x'(1). p{f), t=(e. b)) an 1-parameler family of supporl
clemenls we have:

Theorem 7.1, A d-connection HT(N) has the properly djdtjlo|[*=4, on eocry

family S, for an arbitrary d-covector field o parallel on S with respect o HI(N)
if and only if HUY(N) is compalible will the Hamillon melricad structure g''(x, p).

. - Ve, . ( :
Proof. From (7.3) and Y2 oon s it l'(‘Sll]ls-(—-(Hb)]'Iz)= v (g 'wo,) =
di d! dl

B Jadl dt
yu,k=(]’ y”l"'z().
Conversely, if H(N) has the property (7.2) and Vo, [dt=0 on S then
we have djdi(el)=0. q.e.d.
A d-connection compatible with g will be called a d metrical connection.
By virtue of (7.1) il resulls that (7.2) is equivalent Lo

(7.2 gisle=0, g1 =0.

We suppose that a nonlinear conneclion N on T*A[ was fixed. Using
the operalors 8, =83t =&, + N ¢ J, we can conslrucl Lhe Christoifel sy mbols®

0 da* — . . . .
= (g7, — 4y o, = 0. Bul o, and 5 being arbitrary it follows
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(7.1) =12 g™ 3-8t — Sathit)-
(.'__. 1 2 I']Ihlié'l qh- i ( .U_l.l. (If)“)

Theorem 7.2 1. (M (e phe G e p)) from (7.1) give ne d-eonneetion

on ML
9 The d-connection (7.1) is « d-metpical conneclion.

Proaf. 17. Observing (1.6) and the law of transformalion  of g7 (x. p}
woe obtain, for /i, from (7.0). the law ol transformution (311 Also. for €7
we get a tensorial faw ol transformation. 270 By a steaightforward caleulus
we prove thal HI(N) of (7. 1) verifies the equalions {(7.2). q.e.d.

Remark. The d-connection (7.1} depends on the fundumentul rf_l('nsm'
¢'F and on Lhe nonlinear connection NN, ), only. It will be called the N-cano-
nical connecetion of the space M and denoted by CTEN).

In the following we denole
(7.9) (b il T _

Theorem 7.3 The N-canonical connection CU(N) has the praperlies

gl te0, SF=0,

ge o Glikl o (in G NI PV IS TGLE R G oULE L S

Proof. The expressions (7. b)« learly show 17, Using (3.7). the formulae 2
follow. q.e.d.

Lel us consider the Obata’s operators
(7.6) Q= 1/2(303% — guey™). Q2 1=1/2 (idid g d):

We have:

Proposition 7.2. 17, The Obata's vperators are absolule parallel with respect
to every d-melrical conneclion HT(N).

9¢ Obate’s operators are supplemenlary projectors on the module of [he
d-tensor field of the type (r.s), 12 1, sz 1

Theorem 7% If N is a fixved nonlinear connection ot T'M. fhen He sel

of «ll d-melrical connection HY(N) (ﬁjk. CY s given by
(7.7) Tl HipA-QisNL CFP=CPHORYE

""r.i-‘

where CT(N)= (I{},. C/%) is the N-canonical connection and Ni. YF are d-
arbitrary tensor fields of the type (1. 2) and (2.1), respeclively. _
Proof. 'Yuking into account the teansformation CU(N)—=HEI(N):

() =141, C=C-+D.
we see that the d-connection IHT(N) is a metrical one if and only il
(b) QRN -, O En% =0,

Then the general solution of (b) inserted in (a). give us (7.7).
The following Lheoren holds.
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Theorem 7.5. 17, There exislts « unique d-melrical connection HT(N) with
the !”'“!;(-f‘[” T}AI (1 .\'”k U'. This is €1 (.\).

2. There exists o unique d=-metrical conpection HE(N) whose d-torsion
tensor fields Tyt S/% are given « priort. This is

1

= =4 (T — g T 00, 03.0).

)

(7.8)

—_— 1

(‘,-. (" Fis .‘75 '_(yrh S.'! s ym ‘g"h rl '| !’A'h Sﬁjr).

I

=

Fheovem 7.6, Foery d-melrical connection HIYNY has The properiy.
(79) H”,,_- L HHM. 0, ]“'Jh"*' I)ju'hf _()‘ _S'ijhk_l_xjihr.-:“‘

where R, —g R4 ele.

Indeed. by applying the Ricei formidae (3.8) 1o ¢%(x. p) and taking into
acconnt (7.2), we arrive to the announced result.

It is clear that the transformalions (7.7) of d-melrical conneclions de-
lermine a subgroup of Lhe group @, Some particular transformaltions of 7,
associated to CI(N) are useful in appheations. If C{N)=(1,, C’*) is the
N-canonical connection, we associate to il the d-connections of the type:
Berwald BI(N) =N, 0): Rund RIN)Y=(,. 0) and Hashi-
guehi BIN)=@EN,,. ) [10,11].

-

Theoven 27, The [oltowing diagram is commutative

' R (N !
D B2

L = : -~ Bf (N)
¢
2 T HIN 1
where £, =40, 0, —CJ%), L=10, —D,5 0), L,=1(0, —P,5, —C.*.
Indeed. taking in Lhe diagram in Lhe theorem 6.4 : A=0, B=—C, D=

' and looking al the definitions ol the d-connections ol the lype Berwald,
Rund and Hashiguchi, we obltain the above commultative dia-
gram. These d-connections have some importanl properlies :

Proposition 7.3, The d-connection of the Berwald type BU(N) has the pro-
perlies :

1% 1t is nol o« d-melrical conneclion ;

2. I has d-forsion lensors

"1'”' f'iT,'.J.' (‘-‘_ i (), S‘.jt _(}’ p}ki_(),

and, generally, R #0

3. Tt huas the d-carvafure tensors Ry in (3.7) with Hi =N, Gl =0

I)‘IIIAF ('-'.-(r"'.\v,,,: S}"’k- ();
d*p,
dis

17 I has v-paths : 2’ =2z, -0 ;
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i .

3% Its h-paths are given hyvz(f-!-'l ) 0, il 0.

A\ di i )
Proposition 7.4 The d-connection of Rund {ype. RUCN) has the praperfies
19, It is h-melrical o g" =00 g Y0
97, It is melrical if and only if (M, g7y is o Riemann space
G0, Ts d-torsion tensors T, S50 C 00 panish s
1. fts d-curvature lensors are

R Q (S8 A HRIN, o P =Tl S 8=,

Ry
I f

. : d*p,
37 s v-paths are given by x'—x, —“ - =(} 2

dls
V (dx Ap,

G~ Iis ths are given by—|—==1 0. — =0

V. Hs h-palths are g J(”((”) b

Similar properties has ZI(N). Some particular clusses of the M7 spaces
will be studied after the introduction of the notion of Hamillon space.

& 8. The duality between the Lugrangv. and l[:u.nillun spaces, '_l‘lho most
important problem in the study of gvnvyulnzyd Hamilton spaces A or 'H:l
milton spaces II" consists ol (he determination of the nonlinear connections
on T which arc intrinsically related Yo Uhese spuces. To this aim il is necessury
o extend here the Legendre lransformalion from the analytical mechanics.
1t leads us to the concepl of dualily belween the Lagrange and Hamilton spaces.

Definition 8.5 .\ [Hamilton space is « puir 11" (M, H). where H:
TAAM— R is a C=-function on T°X (0L conlinons for pand with the pro-
perty thal the Hessian

Y{r, py= 1M, 120,

; 1 e
(8.1) g pys =
2ipiap,;
is nondegenerale. '
Fi(x, p) is called he Hamillon function or Tundamental function of 1"
and g'’(x, p) the metrical structure or fundamental tensor of the Tlamilion
space H". Obviously, every space fI* is a deneralized Hamilton space, 3™,
but not conversely.
Proposition 8.1. [f 3 is « Co-differenticble paracompact manifold then
there exists « funclion H{x,py on T*M sach that (M. 1} is « Hamillon space.
Indeed, AJ being paracompact, el g(x) be a Riemann structure on
M. Then
H{x, p)y=(me) " gox)pp;.
where m and ¢ ave conslanls, is a Ilamilton [unction on AL Therefore
(M, H(x, p)) is a Hamillon space. .
Remark. The funclion &—=1/2H=02me) " ¢ (x)p.p; determines the
gravilational fietd on A7, which we shall consider in § 13,

The theory developed in Uhe previous paragraphs can be applied lo
he spaces H* taking inlo account the equations (8.1) [or delermining of
e fundamental tensor field ¢%(x p).

But firstly we shall study the exislence of a nonlinear connection N
T*M, determined by the Hamillon funclion H, only,
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As il is well-known. [U1. 12], a Lagrange space is a pair L°
(M. L(x. ). where Lo TAL» R s a C--Tunction on TM/{0}, continous

for y- 0 and with the praperty that d-lensor field
(8.2) ag(e. ) =12 ¢:Llcytay’, Y(x, )= TM, y#0,
is nondegenerate. Tere {2, ) is & poinl of the total space of the langent bundle
= TM— M of M. Denoling by «'/(x, g) the reciprocal of a (v, y) we oblain
a known resull :

Theorem 8.1, 17, The gendesics of the spaces L* are given by the Iuler-
Lagrange equalions

daf
: L2 =0,
e’

(8.3) -

d LY L
de 7 dt oyt

2% The funclions

(8.3)‘ .’\‘ij(l'. l[) _((l_' ) G;. . ]_ “I_.( ¢+l ljk - CI;)

ey’ 4 \Egiaat™ ax?

are the coefficients of « nonlinear connection N on TM, which is determined by
the Lagrangian L{x, i), ondy. N(N'(x. y)) is the canonical nonlinear connection
of the Lagrange space 1. Let us consider the .moments®, [2, 17]. determined
by the Lagrangian L{x. p):

_léL

(8.4) =2
2’

Then, p; give us a global d-covector field on Af. The map given by
8.3) o (e TA—(x, pye TM, (TA=T{0), T°M =T"3{0}),
where p; are given by (8.4), has some important properties.

Proposition 8.2, ¢ is « local diffeomorphism [rom A {0 17AL which
preserpes the fibers,

Indeed, o is of the class €~ and in every point (r, y) = T3 its Jacobian

1 ay

is the delerminant of the mall'i_\'| .Thenz(r, y)—="(x.p)=2x, V(r,p) €

e Til. q.e.d.

ﬂ'l‘hcrefm'c, for every fixed point (v, )€ T, there exists an open sel
D= TM, (x, y) €D such thal D= =(D) is an open set jn 3/ and Uhere exists
an open sel ' T7AI D =a(D) such that g, is invertible, We can write the
inverse funclion %7 in the form:

(8.5) al=2f, Y=z, p) Yz, p)=D

We restrict our consideralions to the sels J) and I)* and denote by L3 the
restriction of L* to 1) and by J7}" the restriction of 1™ to D™ if this exists. It
is convenient to denote:
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Now we can formulale:
‘Theorem 8.2, On the open set D= T*A, the Hamillon function

8.7y H(x, py =L, y)+pay’s

where y' is given by (8.6), has a nondegenerate Hessian,
Proaf. From (8.6), (8.7) and (8.7)", il results that, on I3*, we have

del ||éie ) =(det |, (x, dCe ph[) ' qee.d.

Bv virtue of this theorem, H(x, p) determines on D* a ITamilton spa-
“The transformation (8.4), (8, 7) (which determines 1he 10(:3]_(1}[&:0-
alled Lhe Legendre [ransformalion from L7 to Iyt Thisis Lhe
d the dual space of the Lagrande space Ly

dual space of the Lagrange

e A
morphism ) is ¢
reason for which F3* is calle

Proposition 8.3. The Hamillon space 5. the
space L}, has the praperty

(8.8) aHlext = —i2fext,  elfép, —di(r. p).
Proof. The formulac (8.6), (8.7) and (8.7) lead us to
o aL 2L DF d* dL

P==— = - +p

ort dt Ayt o ot Axt
and )
4 =._‘J_’£é;f(1>’-'+y‘ Lp i ®F =gt =D'(x, p). q.e.d.
Epi ay*

Conversely. let us consider a [Tamillon space H* (A, .{I) ha\'ing_the
fundamental tensor gfi(x, p) given by (8.1). Lel ' ,he velocities” determined

by the Hamilton funclion H:

8.9 1"—] dH

) J 2 ép;
Proposition 8.4, The map

@®10) U (v p)s T M—(x, )= T3, (FAL=T*A {0}, TM= TMN\{0}),

Proof. For every fixed point (2, py=E T7A
< T*M, (x, pyeD’, which is projected by =
and Lhere exists an open set. Dc TAM, D =(D") such
The inverse function ¢1: D—D* can be wrillen in the form:

I, 1here exisls an open sel D*c

@.11) =, py =i, p)-
Theorem 8.3. On the open sef D= TM, the Lagrange funclion

(8.7)" L(z, y) =~ p)+piy'

~— Matematich

where y' are given by (8.9), is «a focal diffeomor phism which preserves the fibers.

* in an open set D, ==*(D)c M
Lhat & is inverlible on D*.
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where p; is given by (8.11), has « nondegenerate Hessian.
Of course, I3 is an Lagrange space, which is the dual of the Hamilton

space ffy.

Now, easily il follows:

Theorem 8.4, The dual of the dual of Ly is L. The dual of the dual of I3
is I

Theorem 8.5. The Legendre [ransformation carries fhe system of Euler-

. 1 .
Lagrange equelions (8.3) (~2-L =,Q)in the system of Hamillon equalions

(8.12) dx'jdt —oFfép; =0, dpjdi+iF]cat 0,

Proof. By using (8.7)" and Lhe Proposilion 8.3, from the Euler-Lagrange
equalions (8.3), we getl the firsl equations (8.12). Then p, ~3.L/3y* shows that
the equations (8.3) are carried in the second equations (8.12). q.e.d.

In the same way, we find :

Proposition 8.5. The Legendre {ransformation carries the nonlinear connect-

ion N(NYy(z, 4)) on ’I‘fﬁ'w from (8.3)" in the nonlinear connection N(N(x, p))
aon Tuﬂflbt:

B13)  Nulx, p) = —a(z, PNz, ) +1/2 FL(z, y)ldy'oxt, y' =di(z, p).
But N(N(x, »)) from (8.3)" is Lhe canonical nonlinear connection of the

Lagrange space L”, Ltherefore the nonlinear conneciion N(N;(x, p)) from (8.13)
will be taken as canonical for the Hamilton space H*.
it follows :

Theorem 8.6, There exists, locally, the nonlinear conneclion on T*M,
which depends on the fundamental funclion of the Hamilton space H*, only.

In the next section we shall prove the global existence of the canonical
nonlinear connection on T"M.

§ 9. Hamilton spaces. As we have remarked, Lhe theory of the generalized
Hamilton spaces can be applied to Hamilton spaces F" = (], If). But some
specifical properties will appear, especially, those related to the global exis-
tence of the canonical nonlinear connections.

Proposition 9.1. The d-fensor field C'/* (see (7.5)} of « Hamillon space H"
has the form:

0.1y Clt = iéféfakn.

Consequently, il is complelely symmelric.

Theorem 9.1. A generalized Hamillon space M" =(M, ¢*/(z, p)) is « Hamil-
ton space H" (M, II}, if and only if the d-tensor field CH* from (7.4), (7.5) is
completely symmeiric,

Proof. I M"=H?", the Proposition 9.1 shows that the property holds.
Conversely, observing (7.4) and (7.5), we have
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’ | B Pl
Cc’;l-_____(-a.kgj:_i_f]}yl- _(l‘q!fl).
2

ts that é%¢% is complelely symmelric,

s CUF s eamplelely sy mmelric, i resul i ]
o $ equ derivalions (8.1} has solutions with

Then Lhe svstem of equations with parlial
respect Lo Lhe function fI(x, p). g.c.d. . , .
Tn the following, we consider Lhe Poisson brackel for Lhe real funclions
on TM. o
af dy af oy
(f- D= o= ==
cxt dp, dpy o
where Lhe summalion convenlion holds.
A very important resull is given by
- <
There exisls « nondinear conneclion N on raf determined

- 5
I'heorem 9 2. =(3I, ).

only by the fundamental funclion H(x, p) of « Hamilton space "

The coefficients of N are given by lhe formula :
v 1 1 T s I’.Ik‘j
{9.2) Nip= Eq,,,{;g;;.(.'l(ll, el F R (-,”}

Proof. Using Proposition 8.5 and Theorem 8.6, we see that the Legc_ndre
transformation carries the mnonlinear counncction (8.3)" lo lhcl npnhnca.t‘
conneclion (9.2). Bul il is necessary to prove Lthe global character of Uhis nonli-

near connection N, To this aim it s sufficient to show that, up to a change of

coordinates (1.1), N, (x, p) has the trapsformation law {1.D). Taking _inlo
account that g (r, p) from (8.1) is the fundamental tensor of the IIamlll_on
icus caleulus, we obtain the transformation

space II", using (1.2), after a led
(1.5) for .\',J(.L'. p). qeed. .
Theorem 9.3. The nonlinear connection N given by (9.2) has the properties:

1. -, =0, o) S Ryp=0,
(o

These properties resull. immediately from

Lemma 89.1. The coefficienis N,; of the nonlinear connection (9.2) can be
wriften in the form:

e g, o F &t H a:H ol & H
(9.3) Ny - '—1_ (ﬂ(ﬂ i _( e ol 11 e 2 o — 'kgjh)
: ANext epy aport appdx?  dx' Ipydprdp,

Applying now Theorems 2.3 and 9.3 we have:

“
Theorem 9.4. The almost symplectic structure O, associaled fo the nonlinear

conneclion \* is infegrable. ) ]
Of course, the Hamilton equations (8.12) have not an invariant form.

However, we have:
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Theorem 9.5. The Humillon equations (9.12) are equivalent to the system :
(9.4) da'/dt —¢ X ép =0, ép, dt 5 Br?();'b‘.r" =,

L [ €«
where 3p, and 3, are given by (1.4) and(1.4)" for N =XN.

Proof. Form Ny =N and (8.12) we get 81),.'(1[4—(83{}/9.11‘—{—1:.’” dx?fdl) =0,
Or, by virtue of the firsl equations (8.12), we have the second equation (9.4).

Conversely, (9.4) implies (8.12). q.e.d.

Corollary 9.1. If the Hamillon spuce H™ has the property 3‘[!/81“:0, then
(9.4) give an I-parameler geodesic faumily of suppor! elements.

Corollary 9.2. The fundamental function H of the lamilton space H" is
constunt on lhe integral curves of the Hamillon equalions (9.4),

Indeed, if X —da'/dt g;—}—ﬁp;/dl &%, then from (9.4):
Ly =da'/dt 8,F6+8p,Jdl 5'H ='F . 8,7 — 8,207 =0,

Corollary 9.3. If the canonical connection CF(‘\C.’) is of the Cartan fype,
then the Hamillon equalions (9.4) are equivalent fo the equalions:

(9.4 det o0& _ Vi 3 _,
dt  ap, dt  3rf

[§ [+]

Indeed, pyx =0, po/*=8% and (3.4) implies Vp,[Jdi =3p,/d!.
IFinally, we have:

] Theorem 9.6. The following d-connection CI‘(R’)=(I§}M Cr,}“'), where N
is the canonical nonlinear connection (9.2) and where

(9.5) PI'Ifk=1/2(319nk'5 8xGns —Ongs)g ™,
Clr=—1/2(8'g" +8"" — 39" )gn,

= e,
for 8,=3,+N ;% has the properties
1°, It depends on the jundamental junction H of the Hamillon space H",

only.
. It is a d-melrical connection ;

[+ <
*. Iis torsions Ty,' and S/7* vanish .
C c
4 i [
. Ppl=D

. c " < c c c
°, §UE O 5 Crik _C ik,

o N

[ ]

G°. Itisthe unique d-melrical connecfion Hl"(li’) for which 3° holds.

CT(N) is called the canonical connection of the Ilamilton space H".

21 HAMILTON GEOMETRY

& 10, Cartan spaces. The Cartan spaces can be looked as duals of lhe
Finsler spaces. This remark allows us 1o determine a canonica!l nonlinear
conneclion and a canonical conneelion on which are hased their geomelry.
E. Cartaun has defined lhe above mentioned spaces in [7], using Lhe
nolion of arcal metric and he has studied them from Lhis point of view. Ilis
construction is very complicaled because il is nol hased on the nolion of
nonlinear connection.

The dual poinl of view allows Lo gela lot of new properties of the Cartan
spaces. This means that the Cartan spaces have the same linportance as the
Tinsler spaces.

Definition 10,1, 4 Hamilton space 1" =(M, H) in which the fundamen-
tal funclion H{x, p), p#£0 is 2-homogencous with respeet to p; is called « Cartan

space. We depole il by €

Proposition 10.1. FFor « Carlan space @7 we hare:

1°. The fundamenteal tensor [ield gt (&, p) ts O-homagencous with respect
lo s

28 12 &Hiepy =gt (x, p) pis

30 i Q).

Theorem 0.1, .t generalized THamilton space M * is a Carlun space
er if and oly if C'*#£0 is complelely symmelric and €% 0.

Proof. I M ™ —-C" then C¥* has Lhe above ment ioned propertics. Conver-
sely, C* being complelely symimel ric, we have &fg'/ =CUF-CI*, This means
—0, we gel ppotg? =0. Therefore

that %! is complelely sy mmelric. From (o
We consider the Iiamillon func-

g'!(x, p) is O-homogencous with respect to p,.
s . 1.,
tion H =g'(x, pypp;. 1t rvesults y"(x, p) _.-;c'j'é""”. iq.e.d.
The Cartan space €* being a particular Hamilton space, it has all pro-
* perties exhibited in the previous paragraph. We prove that its canonical non-

c
linear connection N from (9.2) has a very simple form. To this aim, we consider

the Christoffel symbols:

i 1 o .
(10.1) i = ;9”(“9’3. =0l —Cal i)
and denote
Y e=Pi¥ho Yho=15%g""Pa-
We have:

€® has the coefficiens :

: % 1 oo
1_2__2) Niy=v} 5 o€ G
Proof. Observing that in €* we have

G
Theorem 10.2. The canenical nonlinear connection N of « Ceartan spuce

L —
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1ell - 1 ¢*H ey ol cytt
H=g"mp;. —— =4"pp = =Py -— P =
v 2ep j 2epiat ch ¢ e

and using (9.3) we get the equality (10.2), q.e.d.
The canenical connection CU(N) =7}, C.'*)y of a Carlun space €7 is
given by (9.3), where N is the nonlinear conneclion (10.1).

Theorem F0.3. The canonical connection CU(N)Y of « Cartan space C°
has the properties:
1° It depends only op the fundamental funclion of the space £
2. It is « d-melrical conneclion ;
l‘._ . 1 s e 1
3 CF = — 9755, (YR =0

« v

l . TU=0’ (S ]{,JA—_—U;

{i. iR
5% 0='c§p,~ Adal s « symplectic struclure on T3
6% Tp'=0, $7F=0, Pul=0"ny";
7°. It is a d-connection of the Cartan type: p,; =0, p,|' =8,
80 My =0, HF-24%p;:
[}

O Hs deflexion lensor D, penishes
10°, The Hamilton equation are dx'|dl —iX[ép, =0, §pJdi =0. and H is

cquivalent to da'ldl —sdjcp, =0, f[;,jrl!;();
11°. The inlegral curves of the Hamillon equations are h-palhs.

12° R+ R0=0, Py’ P00 =0, S50
© r Ly " © I

13°. RY, + R, =0, DU Piliag, SURML IR =0,

140, ST GG — (T C 1,

The proofs of these statements are nol difficult. Sone of Lhem are charac-
feristic for the canonical conneclion. So we have:

Theorem L0 5. Tn the Cartan spaces G there cxisls « unigue d-conneclion
HIT(N) which verifies the axioms :

Ap g% =0 o =05 A% TRt=0; 4, S%=0: A, D=0

Proof. The canonical connection CP(NY — from Lhe theorem 10.3 —
has the properties .1, —A. Il remains lo prove ils uniqueness. Assume, by
reductio ad absurdum, thal Lhere exisls a d-connection HI(N), different

[ .
from CI(N) which satisfies A, —A; By (he theorem 6.1 therc exisl the
d-lensor fickds X, Q53X O8Y 7 not all equal Lo zero, such Lhat

=

(1) N, =Nyp+Xg Hp=Hi+C*X,+0iX:, CHl=C/rOlY

o
=1
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HI(N) verifies A;, A, It salisfies A, iff

h) Qisyrk=0.
Then A, A, give us
b .
() ‘\'u=5(‘\?k_!lu-\ulﬂ-
(d) C Ny —C " Ny =QiAN T — QBN

Applying the Christoffel process in (d), we gel.

© c
(d)’ PirNfx =ty Nl =2 (Cir" Nn —C" Nig)-
Contracting in {d)’ with p*=g"p,, we have

12 (X}’k—g,,.\'{,k)=—C“<"th.
This equality, via (c¢), implies
..\’;-1 +(“jkk‘\'0h =0.

A new contraction by p’ gives N,;=0. From the previous ciquation, we
ablain

(c) Ny =t

Finally, by Christoffel process, (d) leads us to

(N QN7 =0,
Summarizing, we see that (b). (e) aud () are contradictery with cur assump-
lion. q.e.d.

§ 11. M*"-spaces with regular metrie, Qur purpose is now to sludy some
classes of genceralized Hamillon spaces in which the N-canonical conuection
CT(N) is determined ouly by the fundamental tensor g'/(x, p) of Lhe space.
Looking at the Theorem 7.2, we must prove the existence of some spaces A

in which the nonlinear connection are determined by g/ (x, p) only.

Proposition 11.1. If M =M, g'(x, p)) is « generalized Hamilon space,
then the function

(11.1) H(x, p) =g"(x, p)pep s

is globally defined on T3, )
Due Lo the Lensorial character of g7/ and p;. Lhe property holds.

Proposition 11.2. The Hessian of the function i

11.2) ;"ffs";é;'a-ﬁ

s @ d-tensor field on M, which is of the type (2,0) and symmetric.
Now, we can give. :
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Definition $1.1. M " is called space with wealdly regular melric if the d-

tensor pield §'(x, p) is nondegenerale.
If Af™ is with weakly regular melric we can assoeiate Lo it the [Hamilton

space H* -(M, ). 'Fhe canonical nonlinear conneclion N of the space 1™,
riven by 1he Theorem 9.2, provides us wilh a noulincar connection on T°M
give 3 k
which depends only on the fundamental tensor g, py of M

Theorem 111, In @ generalized Hamilton space M with weakly reyular
metric there exists « nonlinear connection N on T*M determined by the
fundamental tensor ¢''(x. p). only. The cocfficienis Ny of N are given by

- 1~ (1~ = L. g
(11.3) e —.._;gj,,{iq,.‘a*(u. iy g-ine i }

Theorem 11.2. In « generalized Hamilton space A with weakly regulur
melric the following d-connection CL(N)

o 1 - - -
= 59"'(5;9’&1 +810n5 — Onpa)s
(11.4)

I . .
Coh=— Sgal@'g™ o'y — &™)

-

has the properties:
1°. I depends only on the fundamental tensor ficld g py;
90 It is a d-melrical connection with respect to the melric g'(x. p);

3°. It is the unique d-metricel connceelion Hl‘(:\"h) whase torsions 1,7 -0,
Siﬂ' =O- o

Consequently, CI(N) is the canonical connection of the generalized
Hamilton space A", with weakly regular melric.

Definition 11.2. A generelized Hamilton space M™ is said tobe with regular
metric if it is with the weekly regular metric and

(11.5) }—)Ei}] =g'(x, p) P

The Cartan spaces (" are examples of the genervlized ITamilton spaces
~with regular metrie,

Theorem 11.3. If the space M'" is wilh reqular melric. then the assaciated
Hamilton function Iz, p) is 2homogencous wilh respect to p.

Proof. From (11.4) it resull p;e'Tl =211, q.e.d.

Therefore Lhe Tlamilton space H" associale Lo M is a Carlan space or.
We can consider the canonical nonlinear conneetion ol the space @, Let
:(,'k be the Christoffel symbols of the d-lensor ficld f}” from (11.2).

Theorem 11.4. If the generalized Hamillon space M * is with regular me-
tric, then

(11.6) Noy=vh=1/2v58"g:,
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are the cocfficients of « nonlinear connection on {“AT determined only by the

fundamental fensor g (e, py of the space A o .
The d-canonical melrical connection of the space M ® with reqular inetric

i is given by (11.10). where N is given by (11.0).
| Fheorem V1.5, The Hamillon equalions of lhe space M o*willoweakly reqular
I {or reqular) melric are
N Sn. 3%
det o5, i— 0.
| dt p, dt 3!
) where =112 [ and 3p.. S are cxpressed by means of N from (11.6).

$ 12 Mink™ spaces. Another importanl. class of generalized [lamilton
spaces is Lhal of the local Minkowski type.

Delinition 12 1. A space M "= (M, g"(x. pyn will be called of local
Minkowski type — and will be denoted by Mink ** —if T°Al can be conered by

« syslem of local charls which g¥(x, p) does nol dr.pfnd o Xt ‘
Clearely, we can speak ahoul Mink™ spaces with weakly regular meltric
st - : . . e whiel are

or with the regular metric. Also we can meel Uhe spaces [ or £ which are

Mink™ spaces. - ' e
A dual result of the one due to 5. Watanabe, [11, 121 given

by : e ‘
" fheorem 12 & If the N-canonical conneclion CI(N) of « yeneralized Ha-
milton space M ™ has (he property

(121) D=0, Riu=0, {iuy=0, Pu'=0, €' =0,

then it is « Mink™ space.
Proof. From (3.7) we have

() Py =al,
Then P,/ — 1, =0. Denoting Pt —girgr-p t Tand using Lhe theorem 7.0

we obtain _
I"”M _ pridi =0, 1).!'-'!' 1p At _(),

Applying Lhe Christoffel process it resuils
(b) Pl
By means ol (a) il [ollows
(b)’ a1 =0,

Consequently, Lhe coelficients [1j, from (7.1) does not depend on py. Using the
hypothesis we gel

(c) Ry, = ol {1 E () ()} =0,
th, 1) h
Identically as in the Riemannian case, at the point r =8 wecan determi-

a local chart (U, a!) in which I}, (x) =0. Then, in the chart (=% 1(U), (% pd))
L T*M, we have D =Nj—pH=N;=0.
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Consequently §;—¢, and 'y cy'ijoat =0. qe.d.

Corvollary 121 If the N-canonical conneclion CTU{NY of the space M'" is of
the Cartan type and moreover il has the properly :

R =0, D=0, €74, =,
then M" =Mink™.

Indeed. Lhe proposilivns 3.3 and 3.4 show that £ ;=0. R, =0, Il ve-
subls Lhat (12.1) are satislied.

Theorem 12.2. 4 generalized Hamilfon space A" wilh weakdly  requlor
melric is o Mink™ space wilth weakl{y reqular metric if and only if its N-canopical
conneetion CU(NY has the property (12.1).

Proof. It CI'(N) verifies (12.1), from Theorem 1201, we have Af # =Mink ",

Conversely, et 3 7= Mlink™ he wilh the weakly regular metric. Assu-
me that on the open sel = (L) we have g7 (x, p)= g“(p}). The associaled
[Hamillon function

() =g ()pipse
depends only on py. It foltows, Trom (11.3). thal
(b) T\"U =0.

Then 8, =, and (11.4) gives us
(¢) I, =0,

But (b) and (¢) imply the condilions (12.1). q.e.d.
Theorem 123, .4 Cartan space 7 is « Mink™ space if and only if its

(.‘,'”.m =U.

C
cunonical conneclion CU(N) has the properfies :

(12.2) -”a‘jmc =0, (':f;kih =0.

Proof. 1f € =\link'", lhen (12.1) holds becanse €7 is with reg ilar metric
and Theorem 12,2 can be applied.

Conversely, if €" has the properly (12.2), its canonical connection CT'(N)
being of the Cartan tyvpe, we have

(ﬂ) I),j =U. }{I_.J. .-_._0_

[
It remains lo prove that /', ¥ =0,
From (3.7), we oblain:
© . & c
J“jih,=&I11jh+(4ljjs],ahr‘
Interchanging j and h, we gel
& . = R c R < c X 5
Pj*"’_]’n'j‘=CJ'-*PM’_CA”PJ
or

1y < . LB . [+ < . «
pH.H_ph:jrzc,‘mpma_Chaspsjl_

| — ==
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Applying the Christoffel process and observing that [ pER 0 we gel

. sy 1 i
Now. using the Theorem 10.3, we have P =PV Then (b) implies
| {¢)

. . . o e o ae . i
Contracling in (¢) with ¢'*p, weoblain Pt =0 Finally () gives us P," =0. q..c.(l.
Now we can make the scheme of the projections of the gencrulized

Hamillon spaces M * on mentioned spaces

1 o o
W, “ ks
Pyt =g p o
L]

Generalized Hamilion

sp M* i
. 4D
r Mink® ‘spaces
# W )
. M” spaces with
-
B weakly regular
Hamiiton spaces H
metric

Mink ™" spaces with

weakiy regular
melric

Cartan spaces £

X
M*" spaces with

reqular metric

Mink* " s:)dces

with regular \
metric

§ 13. The Hamilton spaces of the some physical Jields. We consi(']er
some special classes of the Hamillon spaces, in which the fundamental funclion
originales from Lhe Hamiltonian theory of physical lields. All examples are
take from the Pyragas-Alexandrov papers [13, 16].

A. Gravitational field. Let " —(M, 1) be the Hamillon spaces, in which

~

1 Riemann spaces v

1 .
=—H is Lhe Hamilton funclion

(13.1) A (2mey P

here m and ¢ have Lhe known meanings, «'(x) is a Riemann metric on M
d p; are the components of the cinelic momentum. I* is a Carlan space
. The velocity field is

(a) vf ="k =(me)y " @i,

he fundamental tensor g'/ (x, p) is:

g =(me)  a'i(x).
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The Christoffel symbols of gy coincide to those of the tensor ficld «''(x).

The canonical connection CT(N) is given by

() Ne=y  Hip=vyin =l
Al properties of this C(N) are mentioned in Theorem 10.3,

£ is of the local Minkowski Lvpe if and only il the Riemann space (M,
al )y is flat,

The Tlamilton equations of CY are

dt— = — "Iy, V—P-'
di mne dt

LB

Their integral curves are h-paths of Uhe space £
B. Electromagnetic field in the presence of « gravitational fteld. Let H" =
. . . R
=(M. H) be the Thamition space. in which 7{:—‘—, inis
(13.2) o (2mey ta (ppy —e(med)  p VO FEEmeyT )AL,
where m. ¢, «(x) have Lhe menings from .1.. e is the charge of a lesl-body,

Ay(x) i Lhe veetor-potential of an electromagnetic field.
The space 1" is nol a Carlan space, The velocity lield is given by

() 0= (ine) et (D)p, —e(mey ().
The [undamental tensor of the space is
) gt =(me) P o).

It follows that g,; —mce,(2).
The caponical nonlinear connection (9.3) has the coefficients
(l') .\I,;‘. 5 !l'll:.k --((‘_ (') (;1_._1 "I'-'lk ,;),

where A, =A7q;;.
The d-lensor ol lhe cleclromagnetic Tield is

I",‘; .‘_|| —-.“,].v

where R-covarianl cerivalive is considered wilh respeet Lo CUONY=(H],, €7F)
) 1=y, ('),”‘_()_

Therelore. CI(N) is a d-conneetion of the Rund type.

Obscrving Uhal the covariant differential with respeel o © [C(N)is

Vi dl = I.D,,.((mr) Ya'tp —e(me®) ! A')-I-IBI),/(U
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the Homillon equations take a very simple form

doe'ldi =(me) V (pe—(ele) Ada e

V"pi/dl=r'(mr‘-‘) V(pe—(eie) Ap) A

. Gravitalional. polential und eleclramagnetic fields. Tnthis case & =120
is given by

H(e(m b e @ pop,—(Clmb eyt paAie
e e (mA-ufey A (A (E) —(20) T T(x)

where L'(2)} is a Torce funclion.
The space I (M. H) is not a Carlan space. The velocity Tield is :

pi—eHlep, =(etm -+ Ulet)) V(o' {)p; — (e/).1(x))
The fundamental tensor field gi(x. p) is
g =(e(m+ Uyt ')

It follows Lhal the Riemann spaces (M. ¢"(x)) and (M. «"(x)}y are conformal.
The canonical nonlincar connection of the space " is

{13.3)

V(e et ¢ ) T : ;
Na=l e (m - Uler)) ! S eV = G U R Wt
the h-covarianl derivative being considered with respect to Lhe canonical
connection CPN)

Hip=opipe  CF =0

.
CT(N) is a d-connection of Uhe Rund type.
The Hamillon equations are

driidt =(e(m+Ue™ (@ (0)p, —(ele) A @),

Vpr'd! e(e(m U ey Ipedf s —(ele) @y,
—e(c*(m+ Ule)yr (ppA'—(2ey e AU 207y
And F, =4, — A, is Lhe tensor of electromagnelic field.

These examples show us the necessily to apply the method of Jacobi
[15, 16], for integration of Hamillon equations.

Part 11, H*— MODEL OF A SPACE M "

The theory exposed in Lhe previous two parls of this paper has an in-
teresting geomelrical inlerpretation on the tolal space of colangent bundle
(T*M, =, M). Namely, the generalized llamilton spaces M*" are identified
wilh the almost [lermitian spaces I, of dimension 2n on T7AL
i The Hamilton spzees and Lhe Cartan spaces have as models the Kihle-
rian spaces K" on T"M.
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§ 14. N-conucetions of Hamilton type. As. we have seen in Lhe part
one il we fix @ nonlinear connection Noon T3 we gel a local hasis of the
F(TA-medule of the vector lields f&(T AL, given by (8. &) adapled to the
horizontal distribution N and vertieal distribution V. II N, (&, p) are the
coefficients of N we reeall the notalions

(14.1) 3.=é:bNyid,  Epi=dp, —N i

On Lhe Lotal space T M we have considered the almost symplectic strue-
ture O associaled Lo the nonlinear connection N :

{(11.2) 0 =8p; Adr’.
‘The tensor field 0 of 0in the adapted basis (3;, ¢') has Lhe components.

(11.2) 0. 3) 0. 08, ¢y =—8.. Ber, 8) =8, 000" ).

Delinition 14.1. I is called N-conneetion of the Humilton tygpe on T*M
« linear connection ¥ on 1M wilh the properlies

1 . V preserves by parallelism each of the distributions N and V2

9 0 is covariant constanl wilh respecl 1o V.

Theorem 14.1. A linear connection ¥ on T3 is an N-conneclion  of
the Hamilten ype if awd only if in the adapled basis (3,. &) it is expressed as
follows
(11.3) V-&,_.S.- LT VSA.(" = — 117,

VS, —C, %8, Vel = —C M,

i
where (I, C%) are the coefficients of a d-conneclion HT{N) on M.
Proof. 11 V is an N-connection of the [Tamilten type on 7°M, then,
firsthy, we have
(a) Vi, d, =8 Vg é N8, Vs, = €8 Vool =G, 80

Now writling V";A()~ 0, V0 =0, from (11.2)". we obtain i, =—1j,.

(2 = —C/J% Thal means, by virlue of (a), that (11.3) holds.
Observing now that, with respecl Lo (L.1), we have 8§, =dax’jex*s, o =

— pi% [ eadyl, iU resulls from (14.3) hat (II,, €75 have the laws of
{ransformations as the coefficients of a d connection IIT(N) on M.

Conversety, if (/5. C/Z%) are the coelficients of a d-connection HT(N)
on M, then (14.3) globally determines on 77 a lincar connection V which
has {he properties 17 and 2° from the definilion 14.1. q.e.d.

Corollary 14.1. There exisls a bijection beftween the sel of d-conneelions
SHT(NY} on M and the sel of N-connections of the Hamilton {ype iVion T7M.

The N-connection of the Humilton type ¥ which corresponds to the d-connec-
tion HY(N) is called the lift {o T°)M of the d-connection HT(N).

CoroMary 14.2. The non ltnear connection N being fived, « transformalion
of N-connections of the Hamillon type V—§ implies Lhe transformations (6.4),

with A =0, belween thetr coefficients : (I, €'Y (s €.,
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_Theorem 14.2. If ¥ is the §ift of d-connegtion HU(NY, then in the husis
(8;. ") the forsicn 1 of V is expressed by
(li. l) T(SJ. 8‘,) TJ-;-'.(S,- _%‘ Ifj“f.i- ’((.__’ 8] =(‘.._:._3. I]j,,'.l: j‘ ]((1 ('.) S‘-;L( t-‘
where T 875 Ry Pyt and CJ% are the d-torsions of HIITIND.

Proof. By

TN, Y)=ViV =V, . N—[X, ¥]. v¥X. Ye&(1T"M)

and (10.3), we get (11.4) where the coclficients ure given by (3.6).

Theorem 143, The lift V of the d-connection HU(N) is @ symmelric connec-
fion if and only if all d-torsions of HV(N) vanish.

Theorem V4.4, The carvature of the lift ¥ of the d-connection HY(N) in the
adupted basis (8, ¢7) is expressed by

(115) R(3,. 308, =Ry 8 RBu 3)é = —Riué’. B 308, =143
R(. 8,)ét = — D6l RE 99)3,=843,. R\ e = — S,
where Ry P and SPare the curvature fensors of HI(N).
Proof. By
RN, V) Z=[Vy, V14—V a2, VYN, Y, Z=0(T°M)
and (14.3), we get (1..5) where the coefficients are given by (3.7).

Theorem 14.5. The lift ¥ of the d-connection HU(NYis a [lut ltnear conneclion
if and only if all d-curvature tensors of HI(N) panish.

Theorem 14.6. The Ricci formulae satisfies by the lift ¥ of the d-connection
HY(N), in the basis (8; &') are yiven by the formulae (3.8).

Proof. A vector field X can be wrillen as N=X'(x, p)3, N(r, pyit,
where X2, p), (Ni(x. p)) is a d-veclor (d-covector) lield on M. Then the Riced
formula for v

Vi Vil Z=R(N. V) Z Vi %

in the basis (3,. ¢’} gives us jusl the formulae (3.8).
Theorem L4.7. The Bianchi identities of the linear conneclion ¥ on T M,

which is the {ift of the d-connection HT(N), in the adapled basis (8. &%) are given
by the formulae (1.4) —(4.8).

. Let X =X’ = X\'§, be a horizonlal field of vectors. N'(x, pYis a d-vector
field on 3. We consider a curve S in 1M

dmakh). Tank T
(14.6) g. ¥ =2 (), rank \E l =1, {=(a, b)

pe=pd).  pt)#0
and its tangent veclor:

(14.6y Seedatldl 8,4-3pdt i
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Then. the covariant derivalive of V=N, wilh respect Lo Lhe 1L V3
of the d-connection HIT(N), on 5 (B

(11.7) TN (N A2 fd 14 N FSpy D).

Bul, the second member of (11.7) is jusl the covariant differential of the d-
vector field Xi(x. p) along the l-parameter Tamily S, with respect to JIT(N).
o that the field N = X#7is parallel on S wilh respect Lo Vil and only if Vi N0,
Thus we have n.hluiuocl the geometrical interpretation of the [).{11‘:l]|(;li51l1 of
d-veclor Tield N7 on $ with respect Lo H{N).

(n this way we can give the geomelvical interpret ation for the nolions
of I- and s-paths  wilh respect Lo H(N).

§ 15. Mmost I!|:|°11|ili:|t| model of the space A" Lel N be a fixed nonli-
near connection on T and M=}, g") he a generalized Tlomilton space.
Fhe fundamental tensor g '(r, p) determines, on total space T*AL the tensor
field

(151 J =gt @dri —¢8,®3p, |

4 Theorem 15,3, 17, J is « tensor field of the type (1, 1) globally defined on
27 is an ulmosi complex structure on T M.
Proof. 17, Trom (15.1), we immediately see thal .J is a lensor field of
Ell‘lle\;}'pe (1.1) on T73. Using (1.6), (1.6), we have the slobal character of on
2°, By means of (15.1):

(15.1y J(3) =gosd?,  J(@)=—4""8;

Fi
it follows
(15.1)" JoT=—1I qed

The existence of d-tensor field gi(e, p) ol the generalized Hamilton
space M * allows us to consider the tensor field

{(15.2) G —g,,(x, pydr’ ®da’4 g i, p)3p; @8p;.

. ‘Theorem 15.2. 1°. G is « tensor field of the type (0,2) globaly defined on
9°. G is « Riemann melric on T°3.
Proof. 1°. 'The equality (15.2) show us that G is a lensor field on T°M
of Uhe Lype (0.2). Again (1.6}, (1.6)" and the law of transformation of ¢V(x, p)
prove lhe global character of G on T"ML ,
27, Since

(15.2)°  G(3.» 8;) =g, ph G(as iy =0, G(c', 3,) =0, G(&*, &)y =¢"(x, ).

the announced properly holds.

Proposition 15.1. The distributions N and 'V are orthogonal 1with respect
fo the melric G.
We say that G is the N lift of the metrical structure gii(x, p) of AL

33 HAMILTON GEOMETRY 65

Theorem 15.3. 1°. The pair (G. Jy 18 an almost Hermitian structure on
T2

27, ) =Bp; o dx'is the assoctated almost symplectic struclure fo (G, J).

Proof. 17, The equation G{JX, JY) =G(X, Y} is verified by means of
(15.1) and (15.2)-

o Trom (14.2). (15.1)" aud (15.2)" we casily see that BIX, Y) =G(X,
JY) YN, Y =0 THA) e

Now we ean stale:

Theorem 154 If G is d Riemann metric on THAL N is the orthogonal
supplementaryy distribution of V Iy G and (G, J) is the almosl Hermifian structure
far which 0 Spyfodxt is the assaciafed almost sympleclic structure, then there
crists @ unique melrical structure g (e py o M such that G is its N-lift.

Pronf. Beeause N is Lhe orthogonal supplementary distribution to the
y of N and V, we have:

verlical distribution V. in the adapted  busis (8. ¢
G =g (v, pyda’ @dr! 4. pidp @3

Il Follows thai g p) and h'(x, p) ave two nondegenerale symmetric d-

tensor fields on M. lrom GEIN. T ) =G(N. Y) and 0N, ¥) —G(N,JY) we

ael  without difticulties  R7(r. p} g (v, p). where g (e pli = el P

Consequentiy. g'te. p) is uniqueky delermined, M =(Al, gii(a. p)y is a ge-

neralized [lamilton space nd Lhe T of g, (. p) s just G.og.e.d

Lot f1 —(1*M{(GT) be the almost liermilinn space determined by
the strueture (G. J).

Theorem 15.4 shows thal, it the nonlinear connection N is fixed, Lhere
exists a bijection hetween the set. af the spaces M and the sel of the spaces
712 Therefore FI#* 1s called the N-almost llermitian model of the space NI

Theorem V5.5, The N-almost Hermilian model of the gencralized ffamillon
space M is an almos! K éhlerian space if und only if the nonlinear conneclion
N has the properlies :

(].—)-3) EI-"_:i':O! (S .R“.l'-=0.
(i.j.k)
fndeed. the 2-form 0 from (14.2) is a closed 2-Torm il and only if (15.3)

holds.
Theorem 13.6. The generali sed Tamillon spaces, with the weakly reqular

melric, Hamilten spaces and Cartan spuces admit N-models which ure the almost

I dhlerian spaces. .
Now we examine the case when the N-almost Iermitian model 13 15 a

Hermitian space. Using Lhe Nijenhuis tensor of the almost complex structure J
AUN. Y) =[N, Y14 JIX, JY 4TI N, Y]—[JX, JYL VN, Y= i_a‘L('I"JI)

the formulae (2.4), (13.1) and Lhe notalions Coe=Ci"qr 8w ele., we get ¢
Theorem 15.7. Let CT(N) be [he N-canonical cannection o} the space M™.
The almost complex structure J iy inlegrable if and only if

(15.4) R =Cui —Cirs PPy =0

5 — Matemailca
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~ Corollary 15.1. If 11*" is a Hermitian space und N i
bution, then '™ is a Hamilion space.

indeed, from R, , =0, CU¥ :
' s . v NN LT
N i) s #0 we have €Y% completely symmelric.
I'hcorein 15.8.

The N-model H 4 . o .
spuce if und only if ofw Huglfon space 1" is « Kihlerian

- Pije is completely symmelric.
roof. Theorem 15.6 shows Lhat 1o
almost Kihlerian space. If ff» P
that (15.1) hold, But "% hei
\ . -G eing lotally sy slric | :
P is completely symmeh‘i(‘..h’ § ot dt follows
Conversely, (15.5) hmplies (15.4), such that Fer s
. Theorem 15.9, If 3" ¢ -
ifs N-model H** is a Kihle
Indeed,
immediale.
Corollary 15.2.

(13.3) R =0,

rospace.
one applies the Theorems 12.2 and 15.7 and (he

The Carlan space @ of the local Mintowshi

: )
has as the N-model " « Kihler space. .

§ 16. The almost Hermitian i '
5 ) E an connections
(jlpevl'u mine l,he']mear connections on the lol.(;ISs e
M,l():o?l}:_'a_tlble :ml.h the almost. Hermitian structure (G, J
elinition 16.1. A linear connection Voon 11/ is —I.v' ;" X# - iti
connection if A called N-almost Hermitian
1..' V is an N-connection of
%. Vx( =0, YX et (T*M).
roposition 16.1. J is N- 3 it
e P VXECU(TI“JY),M an N-almost Hermitian
Proof. Vyx =0, VG=0, and B(N, ¥ {
. X » and BN, Y) =G(X, JY), G(IX, JY)=G(X, Y)
Theorem 16.1. 1°. There exists i i
on T wilh the property Tﬂ_rl_.l(s},b gf Ji.rirgm' N-almost Hermitian connection

2%, N-almost Hermitian cc i
: : o . .
conneation CT(Ny o the wren inl.ecilon V from I° is the lift of the N-canonical

Proof. 1°. By our hypothesis V i i
C;'"). The formulae (14.33 hold. But léf f(l}le i

the Hamilton type.

conneclion on T* AJ,

of 2 d-connection HI'(N) = (H]

'
Fk?

o C e > (- L =0 is verified if s

[ .)0. J‘hen, fon .lj,, =0, S;* =0, it results Ill‘(le;l;fcqu’]((i\’(;nl} HOHET
2% From I, it follows thal ¢ is the lift of CT(N) q C(.l
Theorem 16.2. 1°, I/ H* o

| ts @ Hamilten space and N is ifs canonical
nonlinear connection, then ther i i \ '
] Fy o denlaere exists a unique N-almost Kiéhlerian connection
V with  the property T,'—0, S,- " () |

2° Vs the Lift of 1 : i 2
.- [t of the canonical connection CT(N) from (95) of the

T'he properties are immediale consequences of 1the thecrem 16.1

s un infegrable dislri-

Lhe space I1* s
UL by f . s an
Is a Kiihlerian space. I'heorem 15.7 shows us

R,=0 and

e ‘ a Kihblerian space.
MINKT space with weally regular  melric, then

resuft is

is inleresting Lo
pace of Lhe cotangent bundle,

" HAMILTON GEOMETRY Ui

Corollary 16,1, Tt the cuse of the Carlan spuccs. the properlies expressed
i the Theorem 6.2 are verified, ‘

Corollary 16.2. There exisls a unique Ne-glmost Kdahlerian connection V.
which is leliﬂ of the d-conneclion [IV(N), which verifies the arioms A — Ay
from the Theorem 10.4. ) R —— o )

This paper [irst appeared in Preprind Series of University of Timisoara®,
Seminar of Mechunics, No. 3, 1987.

REFERENCTES

| k errtfeal f el sical Mee ies, Springer-Verkg, 1978,
1, Arnold v, Matlematical Vethoils of Classical .\!«_(hmlrr"-_,_ inger-V 3
2, f—\ sanoy G S Finster Geomelryl, R Jatipily and Gange Theories, Reidel Publ. Comyp.,
e . 13 (1963) 19—
3. Brickell I on areal spaces, Tensar No 8. 13 (TR0 2870 . .
4 Bucehin Su — Exremal desialion in a grometry based an the notisre of area, Acta Math,
815 (1951), 909—116, ) ' N )
1 : I.gs eapirees milriques fofeles sur ta nudion daire, Aelual, Seio Industr. Nr,
72, Paris 1933, 17. - =
6. Carlan 15 - Les espuces de Finsler. Aclual, Seiy Industr, Nr., 79, i’ﬂrus'IO.H‘. 19. )
7o V¥ava F.— Derivationi di wiyohre graduale ¢ connessioni nen fineari di ordine gralsiast,
Conl. del Semn, di Mal. delle Univ, i Bari, 1979, N, 170, :m._ o ) i
8 Gheorghicy Gh, Opruiu v, - Varietafi diferonfiabede finat si infinil dimensiond:e
Tl 1, BL 1. Avadeoniei B8R, 1976, _ : —
9 lLawaguchi A — Space of n dimensions with a conneetion depending on m:dnnnns:c‘ma
' ‘].Iun:' clements, AblL Sem, Vektor und Tensor-analysis, 1911, \r h. 2&}()_—Jq{i.
10. Matspmaoto M Foundalions of Finster Geomwlry and Speetal FFinsler Spaces, Iaishie isa
Press, Tokyo, 1986, ) o )
11, Miron R, Anastasici VL — Veelor bundles. FLagrangs Geometry, Applicalions in
Relativity (Rowmanian), [d. Academici H.S.Il.: 1987, ] | -
12 Miron 1R — A Legranglan Hieory of refatipily, Sem. de Geomelriv si Topologie, Uniy, Timi-
soara, Nr. 81 1885, ER3 - ) (i
13. Miron R — Melrical Finsler struciures and melrical Finsler conneetions, Journal of Math.
Iyoto Univ, 238 (1983), 219 =221 ) - ‘
14. Miren R, — Veclor bundles Finsler geometry, Proe, of the Nal. Seminar on Finsler spaces.
Univ. Brasov (1982) 1.17— 188 . o .
15. Pyragas Ko A Cosariant canonieal equaelions of the test-parlicle mation in general refa-
tivity, Tensor N.5. 23 (1972), 243274 ) ) i
16, Payragas K, AL A lexandroy A N - Shabl trajectorics of (Iynjnmcs and Schro-
dinger and Klein — Gordon cqualionis, Tensor N.S. 23 (1972), 337 33, .
17. Rund 1. — The Hamilton-Jucobt theory in Lhe calenlus of pariations, London -New Y ork,
1966. i N -
18, vraneccanu G, Popovici A. — Fundamentele feoriei ge nerate a relatinitdfii, Studii
si Cuere, Mat., Bucuresli 15 (1961) 517 — 594, ol
19, Wagner V. — Geomelry of space with on arcal melric and ifs upplications o {he caleulus
of variations, Recueil Matll, 19 (19163, 311- 106G,

University of Tagl
Fuaeulty of Mathematics
6600 Tusi, Romania

Received D511, 1457



