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for the horizontal component. ‘The verticel component follows from the above three

relations if we substitute in () Z7 wilh ZV and 1Y, CUwith 17, C2
The last Lwo 1heorems generalize the results from {24 [31
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FINSLEFR SPACES WUITH RECTILINEATT ENTRIIMALS
BY

W NEARAL

Introduction. Finsler spaces wilh rectilinesr extremnls have been cousi-
dered by many authors and recently we hove inleresting resulls  given by
M. ITashiguchi [1], M. Matsumoto [2] and T, Okada [3].
As i s well-known. a Finsler space is wilh rectilinear extremets it and only
if it is projectively Mal [3], und it s choraelerized by vanishing of the se-called
Weyl tensor and Douglas tensor in case of dimension more than two [2].
Interms of the Berwald conneelion ave these Lensors written by the -ourvatuore
tensor M and hp-curvature tensor (respectively.

The purpose af the present paper is to sludy Fiosler spaces P wilh
rectilinear extremals in a rectilinear coordinate system [d]. Mier we are coneer-
ned with P, of venishing [T and 6, that is locally Minkowski spaces {4, § 21],
the subsequent two sections ave devoled to considering 7, willhe If -0 2nd Iy
with G =0 respectively,

The author wishes to express his sincere gralilude Lo Professor Dy
M. Matsumoto forthe invaluabie suggestions and enconragement.

§ b Yinsler spaces with rectilinear extremals. A\ Finsler spoce J7, is wilh
rectilinear extreinals if and onby i 7, is covered by coordinaie neighborhoods
in every necighborhcod of which there exists a function  plr, y) (posilively
homogencous of degree 1 in yf) satislying

) G, ) =—o(r gy’

whete G'(x, y) =iy’ 4 2 and . ave Christoffel symbols. Following Mals u-
molo [3]sucha coordinale system will e ealled rectilinedr and the funciion
p(x, ¥y is the projective fuctor. Trom (6] we have

: Proposition L. A Finsler space 19, is with rectilipear cxlremals if and ondy
if there exists a coordinale system in «a neighborhood of every poind such thal one
of the following conditions holds l

) Al $aj’k :

(3) = —pyly =l —plp—T.ps
) Nl =0, 3

) AL =—d{Lp;

(6) Ouffyy =201 P —GuxPs —GusPs —YuPps —YsPis —ApCip+2C0

-
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where ¢ = ¢xh, & aleys m g Pin 0P Le=cidas b =6 Cipn=Cis
denofes covariant differentiation willerespect to the Berwal connection BV and L
is the metric function of I'y. This coordinoele system is reclilinear.

Proposition 2 .1 Finsler spacc I, is with reclilinear exiremals if and only
if there exisls o coordinale system in w neighborfwod of epery  point such that
onc of the following conditions halds

(a) ciip =L Loy 2 (¢ LAl g ) 25
M o =LA LA L5 (0) vige=thie Lol 3414125 () =1L
where
{7) v =t sy dyitin) 2.

Proof. We consider the condition (a}. By means of gy, =tl,--14,y We gel
(®) g =Ly LA AL A lyé L
(7) and (8) lead to

vige =L@y — 1) (@il —él) H (e8] 2 A L Eoljp —
—ida) 2 E Lol —luégl) 2

Using (2) we find the condilion (a).

Conversely, contracling () by g™ we liave

ot (g E L LD Al T L ) 2
Contraction by y'y" gives
28, ) =y b L.

Pulling p = —&L/2L we gel (1), so thal I, 38 with reelifinear extremals.

By the same way discussed abnve we ¢an prove the resulls (b) — (d).

By virtuc of (6) and (7) we have

Proposition 1. I, is wilh reclilinear extremals if end enly if there exists

a coordinale system in a neighborhood of cvery point sueh thal one of the following
condifions holds,

() ek = gabe gl .’)'_-1‘-;.-:3C'ij-'{'(:rga-nl
(D) Yop=—yle 0GPt (€} e 2y

Theorem 1. .4 Finsler space P, with rectilinear exfremals is «alocally Min-
kowski space if and only if in a reclilinear coordinale system we have
(9) Doy =pim
Proof. we have
Doy =g =Pl =Pl
We here consider a Finsler space with reclilinear extremals. Then il is
easy to show

3 FINSLER SPACES WITH RFCTILINEAR EXNTREMALS s

(1) G POL Pl

aud
{"’:.'.' 1“-81' [!FST ]’-I.,":'sr

s Lhat we have

(1) Por =P B EAD
On Lhe other hand, (1.6) of [3] dives
(12 Wiy === [Emy’ =816 -k ppd] (i1R),

where [}, is the conlracted tensor of Lhe hecurvature lensor [, of B and

(—j/k) means Lhe interchange of indices f. k and substration. From g, 115, =0,
we see

e —depy =Ll ) L(-—Ji1)-
{12) reduces ln
(13) o (e p+pp )i —f18)-

Since a locally Minkowski spice is o Finsler space of zero curvalure,
from (13) we gel

(& p+pp Yl —j k) =0
Contraction wilh respect Lo i and k, gives
(1) (-2 (@ ,p-pp)Aeap 4 pp) =0,
Contracting (11) by ¢ we have

(e p--pp)lt 0,
(14) is written

(15) oippn, =
Differentiation by y"’ gives
(16) dipetpipe+ppp =,

(11) and (16} lead to
(17) Pior =P+ PP

As alocally Minkowskispace Is a Berwald space, il is casily seen that
(18) Gl = —D 18k — P8 —Pu8] —pmy' =0,
where Gj; is the ho-curvature tensor of B Contraction with respect 1o i and
h gives
(19) p i =0

Therefore (17) and (19) lead Lo (9). Conversely, (11) holds for .. From (9)
and (11) we get
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Cepil-paps = 2ppa O
Conlruclion by g’ gives (10). which implies that £, is o Finster space ol zero
curvalure. So that (17) holds. thus (9) leads to (19). enee 12, is Berwald
space, This completes Lhe proct of Theoren 1.

s, 1% with 1-0.

Theorem 2. D, is of zero curvadure if and only tfinu reetilinear coordude
syslem e haveo ¢ pe —ppy

Proof. I P, i a Finsler spaces ol zera curvalure ,we el (1.1} which
mplies (15), .

Conversely, Trom (13} and (13) we gel =0, _

Thearem 3. 12, is of zero curvafure if wnd only if i a reclilinear coordinaelc
system we have Hy =0, wheve =TIy =11

Prenf. Contraction with respect to f and F in (13) gives

Hy=n&p-4-(n Dpp; - dapje

Conlracting this hy yf we get

20) H,=(n—=1) {1 p3).
On the other hand. contraction of (13) wilth g’ vields
(2n Hj==(dp - piis

where =11y
(20), (21) and H, -0 lead to {7 =0
The converse is obvious,
Theorem 4. I, is of zere curvature if and enly if in a reclilinear coordinale
system we have
(22 SO =2Ldo 7.
DProof. (22) is wrillen .
(¢ d20) [—L(— ¢ L I12LYA-A0Li] = 0o olss
which inuedialely implics
(23) 2Lpr—2pé =y, L.
For P’, we have
: ‘ 2pLo—=c,L.
Differentiation by @f gives
(?-Iléj]’ |_2I}éjl‘) __";’jE.D]"'
Conlracting this by y? we sce
210 — BN —2pdoLl =iy ki
(23) and (21} lead to
(29) dop =—p*

5 FINSLEY SPACES WITH RECTILINEAR EXTREMALS 01

By means of Theorem 3 and (200 it s casily seen Lhat. I, is of zero

curvalure.

Converselv, Trom Theorem 3 we get (23). Then (25) and (24) lead to (23).
So that (22) holds.

Theorem 5. 12, is of zero curpature if wnd only if in a reelilinear conordinale

system e fuiie

(20) frin=mp™
Droof. (26) is wrillen
27) (Cup —p G =17

Using (10) we gel (23). Henee D, is of zero curvalure,
Conversely. Theorem 3 leads to (23). So Lhal (27) holds.

Theorem 6. I, is of zero curvalure if and ondy ifin areclilinear coordinale
system one of following condifions is safisfied :

() Pro—ppe (D) pra=pape PP (0} PP () &= =2(n-F1) G,

()i gli—=—G (1)

where (=G

From [6] we have

Theorem 7. P, is of consland curvature if end only if in a rectilinear
coordinale system one of following conditions is salisfied :
(2) 06, =G () =y a6, (©) yraGa=0, (@) &=l

£33, P with G =0, (18) and (19) lead Lo

Theorewm 8. 1, is « Berwald space if and onlyif in« rectilinear conrdinale
syslem we have

P =p )y or pi=0, or G—0).

Fheorem . I, is « Derwald space if end only if in « rectilinear coordirnde

syslem we hoave

(28) A== Pt g Dy )
) Proof. By means of Theorem 30.7 of [1], it is casily scen that I,
is 2 locally Minkowski ot Riemannian space. If it is a locally Minkowski space,
(28) is obvious. 17 il is a Riemannian space, [rom Cip =0 and () we have
Ealfiy=—205;0 — gD~ G5~ L s —YpPixe
Using Theorem 8 we gel (28).
Conversely, (28) and (6) lead o
— P — Y — AP G+ 20510 =0.

Contraction by y' gives p,=0. Conscquently the proofl is complele by means
of Theorem 8.

Theorem 10, I, is a Berwald space if and only if in @ reclilinear coordinale
system we have

(29) Tijx Gesie = Fwslie
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P'roof. IYrom l’rnpnsikinn 3 we have
1) ol e
ik i e il = Ik 200 ] Cinw
. EINITL ) . e [P (] = - .'i ‘:..:_“\. S0l =]“.1| ;p
P, sa Berwald space, from eorem S07 of [1] 1008 ¢ A 3

is 0 locallv Minkowski or liemannian space. 5o that we have

ot P — ety Yl

Using Theoremm 8 we gel (24,

Converselv, (31) and Proposition 3 lead To
— P —2C 0+ Cijpa =41,

Conlraction by g gives py =0 This completes the proof of Theorem. .
Theovem 1. 12, is @ Bereald space if and only if ina reclilinear conre

nate sysfem we haoe

3 &, =—=mli
Proof. By (3). (30) and Theorem 8 we can easily prove this Theorem.
From (11) we have - .
Theorem 12, 17, is « Berwald space if and only if tnaree filinear coordinale

-

syslem we have

il —pla.

Doy =P 2000
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