o An. st Univ. (AL 1 Cuza® st

Matematica, 35 (19849}

THE LEGENDRE TRANSFORMATION AND A PSEUDO-
RIEMANNIAN METRICG
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V. OPROIU and N, PAPAGHITUG

A Lagrange space is a smooth munilold carrving a regular Lagran-
gian, i.e. 2 smoolk function defined on its tangent bundle such that the Hlessian
with respect .the tangential coordinales is nondegenerale. The Legendre
transformation is a (lu(‘.:ll)(liffcunl()l'p‘hi*l!l hetween thelangenl and colangenl
bundles of a Lagrange space. In [5] the Tirst author studied the properlies
of the Levi Civita conneclion of a certain pseudo-Riema nnian metric on the
tangent bundle of a Lagrange space.

Inthe present paper we study the properties of the Levi Civita canneetion
of the image by the Legendre transformation of this pseudo-Riemannian melric,
The obtained Tormulas are remarkably simple. The vertical distribution is
preserved by the parallel transporl defined by this connection, The term giving
the devialion from the parallel Lransport for the horizontal distribulion is
strongly related to the nonholonomy of this distribution. The covariant differen-
tiation with respect to the {co-) tangential coordinates does coincide with
the usual partial differentiation. We oblain the local coordinale expression
of the curvature tensor field and Uhelocal coordinate expressions of the Bianchi
identities. To gel our formulas we have used a cerlain novlinear conneetion
on the cotangent bundle of a Lagrange space. This is lhe image by the
Legendre transformation of the nonlinear connection on lhe tangent bundle
defined by the Euler-Lagrange cqualions associaled with the given reguiar
Lagrangian. Remark that the nonlinear connection on the langent bundle was
obtlained in [1] while its image by the Legendre Lransformalion was obtained
in 3]

Functions, veclor fields, lensor fields and geomelric objects we consider
are assumed Lo be smooth (i.e. of elass C*). The veclor lields on T*M are denoled
by X, Y, Z...., and the set of Lthese vector fields is denoled by Z6(1*.M). The
well known summation convenltion is used and the range for Lhe indices h,
i, j, k Lom....is {1...., n).

" 1. The nonlinear connection on T#M, Let M the an n-dimensional La-
_grangelspme and denole by L: TIM—It ihe corresponding regular La-
grangiah, If (= '(U), 2%,.... 2" ylo....y”) s a local chart on TM induced [rom
the local chart (U. ! ... 2" on A by the natural projection <: T =M,
lhen the matrix wilh the entries

D g =&Ljay ay",
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whenever (4. pd) =" g}, For the tangent mappings DAL DAD we have

i ik 3y Al - v : H “olwir 1) ] HS M .
Is nondegenerate. Denole by g the enlries of the inverse of The malrix given the local coordinate expressions

by (1) Lel VT be the vertical distribution on A defined as the kernel

of the tangent mapping D= TPAM— A of Uhe nalural  projection = The p PR S - (_ L _(;_
Euler-Lagrange cquations of the Lagrangian /. define a complementary distri- (1) DA P (T' ;l'if'-"l" rp i ey T ip
bution ITTA to VIM in TTM. Namely, il : [ R i 3 :
S .52 : < ¢ ¢rH 4 i 6

(2) M, % g e & rﬂ—"—]L . (1) DA (T( ) =l = DA (“‘) o

2 8y Solexlay ) &y cxt o ofyiepy ¢y P il
then the local vector fields on TM We have also, by using (8)
3 30xF =¢let =N fley’. k=l (12) oMy BT
vive a local fraome of [T The S ; . .
=i s ! whenever (¢, p.) =A(F, y*). We shall no tonger write DA DA Tin Uhe formulas
(1) TEM=VTM®HTM, of the type (1D, (11). Then
and (&/égh.... ¢/2y". B/8x..., 3/8a") is tocal frame of 7TAI adapled to his ; B P ol F ) ¢
decomposition. Le. ¢ oy’ =101 define o loea! frame of VTAL and §/8x', {13) ._"-=-“_.-_H-_s-—_'{“"*'_ v Fepemle —T '
je=l...., n, deline a local frame of 11T, The corresponding dual local frame of ot oo CPr cly P
T*TA is By, da'y, i =1,..,n, where . p ¢ il r}“’—é— a it a
2 Syred il o aqt —ix eriypt B sepr &y

The complete integrability of the partial differential system on TAI delined
by HTM< TTAL s given by the vanishing of the tensor lield 1, whete

(6) HA =3 N LB —BNY/SeR,

This is Lhe torsion tensor ficld of the noulinear connection considered above,
Lel =°: T°M—2M bhe the cotangent buundle of the Lagrange space AL If

The images of the local vector fields (3) by DA are

; 5 1 . 2l ¢
(14) DA (—) il (-\- ,—c". E )-’IM —
ar oy e < P

S AR (B - i - (9 T sives us 4
] i . o Tlence he image of the nonlinear connection defined hy (Y on T g
(U, 2., a"y is a local chart on M il induces @ local chavl (z71(U), ¢'..el q". . Sy o
; ] : par ¢ cltion on MTADH= 1M
Pioees o) o I, where ¢ =2’ v el noand p; i=1... n, are Lhe coeffli- nonlinear conne ) ( )

cients of Lhe clementsin 73 when Uhey ere expressed with Uhe help of do'....de®
‘The Legendre transformation defined by L is @ smoolh mapping A @ TM—1"M
given in local coordinaies induced on T3, 1°AI by

(13) N (NI e pa)-

From now on we shall suppese that A is bijeclive and use the notation
@) ¢ =2, po=iLlEy.  i=h..om, (16) 8/3q" =DA(B/81T) =beq' =N udl| Oy
(sce c.g. |2]). Since L is reguler A ds a diffcomorphism onto ils image. In fact,
by the inverse funclion theorem, A is a local diffcomorphism. Then consider
the [amiltonian

(8) Hepy L.

thought of as & funclion on 773 Then A Vs given by

Thus we gel the following direcl sum decomposition
(17) M=V Me T M,

and (8/8p et/ epy. 31848 8¢") is a locul Trame in TT3M :1(I:1pled_ Lo this
decomposilion. The corresponding dual local frame in 1*T°M is given by
(3pys-es 8Py dy'ooy dy") where dn; —dp; 4+ Nud

A straightforward computalion by using (15). (8). (13} gives us:

; 1 g I a1l 1 (31 cy; all Cyij
(18) Ny (Q‘m - Yin < )‘l-—[{—- Mg T C“L‘))

2 apdy dpweq’)  2\epy o 2¢" m
It follows
(19) J\'t‘j __‘\T“ .

(M U=¢, yi=elllépr; =l

whenever (¢, p;) is in the image of Ao IT A is thought of as a submanifold
of TA, given by the null section, then A is a diffeomorphism of a tubular
neighborhood of MCTI onto a tubular neighhorltood of A(M)e T9M. lirom
(7), () we get casily

(10) gt =epopy
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The complele integrabilily of the partial dilferential system  defined by
HT* A= TP M s given by the vanishing of the corresponding lorsion lensor
field
(20) Dy = 0N 0y 3N 8y,
In fact we have [3/8¢ 88" = — Ry ¢ o

Proposition 1. The lorsion lensor [ields R¥. Ry, of the nonlintear conneelions
(2), (15) en TM, T*M respectively are related oy
(21) I, !I.'.uh'{'.-

Proof. Using (14), (15) we gel

b . L. 3 . %1,
Ryiy=— "hn-\? =1 'lm-\?_*‘—"_ .

b [ L J 10 SRl e

3. cxley da ex'dy
Next (21) follows by a straightforward compulation. Thus the torsion lensor
fielg of the nonlinear conneclion (13) is oblained from the torsion lensor field

of the nonlincar connecltion (2) by lowering an index.

Proposition 2. The nonlinear connection (43) satisfics the following identity

(22) B e Sy — 80 Sy =g N epy — €N i E e
Proof. From (13) we have
aNt M ¢ .
. . S = (Nug™).
cy’ gt puepy P

Next, using the formula (10) and the obvious property N Mewd —a N ey =0
of the nonlinear connection (2) we gel :

v bk <k H o
Y i < . 4 "

T 2= Gie = = g — (N0g") =y — (N jatr™).
] oo e P

Then the formula (22) Tollows by a straightforward compunlation.

Remarl. The tdentity (22) is Uhe counlerpart of & similar identily salisfied
by the nonlinear connection (2) in the Lagrange geometry (sce [1]). Remark
alsg the following quite trivial identily

{23) Y Ry =0,
where X denotes the sum by the eyclic permutlations of (i. j. k). The corres-
(|‘.j.k]

ponding identily in the Lagrange geomelry is nol so obvious.

2, The pseado-Riemannian metrie in T#3. In [5] the Tirst quthor sludied
the properties of a certein pseudo-Riemannion melrie defined on the tangenl
bundle of a Lagrange space. Remark that this psendo-Riemannian melric was
thought of as a kind of a .complete Hft™ of (1). Wemay consider the image by
A of this pseudo-Ricmannian metric. Using adapted local frames we gel the
following local coordinate expression

(24) . G=23pdyg’

- - | — :
g A PSEUDO — RIEMANNIAN METRIC !

ie.

" G [ p iy =0, G813y 38ty 0. G313y ¢ ep) =G0 e
) 515¢7) 5",

I Tollows that The distribultons V1730 HE 2 ave holth isol mpi.:'.. .\\ilh vespect
to G. Moreover the local veetor fields é/ép T =T n. from \"l M ave the
images by (ool the loeal veetor lields & Sqi. i —to..on from WA and vice

versa, The signature of the pseudo-Riemannian mel ric (24y is (1. 11).

We are inlerested in finding Uthe Les i Civita v:n.nw('linn of '”H‘ pseudo-
iemannian metrie 1. We shall see that The distribution V73T 08 presers cd
by this conneetion and the Yocal coordinate formmutas are remarkably simple.

Lel ¥ be the Levi Civila conneclion of the pseudo-Ricmannian melric
(21) and denote:

V=V Vi=Vir'

Let the local eoordinate expression of 'V be given hy

' ;B oy ; = 8
V"_ﬁ_ s ‘- piie 2 v, - =) :-'-‘.(_ -1 T
o <y Sit P, e 3q
(26) 5 3 . i 8 3 ¢
A% b— = L‘:-'l' i | I’:..l.- T Vi — $[Di-"_; — -1 g —— -
B¢’ 3" £ 8¢’ 3y e

We shall obtain the unknown coelficients in (26) from the usual pl‘opf'l'lics of
{he Levi Civila connection. First, from the < ondilion for ¥ to be lorsion [ree
we get

() DE=Di (i) b (i) Ef =K},

eN

(27) (iv) PiA4-1s —= =0, (v) B, BF L (i) a g —gy o
épy

Next, from the condition VG =0 we have

(28) () b LD —0, (i) Ef=Dy, (i) Pj+Py5=0.
Finally, from the condition Vi =0 we have
(29) () BRI -0, (i) Of=0k (i) @t =0.

Theorem 3. The local coordinale expression of the Levi Civila conne-
clion V is

w ) an. A
(30) v L g, v, S OO
&y ép;  py Ok
; &Ny, 8 ¢
(31) v —3-_-—_(), v, E- = EEu 0 | s
3q’ _ 3¢’ épy 8¢ ¢
i.e

(32) = 0f=—oNféps i =Rew
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the olher cocfficients in (26) heiny (rivial.

Proof. From the svimmelry property (27) (i) and the skew svinmet iy
properiy (28) (i) we gel by n classical argument piik =0, Next. from (27) ().
(28) (i) and (29 (i) we have Ei =D — 0. Then from (27) (vi). (29) (iiiy we
oblain by using (23) a =B Finally, from (27) (iv). (27) (v). (28) (iiiy and

(209 (i) we gl DE0. 1=k = —éN, i .
Remark. The vertical distribulion V73 is preserved by the paradlel
transport defined by the Levi Civita connection Voon 123, However fhe

horizontal distribufion 773 is nol preserved by this connection and Lhe
term [ 6/ py in (31) gives Lhe deviation rom paralielism for I3

Remark, The covarianl  differentiztion with respeet o Lhe (co-) lan-
genlial coordinates p, on T3 does coincide with Uhe usnal partial diffe-
renliation,

4. The cumvature tensor field, The curvature lensor field K ol the con-
neetion V is oblained [rom its well known invariant formula KX, YY) =
=V V7=V VA=V xr 4: N Y, Ze( AN, Taking for N, Y. Z the veetor
ficlds of the local frmme (#/é py, 818¢' i =1 noof TTM, adapled to the direct
sum decomposilion (17) we gel the local coordinale expression of K. First,
from (30) we get

SEIG eyt ST §18¢h o= K(E e piy ElEpifdpe =Y,
thus
(33} Spf=0,  S%=0,
Then,
DG Epy - PIISIS =K (&léps, 8/ 8¢))i[épy=N"V;6[Epes

from which we have

@H Phi== 2N/ dpeépys U
Next
R, 2 1é pat RESI3g =K 3|37, 8]3q)éléps =9,V 216ps —V V& [Epss
thus
(39) RE=Ryfépy, R =

From the formulas (31) we wet SE93) 8¢+ Sihé jépy = K(@Jépifep,) 813 =0
from which

(36) Nii=0,  Sii=0.
Then
~ . - - ™ o™ ) ":..\'.‘ 8 f,
ol ol ol Dbt )
3" pn cpi d¢') 3¢ ipn 3" P
s0 thal
(37) Pl = —&*N ylopé pr=—"1% ﬁif.‘jzaf{jlhllapi = R
- v . ! 31y 8 3 8
Finally R:f-ui + Rupiy— =K —-8—,, — | ==vV, =YV
3¢ épa 5¢' ¢’} 8¢ 3y 3¢

~!
o
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=1

thus
(38) == Rk, Foussy=—Vilti+V Ring
where
SRy 6Ny A BN
(39) W, R = o 0 g S R S R
3y’ ey Py ap;

The nonlrivial local coordinate expressions  obluined from the firsl
Bianchi tdent ity KN, VZ+RK(Y, Z)N+K(Z N)Y =i N, Y, Z=BH(10) are
(i) PEr=pr (i) PR=D3 (i) S A =0,
. |Fd R
(10) : . . '
(!\') .\_.' ]i)hj;—.__- ‘\-: V,.]f,,;;———().
(- &) 1ok}

Remark that the relations (d0) (i), (10) (i) are quile obvigus [rom the expres-
sion (31) of PFLIN we use (35) we see that the identity (10) (iii) is a corollary
of (23).
To gel the local coordinate expressions of the second Bianchi identity
(V) (Vs Z) (75 K) (20 N) 4 (V,K) (X, ¥) =0, X, ¥, Z€ (1),

satisficd by K we need the local coordinale expression on the covariant deri-
vatives of I with respecl to V. Lel

K =(P}i8p, @dy' @« —Pidy' ®3p, @8pp+ Ridy' @dq’ @3pr-
—I—I",'},,,,-Spl- ®@ dy’ @dy* — ]"},,,.ﬂhf@ 3p; @ dgt -+ .l.i',,ﬂ.,-jdr‘r" ®dy' @dg" ) ® —o- +
(IP.':
2
Sr[h

be the local coordinate expression of K. Then we compute Lhe covarianl
derivatives of the dual local frame (8p, dy’), i=L..,1n

(41) Vidpy =t Vidpp=—(cNy/ep)8p;+ Rigdy’
(42) Vidgt =0, Vgt =(&N, ey Yl

+ (I",’,!}Spi ®dy’ @dqy* Hf’if}dq-‘ ®3p, @dq* - .f{f', Ay’ @dy’ RdAM®

From lhe Levi Givita connection ¥ we gel the Schoulen connection V defined
by‘ the direet sum decomposition (17). Its local coordinate expression is ob-
tained from (30}, (31) by projections on VI7M, HT°M respectively

(43) Violip; =0, Vielep;=(éNuen))den
(44) VIS8, =0,  V.3]8¢" = —(JN,; épx) 8/3¢".
From (41}, (42) we gel

(45) Vidpe=U, V. 3p==(cNuldp,)3p;

{46) Vidg* =0, Vidg* =(&N,ldp)dy’.
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Using the above local coordinate expression of Jwe gel by covariant differen-
liation :

(17) V, P =
(13) V.' ”i.n) thﬂl-n I{Jiml);:_‘:' [ I{UHII';T!‘
( I{") Vl’ ]:,."-u i Vl "Ef'-' ¥ ]me R;:lu l”.’rm H?f‘h i Hi’jnl Hi';:'h "Jl' Rli'lm “I *

Using these formulas we may gel Lhe essential coordinate expressions of the
sccond Biancht identity :

1]

(i) ¢ DPilep o =cPiiep, {i1) é”ifr.-t Cpio=e Ry lep;,
(iii) rH\’,,,, (p=v,r ,U-r»V P
(iv) Ui\’n.\-s; e Vl!‘].flala'_vf”i’f.h-‘T"H.n.v!)}'.r'.t'l"r‘)ihruPJ“}-I—}_HJ"”‘ " — R P

(\') -\-: {\71.' ‘Rfsjj ot m! n'“;:;l} _(]
[i.i-ky
(\l) \‘-‘ ivl H,Mij 1.,,,._,]{1.},; ¥_ h)'hfifh j{-‘ LEL] ‘Hhuj =0

ok

(50)

Remark that the identities (50) (i) (i) are quite obvious if we Lake into account
the expressions (34). (33). The identities (50) (i), (iv) give the partial deri-

valives of Uhe tensor felds R, H,,“ wilh respect to the (co-) tangential
coordinales, The last identities (.;{l) (v). (vi) are guite similar to the classical
lecal coordinaie expressions of Lhe Bianchi identilies,
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ON THE GEOMETRY OIF THE TOTAL SPACE OF AN INFINITE
DIMENSIONAL VECTOR BUNDLE
BY

DRAGOS TRV

The study of the differential geomelry of veelor bundles by classical
melhods is nol convenient because some important geomel rical nb;v( ts defined
on the total space have complicaled local forms. Using the ideas from the
Finsler geometry, Professor . Miron has considerably simplified Lhe
theory [21, [3]. The object of Lhis paper is to exlend some “of his resulls lo
veelor and manifolds modelled on Banach spaces.

1. Connections. Let A7 be a smaoolh Baaach manifold, modelled on Banach
space M. A chart for M is given by a diffeomorphism o U U) where U
is open in M and 3(U) is open in M. Given another charl for 37 we have the
transilion map

(U V=0 VY 1) =3 ().

Lel = : E—=JX be a smooth veelor bundle and (P, =, U) a local triviali-
zalion fov =:

Lm (V)= p(U) x B, D) = (2(p). b, (w)). wem(p) =T,

where (2. [0 is & charl Tor 3 and @ J9,— 1 is a taplinear isomorphism of
Banach spaces.
Given another Urivializalion (1, &, V) we gel the transilion map

Ut (pUn V)~ E=4(Un V) <E U, @y=({x), T(x)a)
where T : o(Un Vy=L(E, E), T(x) ~d, ., D7, is smoolh.

For the Langent bundle < : TM— 3 we have the Urivializalions Ty TU—
— () x M, where T3 is the langenl map. In this case we have

U, 2y =(I(x), 7(0)2) (" denote the Fréchet differential of ).

For the tangenl bundle o: TE=I the Llrivializations are (Td, &,

=(U))
& TE M UN—5(U) < EXMXE

and the change of charts

U, a, 2, by=(l(x), T(x)a, U'(x)n, T'(x) (1)a+ T(x)b).



