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QUASECONTINUITY IN [I-LONES
By '_ ~ - . o

EUGEN Dol

Introduction. T
1. The properly of i
tions was discover perly ol quasi-continuity fors
s was discovered by IJ-Cart: y forsuperhar G
marmanic. Spaces. by h'\(‘ 1] l..a rta n. I'his notion was e\'{)endélllmomc lunc-
to H-cones in |8 \ l-.:l-U nstantinescuorne 'l. [7] ( 13 At
' . : 81 A different. definili JRE: : and furthe
[2] {3) In ] U ; finilion was proposed by er
[ w refation helwee s oposed by Bobo¢-B ‘
e eStablished. ¢ en quasi-copitmuty and nearly '“'Onllilnc 'utl
The purpose of ’ -
siv of l]ll‘ resciil 0 ]
two deuinbions ¢ presenl puper is to sindy the relati
. § q P ndy the rels ;
of quasi "“nti,,“:r (1ui'15,1-wnt1nu1l\'. as well as to clL‘\'cl()];:Ltl'm)tlll petween the
HATEY wus celements. ¢s )" dallv B velop Tarther pro sertie
space. FThe main res BEITS, CSPCCLdi) those related to t periies
sull is Theorem 1 . o the change of 1
facts thal any is Theorem 12, which asserts CIE L0 Dase
act: al any clement in ¢ . usserts the ¢ ‘ale
2 - ‘ a f-cone. satisfving quivalence of 1l
satisfies one or « e e, salisfving some addit e
: . lher definili ‘ ol ¢ additional ass i
. ) . > N o al assumptions
cludes an ¢ nE - juasi-conlinuity, s
'l"hlcl l:(1))lpil|(.dlimltnl the previous resulls lo ]31 ml]l;e last paragraph in-
R Tons, o ations and res b ~HEaps.
withoul speeial i s and results aboul H-co §
: al me X ; nes fr ;
veffor Lo liho El'llln'f:]“:‘)(n‘ ,I\ll Lthe topological notions, not oftl?élll\ [b} arc]used
e he natural topology. Tel oA, 1 o lrean herwise qualified
interior ¢ - S, AL finl o represe . : .
!I ui'th sel A, in the fine Lopology presenl the closure, resp. the
§l. Definition and ii o
. wd Tirst results .
tions on the . stresults. Lel S be a st
: snearlyv salu . = o standard ff-c
(RY il Ve c,"- 3 “-_dw:‘:{le(! Space N, Wesay that s S 4;.1(“1[! cone - of lunc-
p =Sy /\{{J UK compact. siE conti S satisfies the condition
We sav Lhat s& S satist . Sih continnous}=0
: S satishies the condition (QC) if G .
¢ alwex a decreasing

b [ < s '."h. sLcCn Lll t N ; 15 v L=\
;e(l LHeney Ut (.IP 1t L il [
/\ Y P 1 \ and

NEN

continuous,

€oresp. @ will
8 ; . denole 5 D
dition (K}, resp. (O€) ole the sel of elements of S
As lechnics AT
: haical conditions ;
A{BY 5K ¢ ions, we consider also o .
K ocompacl, s/ continuoust = . Ih.‘ following ones (K))
3 (0 ) ex a d : 1
> slaex & aeereasing  se-

quence ol op
¢ mn e i
A R° pen sets. such that: § e is conti h .
3% p=t), ¥ n nious, Y¥neX and YpeS§,;

IR}

, which salisfy the con-

HEN

Comuments. 1y Condili

the definition fron Condilions (K) appears in [8 ot

openess of an [l;_mn. harmonic spaces. IL })m\'od[ 11}.':*,0.{f‘ﬁlﬂ'd“epL adaptation of

2) It is clear U Condition (QC) appears in [2] [3lll [Sliud-“"g the fine
bounded (s ar Uhal (K,)=(K) and (QC s in [2], (4]

see [} B - 0C)=>(QC,). Conversely, i )
[E] then (K)=(K,) and (ch)é‘(n"(,) \(\)71;\:;&;::1‘31\1,\1{]1 ’ZS nearly
e fe ark tha iu anv

standard [y

E -cone, Lhere :

hen B wre exists anls . .

ce nearly hounded. weak unils, which are nearly continuous
*
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3y The following implications also hold - (I{)::(()(.'O) and (K, 1=(00).
Indeed, since  there exisis o countable, increasingly  dense  parl
ol &, we can choose an increasing segaence (K Y ,ex ) compraet sets, such
that ¥peSet A pYSE, p=0 (resp. pYSA, 1=0yand s, 18 coniinuous.
EEN nEN

vneN. It sullices o take =X,

We recall the next three prupositions from i35 1

Proposition 1. & is « conpex sub-cone, min-stable and speeifically
complefe. If /=8 is an inereasing part. sueh thal

sup S EF} = 2. YreX
then : spt= ¥, viel=se 1.

Proposition 2. For carh s=F there exists a finely closed. polar sel A= X
such thal cach re NNV has a fine neighbourhond. K which is also naturally
compacl. sueh Hal s g 18 confinuous.

Proposition . If %+ @ then any nearly confinuous clementt of S belongs
o Z. Particularly. if S salisfies the axiom of nearly continuily. then either
I: ® or FK - 5.

Remurk. The condition X D fulfilled, Tov eacmple, il there exists
» foans funclion” in lhe f[ollowing sense ¥pe S, s § such Lhat a0
K =clls=xp] is a compacl seb.

indeed, wr have [IANENTE-STAR S
< N\ DY Fx ps A wts=U

x-0 P!

henee A (BVEP K compacl )<

The next lwo resulls are proved in (4}
Theorewm % Lel psQ be d pownded polential. Then p is nearly cond i tuls.
Corollary 7. If there cxisls a slrictly positive potential in S. then S sali-
sfy the ariom of nearly continuily iff S=@Q

Nexl, we naprove shightly Proposition 2.

Lema 6. For cach se= ¥, lhere exisls « finely closed, polar sel Ao X
and « sequence (K,) e of compact sels, sueh thal @ s]x 18 conlinuons, Yn=N
and © N =AU U fint Ky

HEN

Proof. 1ot {paiaex he an increasingly dense. countable family from
S,. Using [6. cor. 4.3.10. |, there exists a faanity K, of compact sets, such
thal ¢/, 15 continuous, ¥, mMEN and A 1Y Ran pa—=th YneN.

e meN

U tint Ko Then. lor each neEN Bipa—=
K : . o N EN o
B.\' e, Phﬁ:B:“;-. LR . Pa s /\ 1Y Ko P.i"":u

Lel us denole A=X

meN
Proposition 7. [f “L# @, then the [ollowiany hold «) There cxisls d
strictly positive polential in 5. U) There exisls a finely closed polar sel AeX
such that each point [rom N/A possesses naturally compacl. fine neighbourhood.
Proof. w) We show that each pES, is 2 potential. Let (Gaex be @t

sequence of open sels. such that el G =60, and N =t G, tenee for cach
I:EN - ]
compact K < N Lhere exists ne\X such that KeG,. It results: A BY Hap=
wEN

s/\ Ij“' J‘p:(l.
A

Theve are situations ’
liuleed, R ire sstuations whea (") does not holds, even for 6
[1.‘].. Lo_l @£ S X be an ape
exisls irregulyr :
;)1?11(.\_.'(‘[ Uy .1 is a basic set
pr(nk%n the other hangd. .t
1Y) henee wd 4 e h{X/U)., But X/

armonic functj
rtions ¢ ¥
B m X, then we have a standar
¢ saluraled spuee a slandard H-cone of funciions on

, S T ——
CLARI-CONTIN

b) l.([ LS ‘I( l‘lUl( 5 l ——.\\‘ l“l Y j\(() el V e q . l T
L I i I ] } Wi 108y
{ ! g B AN

».l M 5 g
Flpem BONENR), = OISR, A K

$2. The main theo
. il vorent, .o ; P
the nearly salurated space I\,” S be s standard H-cone
b, LA - -
:l)"l\j/‘('"'“"'“ Fl. Lel us suppose thal
I»;-r»(f/'=]-} /.”H'!'lj open. O salisfies (K) in ¥ (G, T
aiieh Lha ) 1 -“':Q‘ lenee there exists o : 0. Then Q=%
i .\I\- &, s continnous. Yn=N und - A B
daid denole = X~_icel ¢ N =0 Let &N be fixed
Lemma 9 f/."t'El'”. :
_ Lemana 9. [ ST G, and Tl G, is hi
K26 i tomped sel f,ownred Tel 6, bs thin af x. then xsrcl((;\];) wl
Proof. 1el, by co i h e
sroof. Lets by contradictio - .
Mal Velel 6,0 K. Si wm, Vobe a fine neichb
= . P Y B o+ ¢ 5 d oG ¢ o1 3
that \n K= 'é 'I\'iu:m\‘-'(c '-LE!(] (i, it Tollows IEK‘-'IH'I:::I;IIU-MI for z, such
v Velel 67, contradicts the fact ‘Ih-ul fcl‘(\"c Fill:hsll[)})nsc
‘ 1 18 L in at i

The lemma al

A above enables .

Fol anv e ables us to apply e p )

or any pES, und any compacl KJ(I- ¥ {1, prop. 2.3} in order to obtain
g e ) .

BYNE e 3V 6y L K :
NP EBESE D =Ny on

(where [A} stands for tl

3 stand: e balavage in 4" (@

{";Inmm 0. if pe S, then ;T——H"\ .
roof. By [G [ it sulfices to show th

N pois nearly continunus in $'(G)
1 sy e/be an increasing .

al p—BYCh i ;

il A pis l-conlinuwous in $'(¢;

. ‘ Family frome 87 (@) sueh Lhat [}_Bgil\:m S'(6).
v[Lothe 2.0 there exisls a Famil paAls,

on 6 - : ¥ T ), S l
b Gand 0% . Vie T Mareoor i Ve drom 8, such that 5,=» i€’
. [ . :

| G

o f IS 1 < ; Y el

:’;li-s-glil;} =" on G, henee we can j‘;::? > “t‘T N e PGI{

n S. Forz =0, there exists i : ppose that (u,); o, is inc Sing to

Using {1 . 1ere exisls i such that v, = p deg ) e g to

sug the above results and the .'n*p':"h? i a ARIING Wl -

vpothesis we oblat - S,

¢ a for apy pes

A DY Epptog : e
A vampas P= 8 poon fo

oo

But B” e P =
a ]) =70 On {l e N L :
I )‘\(r,.) fol (:_, =X\ ‘\(r. henee ;

ANy
/k\ FRARN ps/"\ Be%pg A BY% 10
Remuarl. h

l‘h 1 Ll Lo St JELI AN [}
* armiaent ‘;l ace, v HoCoun A TH] N ] \
{ ) : Vil < LM Il COnne

k ) C(l

n sef, sue al LU'=i
e aben fr[r. sllfdz!.lt‘ml U=int et U, but such that 1hep
.] (for example the Lebesgue sp'-.c) Lel
, hence i © clos e 4 e
ce fme!}.r(lu.sed. Henee 4 is not f]ne?‘:f
i Uti: I.;Ec.b is irregular, then 2z e
we consider the ff-cune of th ! g e
: ' ¢ restriclions lo A [ .
of the

P1s not closed -

puasitive, super-

- [ ¢ L P Sied s
N wnra C I
l h( 1al ! an l .[11 lC 010 5 01 1 “lth

of functions on

seqguenee ;
[nence (G, ex of open sels,

w3



1

i —
BEUGEN DPOIA
— e ———

- e

4
S T

respect 10 Lhis cone are simply {he traces on A of the natural. vesp. fine

topologies On X,
We show that there exisls points in 3. which has no naturally compact,
fine neighbourhood. lndeed, let xefel (el AN e ) Suppose thal

K= A is a compact set and a finc neighbourhood for x. There exists a finely
open set Ve N such thal ¥ & v oand Vn A —finl K. Then
Vel tec(Vp)e el fint Ke kel
while Vi (el AN A)# @.
A stronger result is avaituble, choosing
ciel(et Al In Phis case no point of A fias o natura
hourhood.
The carrier Lheory

4 basic sel 24, such that A=
Ly compact. fine neigh-

gsed in the sequel refers Lo ¢l No with {he natural
topology. The polations @ D{N) P XY, poare nsed accordingty (el 19} 16 -

Key Lemma 1L Lel s suppose that N iy semi-safurated and that there
pxisls u striclly posilive pnlcnliul in S. If seX is nearly bounded. then sy
hence s is nearly confinuous und s= .

Pryof. We use {he method trom |1, th. 2.1} We can suppose thal s |
is universally pounded sinee 13 specilically complete. lience there exisls
PES, such that s<p. Let (K ),ex be an inereasing sequence of compact
sets, such thal: sl 18 continious. YnEN and @ A BN p=0.

n JIEX

it follows that s is superharmo

(XY We prove next that @ s sk =0 ln-
ngX

have : et s, &1 & NN\K,. ¥Vn =X\

— K, 5. VnEN. We gel:

Since s is bounded, nie. Being also 4
natural potential, we get €

deed, for any closcd I'e ﬂl(_.\L\\K,,) we

mEN
Sinee s {6, prop. 3.1.31 umplies thal s,
sp€ A BN =0. henee the conclusion. _
I
rove that cacl sg, (neNy |

nEN

1L tollows Lhat s= Y sk and it remains top
wex !

satisfics the domination principle.

is conlinuous. ymeX. i

neXN being fixed, et g< sk,
follows thal § 5, 18 .

|
and uE S, tl

wx g onocarr . Sinece s'g,
also conlinuous. ymeN.

K, pzq on Xo Tt rest
mEN

d [-cone on the sel N such

N (i Xois suslinean, semi-

of compacl sels,

equivalent

G0 (N K and @ =D
Lel S be a standar
osilive polential on

prereasing sequelce (K )nex
properties are

the Main Theorem 12,
that ; (i) there exisls @ strictly p
cafuraled und there exisls an
cuch that X=J fint K. Then. the following

EN

2) §-=0Q; 3) S salisfies the axiom of nearly conlinutty.
[3)or (1) and 1=3 is the key lemma 11
9=»1. Using (ii) and prop. 3. it suffices to show that e . Let us
{Gpluen i5 AN increasing segquence of Borel. finely
Since each pe S is also a {ine pO-

1y S=E

Proof. 2=3 are proved in

denole Gp=d(X~K 2k
open sets. \oreover @ fint K,cG,= K,
2.1] it follows thal: A BV G p=tl

tential [3. ih.
2 EN

For cach meN there exists an open sel iy = N
such that e g in K. G0 K Now: G, (NN K W) s an open sel which
contains eacr . Let IS5 be such that {=pon X™ K,. We have u -1Z>q On

WMs: g=u A Bk p=U.
and thal O safis

oL
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Il’f'IH fl ]"i 1 !
(LS. 1w other t li 1
T I ] ] ‘ ! H]]] 1icalions can e S .‘1
s 1f s nearly el o - 1) ‘ “r' 18 e i -
dles - . ‘, ]“ bounded . dl!(] 2=1 ]]()l Iq SF. tlhh' he d d“{‘CH\' s l=0
sles (1\) [$1] + ((r’ as i V(I [ .\' [in(‘!\' UP( 1; .ﬂ sali-
'I.h(‘ C()”(lH‘ ii I e C( Y a 1 ‘ | N
Jon (ll) f LT H [ TN ( [y 1 alis 5
Ih _!\_i( o i ] 1w bh e may ] Cr
" of )_In].ll\. o - ld‘ e ]\)I((-; VY .
¢ i S .\ 1S Sllht”]cll]]. Bl Ii.‘o(ltlll'il[(‘lll'll;(l H]h‘( (tl’t )SSSS‘ . “C\
. cre \i { a ]\ §
- N .. 1 Olﬂl

sel A N, such the H S
BT 111 each poi O :
: m-h::wd_ point f.\\:l has a naturallv compacl!, fj

R « L hne ]]l\iqh-

§ 3. The localisali
salion and 1 .
Proposition  1: ‘ : e changing of 1}
, sition 13, If s=Q fanging el the representati
U5, f 8 and U< X is open, ”w”l } li?,;:ﬂ;l spagn.
Proof. Tet (G v salisfies (QC) in
sl 1) 5 -
T (G0 ex be the sequence corresponding Lo s, T y
10 sequence for s~ sinee : 1%, ; g Lo s Then{6i.n L), =5
Comments. The implicali BTN g % 1 on I n &l
holds if one suppose III ltal!_qf\: s salishes (Wy=s s . salisfies o
{1 satisfies (/) i”{J',:;’_, ‘\:{l {n;rc oxistain Sty ]) -'[1“” (RK)in §(U)
). Y X Tinely ope v pustbive poteatial in §
Proposition 1% Y open: and s fs ! al in 5.
S ! . I ; , s nearly :
fid in S. Lel ues he ::'Irl;.s!:uphosr that there exists a sirictl Iw.wlll]f!fjtl.
such that there exisls an open coverin ! (l;f_"')““’f’ poiees
7 ilve / : A
=r for X,

such that w U, safisfies (K) i
i saltsfie: (K in &L, i T
Proof. Using lemnta 10 “,((" -';’)L[ Viel Then u salisfics (K) in S.

~
U K S
A BISAp =B p) =0
=]
) Kcompact

for any p=5.. Hence )
. BONEp . ar :
I\EP‘ compact ! B o P o bi
u ‘_Ct;utinunu:-

It follows that
/.\ H'\ _f!-'[;s BT" \I_.p on L;f'

R compaict

o niiuone

Since the | ine i
bl e “.]m-l‘asig.imlqual.tl_\ clearly holds on (X~ (7)), i
Corollarv l’). [;?C,(.v pois a potential, we gct‘lhe (-*r,ncl‘{ fQI]O“'S e
in S. Let (L), i Ll us suppose that there exisls a stri 1y positic
salisfics (IX). é’r:_ Ih. ;f;:ﬂ:‘!’;“ f‘ﬂ{lrring for X such {h(‘:z’lr;iijl r}‘;{f.’f-]\‘h'“‘:t' ;?Oif’”“(d
Remark. T s e 5= E. R
Lo gk ilfhs implication : cach element of (L)) satisfi
Tmels 2 e supposes moreover thal 0 ~1li's{i3'ss;;E;ric‘ﬁcg()C)‘ e
: . salisfies () in §'(G), YVGe X

Theorem 16, St
and that O salisfies ( ’:{;;pjr;:p sten e o
equinalent (G
‘1); 3(— X, resp. S=Q.
= =X open, any of '
»any clement of S'(U) subisfi )
subisfies (K, resp. {QC)

3) Thcr(- exi
r}" ; daps g risfs an opn a g L
(U satisfies (). "f’S[J-[(QC;o”gil;ql([J Dier of X such that any clement of

Corolls 7.8
ary 17, Suppose thal there crisls a strictl

riclly positi ial i
, ok CHish Y positive potential
1= X fienly open. Then the [nlfmp;m;”m:j

i positive polenfial in S

e = ) ﬁC’S (I\r,‘.' in 3 5i TR
quivalent : (). YG= X finely open. Then the following ar
e

& isfi
salisfies the axiom of ncarly confinuily
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2y YU e X opeit. SAUY satisfies the axiom n[_ nearly (?(Hil‘i’!l!(i'ify.‘ fisfics
) There caisls an npen covering (Udies for N. such thal $°(L) satusfie:
e R M ey
viom of mearly continuily, Vi<

e aLr'mmz{ 18. If A= X is fincly closed. then

' H.Y,\.l'}l-‘_ == 3N g, Ys < §.

Proof. The relation follows from he inclusion g N A efeX )
Proposition 10 If s, then s salisfies (K) on X,

%K From the prece-
. =5 nole == A 4 I
Praef.- Let p Se and de KX, compatt

il contineous
i T

eding lemma we obtaim:

. X K 2
ule= A BYNApg A BERE p ).
: KCX . KCX
;‘,cmn‘mmuﬁ J ;r'rmn"unu‘:-

Propositien 20. s satisfies (QC) i X tff H' .m!is[.irs I(f\)l(.) ”-,[i‘:'\fli‘(-q o)

Proof. Only onc implication needs pa.‘onl'. Suppose l“m_ s' Sll s E\ hlét
in X and let ((:,),,E\- be the corresponding sequence. IFor cach nEN.

« Tn h

] uch that
(I)vexs be s A g BRI ]

REN |
Denoting D, =[t, +m =1} the sets G,U D, are open. s X, (G, u D) s
5 i

continuous aud

PN S e IS A BT 1 on X

Remarks. The implicalion : § salisfies (K) on Ny==s b_a‘tisficf (i\i?ﬂo;:l}g'
holds for s nearly bounded. if there exists a strictiv positive polentid
and 0 satisfies (K) in &(G), VG <X fincly open. e S

Nexl we study the modification of quasi-continwly '\ e nge
of lh(; u-nit Let S be a standard H-cone and . ve S be wea 1 \,... ne
den'ote' X' ={re X, v(y<oo}. Ny Xoue is a polar set; Xy and Ny,

U PR £ B - y

: g <ap, then N, = N
i ; ] i ouvh the map a— — . . 1T ugap,
finely homeomorphie through t 1 )
Particularly, X, is finely humcomm'phwr o Nysp remant which satisfics
l'ropi;silion 31, If v salisfies (IK) on N, then any eleme
' . . . » \, -
on X., salisfies ulso (K) ot Nep- L ] .
1o oof. Lo =X, b compacl sel, such that »lg is continuous i .
Pronf. Lo K o I Jand K ave nalurally homeo-
there exists a compact sel K' € Nyy. such that K and k™ a1 \ Iy homd
= = v oenliufiey ¢ ‘ o & B A N
morphic through the canonical map..l.cl s Sdll.‘af:t.h' (R {33'”\, "h‘nmcnn‘m!‘ph'i’(‘
be a compact set such Lhat s, is continuous. Lo K is naturally
to a compact L' e X, and s, is continuous. Since

RY.N pg BYLE p - BYGSEp

thz counclusion follows. o ) . ‘ .
) Covellary 22 If any elemen! salisfies (K) en Xy then aay el

-

satisfies (K) on Ny

LEUGEN T'OI'a -

Particalariy. if any elemend salisfies (K en anyg semi-satturaled spuce
nf Ny then any element salisfics (IO, on anvy semi-salurated space. with resprel
Inoany olther weak unil.

Proposition 23, If u<ap and o salisfies (QC) on X,. then: s salisfics
() ot Ny==x salisfies (0CYy on X,

Proof. Let D, X,.. (im=N) be open scls. such that X 0 is
conlutuous and A B 1=0. Lel §,< XNy €XNjbeopen sels such thal s .\":\c;”

wEN

is continvous and A B%1=0. Leio: N,,— X,=X,, be Lhe canonicai mapping.
nEN

Shtee 9 x I naturally continuous. i follows that NN GO0 (N
Dy is closed in NN Dy hence in X, VimoneN. llence there exists
ppen sels . e XN, such thal X, H,,,,,=-;‘l(_\'b.‘\(},,'_)n (X, 1, Also
s ¢ o, 15 continuous. By hynpothesis: B [<2B% {137, I, which pro-
vih the EISS(‘I'“(]H.
Proposition 24, [f there cxisls a strictly poasitive polential in § and any
element salisfies (QC) on a representation space. then any clement salisfies (QC)
o any olther representation space (with respeet to any other weak unif).
Proof. One uses the fact thal the axiom of nearly continuily is {ulfitied.
§ 4 H-maps and quasi-continuity. Lel § and 1 be H-cones of funec-
tions on the sels X, V. Let o: Y—=XN Dbe a lH-map (i.e. ¥s=S bounded,
sop& ). We say that o satisfies (Q€) if: Lhere exists an increasing sequence
ol open sets (GL)nex of Y such that 5, i is conlinuous and A B%1 =0,

nEN
Fheorem 25. The following properlies arc  equivalent

1) o satisfies (QC);

2) Vs=8, sop sdisfies (QCy 1

3) ¥s<= S hounded and salisfying (QC) in S. sco salisfies (QC) in T.

Proof. 1=2 and 3=2 are clear.

2=1 Lel (s, ,neX! be a countable, increasingly dense parl of S,
Let {y, meN! be a countable. dense part of Y. such thal each s,00
is quasi-continuous with respeel to the weight Ly, (ef. [2]). One can choose.

for cach m. neX an apen set 6% sneh Lhat .c,,o‘c.‘).\(;;, ts contincous and
"

BEml(yy<m -2 9 =i,

For each fixed n &N, the sequencee (e, e 18 decreasing. et us denole

D= JGh (D), =« is o decieasing sequence of apen sels and. for eachne XN,
HEN

$20%h . p, IS continuous. Finallv, sinee @ 30 1) —m L V=l m

/\\H“"' 1{y;}==0. ¥YieX. hence lhe conclusion,
HEN

we o gel

]__-,-.'5 Lel (7)), gx be a decrcasing sel of open sets of Y. such that
Phvee, 18 conlinuous, ¥aneXN, Lel (D), a2y be  the sequencee
with s Then .t =Y N e N D) s closed and tom  is conti-
nuous.  Yn.me=XN. Finallv v Aym=0.Le YD,y and: I tam I< BE-
B Num L B0 1L % 15, hence Uhe conclusion,

Remark. 10 any clement of T satisiies (Q€). then any H-map from S to

T.satisfies (V). Using the results above, we establish finally the connection
with the definition used in (8]

associated



QUASI-CONTINUITY IN TE-(ONES

Theorem 26. If there exists a strictly positive polential in S, then the
[ollowing are equivalent . -
1y Ype To A{I A Ka Y compacl. 9 g conlinuousy =

2) o satisfies (QC).
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ENTENSIONS OF SOME RESULTS OF M
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IPAT,

HARDY 1. MILLER!

Introduciion. In {3] S. Kurepa

Theorem K. If A=W (n-dimensionel Fuclidean spacey is Lebesgue
mcasarable and has posilive measure enit by b, by (bt are p oreal num-
hers fhen there exists o holl K, of radivs rwith coender of the origin sucl that
frr each x &K there are veclors udx). o) oo a () in v such that

proved the fellowing theorem.

bty QN = (oY —ao(a)dy e = (2 —an()D,
Mo Pal [11] extended KNuorepa's vesull to the following.

Theorem P, Lot o4 e « set of posilive Lebesyue measure in 8. Also let
bys bay vy bp(00#0) be w system of p oreal numbers and let (c,) he a sequence
of non-zere real numbers such that im ¢, ==1. Then there exists « positive integer

Mg
Ny and a ball I with center of the origin such thal for crery vector v in K and
system of p real numbers Cuy Capoooes Co Of the sequence (c,)) with n; = N, theerre
&) n k

exist veelors ag(v; Cols Capr oo €, ) and a{r; Cupe Cope oree e Y =12 .. m
. ] » - 2 a
! in A such that .1'=[c,,‘kluk(,a: PCap O By Y el P R 3o
2 Hs B P
i k=1, 2, ... p.

The mapping T, wheve ¢ is a real number. T, : ' R". defined by
T{x)=cr, where cr= (o1, clo oo cd,) for each = (x,, 2. ... 2,). IS
an extremely simple mapping. it is naturad to ask if Theorem P ocan he
extended Lo a theorem about more general mappings than Uhose of type T
In addilion one might wonder aboul extending Theorem P in such a
thal cach xveR is cxpressible in infinitely many wavs,

P{ orwein and Dilor [2] have proved the  following
answering a question of PooIivdas

- .Tht'm‘mn Boand D. () If .V is a measurable sel of real nuwmbers having
positive measare and (d,) is a sequence converging to zero, then. for almast all
:rel TA-dy, €N for infinitely many n: (1) There is « measurable st A of
positive measure and a monofonic sequence (d,) of poasilive nwmbers converying
{o zern such thet. for afl o x-ld, &\ Jor infinilely many n.

].‘\(‘(‘(‘Illl_\' the current author has generadized the above resull of Borwein
and Dilor using general 2 place Tunctions in place of - (see O,

; lu [8] the present anthor observed Lhal the Baire sel analogue ol (ii)
15 not {rue. In thal paper the author alse considers a cerlain property (()

70
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theorem.
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