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CONDITIONS FOIY QUATERNTONIC SECTIONAL CLBRVATURE TO
BE CONSTANT
BY

JUAN DE DIOS PERLZ

1. Intreduction. Lel M Dhe a qualernion IKachlerian manifold with
mekric g Then Uhere exisis a 3-dimensional vector bundle Vo of lype (1. 1)
tensors with local basis of almost Hermitian structuves [, J. K such thal
() IJ= =TI =K. and (2) for any lacal eross-section H of Voand any veelor X
fangent to M, Vo s also o loeal eross-scelion of V. where V denotes the
covariant differentiation on M. [1].

fel N be o wnil veetor of M. Then N IXN. JX and KX form an or-
thonormal framein M. Let us denote by (X) the 4 plane spanned by Lhem.
A 2-dimensional scclion II{N. Y) of M spanned by X and Y is called half
guaternionic if (NY=0(Y). The sectionat curvature for a hall-quaternionic
section is called ¢ualernionic. A quaternion Kachlerian manifold of constanl
quaternionic seclional curvature is called a quaternion-space-form. Forexam-
ples of qualernion-space-forms see [1] and [6]

Let M be a guaternion Kachlerian manifold and (N, Y) a 2-dimensional
scction of T,)M spanned by orthonormal vectors X and Y. \We shali say that
T(X. Y) is O-quaternionic respecl to the local basis 1.J. K} of Voat pif
[g(DX. Y} =cos 0=« for any ®=1[.J K. It is clear that if Imz 12 such
sections do exisl and are not half-quaternionic for Uga?< 173

The purpose of the presenl paper is to prove the following theorems :

Theorem 1. Let M be a qualernion Kachlerian mantifold of real dimension
dmz12. Then M is « quaternion-space-form if and only af for any peE M and
some {ocal basis L. J. Kt of Voal p. the seelional curvalure for O-quaternimiic
seclions respect fn I J KD al posueh thal 027 =118 are vonstfant.

Theorem 2. Lel M e « quaternion Kachlerien manifold of real dunen-
sion 1m=12. Then M is « qualernion-space-form if and only if for any pe M
and some local basis {1..J. K of V at p the curvatures R(N.OX. @Y. Y)
or any & — 1. .J. K and any O-quaternionic seelion WINCY) respeel Lo 1H..J. Kl
t p such that O 22— 1/3 are constanl.

Note that il 2 =0, Q(XYL Q(Y). that s HHN. V)15 a totally real seclion.
hus ‘Theorems 1 and 2 gencralize resubls obtained i |3

In the proof of such thearems we shall use the following lemmas

= Lemma AL [} Lel M be o qualernim Kaehlerian manifold. If the real
mension of M is tm=8 lhen

[RON. Yy I ] — =% S KN V)T gt X VK]

-
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respeclivety,
A - W . L b - "l - e = - .
EEBERIRE = =pcth ,{ gt N U N VR (2.15) pomnta( N INY2e RN AN IV X) = IN. Y. IV X)
. aind substracting (2.6} from (2.3)
BN YLK = UN Y = XL Y ‘ i
|14 K 2 ) i ’ (2.7) RINCIN. Y, Ny
for amy untt vector fields N. Y langent {0 M. where R denofes the curvature From (2.5). (2.6) and (2.7) we get as RINCIY Y. X)= RUN Y. YL LX)
fensor of M oand Amg is {he constand scalar curpafure of M. changing X by Y that
Lemma B. N ! fel M be ot qualernion ’\-(I(.'J'I!r.“l'irfn manifold of real di- (2.8} (N, INy=a(Y. 1Y)
mension linz 8 and N w unil pecfor in T M. M there exists o tocal basis {10 K]
of Vv osuch that thal is. (Z.4) can be writen as
AN TN = N.JN)=n(N. KX) (2.0 BON. TN Y IY) =2 (222 (N TX) 2 ¢ .
RINCIXONOIX)Y - RINCINONORN) =R(XNJXNCXCKRX) w2
: ' From Lemma AL
then the qualernionic seclional curpudure in QUX) is constand, where s denofes o o .
the sectional curvalure. (2100 ROXCYL IV IXN) = ROXO Y. Y. X)) =227 S
m--2 Hr-— 2

2. Proof of Theerem 1. Let us suppose Lhal Tor any O-qualernionic
seclion LN, Y respeet 1o T K] al poo(NL Y)y=7. Il we suppose that
TN Yy then TI(N, —Y - )xl\) is also a O-quaternionic scetion, This
gives, by applving Lemma .l.

(2.1 RIX. Y, IXN, X)=zc(X, T X}

and {2.3) and femma o give

(210 RNAY IV Ny =2 -t N TN = RINTY O INL Y00 T

n--2

From (2.9), (2.10) and {2,11) and wvsing the identity of Bianchi we gel

From the section TI(Y, X +2«1Y) we obtain (2.12) a(N. IX)- %_1__1 (t}. IO )
3x2 2
2,9) ROX. Y. IV, Y)=aa(Y, [Y). * -
] : Fel us suppose that g(J N, Yy =z Then reasoning as above wilh the
] H * ot - . < F 1
But the section Il ( "]—iz‘\T g i T IN— T 3) is sections TT(N. ¥ —2xJX). (Y. —X. 2.7V 11 ( Cem N & l Lo Ky
- - o 72 1 =g
ionic . Y o] - %o 1
also B-quaternionic. thus r—» (l l 953‘\— ] i_-_ﬁ” . K _—;_'-'['\ - 7 _12}) T _xl[{x 3 |'11...1‘~’ ”-}, (=X —2/X ZJY. XYand [I{X. 2X —2xJN-—JY) we
Applving Lemma .1 we get obtain
= 2 N TNy 2P0 (V 1Y) (o - 2a® 1 (227 (2.13) AN T XY =a(Y. JY)= . 7. — lig? ~ot .
(1 =) Bat e m-g-2

(2.3) F20RN VYY) = (20 20 RN Y ING N = 29 R(NC TN Y, T — If g( K N. Y) == we repeat the reasoning. So let us suppose (hat g(K X, Y) =

. L —%. (The Tollowing must be applied if either g(IN, Y) or g(J X, Y) is equal
o . _‘)I”—"r‘.. 0 —u lo Lhe corresponding sections), Now [HN. ¥ =22 K N) is G-quaternionice
L nd then 7.—s(X. Y +22KX). giving

9 . ) ] 1INVeS
From (2.1 and (2.2) (2.3) gives .14) R(X. Y. X, KX)=za(X, KX).
(24)  RONIN Y. IY) =2 — (2t — Do(N. TX) —a(V. 1YY — 252 —F ~ From the section II(Y, X =22KY) we oblain
: m-2 .
15) RIXY. Y. KY)=2a(Y, KY).
Considering Uhe section (=X —x/X —7Y. X) (respectively, HiX, =X+
—xI X =-T'Y)) we have The seciion |1 ( 1 - = I X+ : ‘,J Y. : 3 JXN— __7__ 1\") is
(2.5) Po=xtg(NCTNY <22 RN TN TY. X)) =RONCIYL YL X) 1 —at [T —e (R -
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. 1 ] 1 ) = ) =1 J, K and ¢(IN. Yy=u« Then u=R(N.IN, 1Y 22X, —Y 221X}
D-cuaternionic thus .- a( l_J e Nt e JY., —— X - 1\') which gives

e ! (3.1 RN, Y. IX. X)=uo(X. IX).
But also u=R(X,JN, JY 2xKX. —Y - 2241 X). giving

which gives

(L16) RV KY, KX N = =22 0 Vil =203 N, KX)+a(YV. KY) eyt

m-p- 2
. . - 3:2 RIX.JX. Y. KX)y=»a{X. JX) - v
But the seelion H{—2N LzK N -KY. N) is O-qualernionic. obtaining (3.2) (X, JX Y KXy =20(X. JX) Im__ D)
(2.17) 7 et NL KN S22 RN RN, KY, N -=R(NCRKY YN and fromy a=R{N, KX, —KY 22/ X, ~¥Y 4221 X) we oblain
From the seetion TN, 2N 2KN —RY) we have ) ) .
A (3.3) RIX.EX. Y, JX)=aa( X, EX) o2 —— .
(2.18) 7wt N KN) 22 RN KN KY, X) R RINCKYKY. N m 42
Now from (2.17) and (2.15) we get From (3.1), (3.2), (3.3) and lhe identily of Bianchi we gel
2.19 AN KX, KY. X)=0 . 5 o )
(2.19) RINCKXOK ) (3.4) o(X. IX)= — 4-a(X. JX) —o(X, KX).
and m+2
(2.20) X KX)—alY. KY) ; ) L‘cl us suppose Lhat g(JX, Y)y=z Then II(X, - Y +22JX) is O-qua-
| ternionic. (1T g(JX, Y)= —x consider [TI(X, —Y —2xJX)). Then p=R(X. IX,
and as ahove —IY +22KX. — Y +22JX) and we have
1 e .
2,21 HNKX)— ———— [ 17— 62— | 3.5) R(X, IX. Y. KX)= —aa(X. IX =
{ ) o ) Gy 1 ( - ‘_)] e ( KX) 2o(X. IX) e m-+ 2 ‘
Suppose again that g(JKXN. Y)= —=z and consider Lhe seetion TI(X, LT BB ORI
25 I N +2xJ N —Y) which is O-quaternionic. Thus r=a(\. IyIN 22X =Y), (3.6) RN, JX. Y. X)=a0(X. JX)
giving -
ro—du2a( X, INY+822R(N. IN, JX. N} +l2¥e(N. JX) — - .
(2.22) _ (3.7) MY BN V. TNV (N BN Ly —F .
J2R(N. Y. TN, N) 12RO Y. TN X) 7 X, EX Y. IN) = —an(X, KX)o 2

From (2.1), (2.2) and (2.22) we have From (3.53). (3.6) and (3.7) we have

2.2: NIN XN TNy =

{ 3 RN ) (3'8) I(X, JX)= —a(X. I1X)—e(X. KEX).
From the section TN, ~22JX—22KX +-Y) we obtain m—=2

(2.21) RN, JX. X. KX)=0 From (3.4} and (3.8) we have

and from (X, —2xIX -22KX YY) .9) o(X, IX)=a(X, JX)=a(X, KX)= e

(2.25) RIX.IX. X.KX)=0 m -2
Now the section TI{X, 22/ X +22JX —Y) is fi-quaternionic. Thus u =

I (KX, Y)=a we apply lhe sume reasoning lo Lhe sections [T(IX, [X, /X, — 22X LB X IV, 221X +22JX —Y). Then we obtain

KN 20 X - IYL KN, 2« TN — 22 J X +RKY)and [1(X. 22/ N +20KX
+-¥) and obtain again (2.23). (2.21) and (2.23). Then from (2.12), (2.13),
(2.21). (2.22), (2.23) and (2.21) and Lemma 1 we have that M must be a qua-
ternion-space-form.

The converse is lrivial and completes the proof.

3. Proof of Theorem 2. Let us suppose that for any 0-quaternionic
section (N, V) respect to {1, J. K} R(N, ®N. @Y. Y)=p=constant [or any

0) RIN.IN.X. JN)= —9a(X, IN) 2= —5—
m-- 2
B=R(X. JNX, —2g KX ~2¢X —JY, 2] X +-22J X —Y) gives

3 s 1. .
) RIX.JX, X, IX)=7 m;‘)—;c(‘\.x‘\).
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Then from (3.9). (300 and (3,01} we gel
RN TN NXCIN) =0,

Now from Uhe seetions [N 22N - 22s KX —Y) gwhere =16 g{KX,
Yy—xand z— 1 if g(KN. ¥)=—z) and I{N. 22/ X L2% ¢ KN —Y7) we oblain

RIN,JN.N.RKXN) = RINCINONVKX) =0

(312

(N Y]

Then from (3.9). (3123, (3:13) and Lemma 1303 must be a guaternion-
space-form. ‘The converse is trivial and limishes the proof.

Nofe. 11 is easy Lo prove similar resulls in the case of an indefinite
quaternion Wachlerian manifold with the same condilions as above imposed
to non-degencrate O-gualernionic seclions. (See [2]).
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NON-LINEAR CONNECTIONS FOR 2-05CULATING VECTOR FIELDS
By

Lo DU bR LZD and N, FALLINOLA

latroduetion. The notion of non-linear connection has been studied
hy many anthors. In this paper, we introduee the notion of non-linear connec-
tion {or 2-osculaling vector fields on o manifold 3. as covariant derivalive
of e sections of the veclor hundle of 2-osculaling vector fields on M and
also as o distribulion in the veclor bundle of non-zere 2-osculating ‘\‘t‘(‘l()l‘
fields. We prove thal U two definibions are equivalenl. Furthermore, we
shudy o particular set ol nou-hnear conueciions lor 2-oscolaling vector l'i(;]ds
which is bijretive to the sel of Lhe conneclions on the 1;1‘1:1{:1[}31 bundie P 01
the 2ensentating Drmes of Mo Finally, we study the wtegrabilily conditions

¢l I’l'l‘lillli.ﬂ&ll‘il'h. et M bew - -differeutiable manifold of dimaension o
Let ns degole with GF(M) the algebra of the Co-differentiable real functions
on M and. for any re N" with I, : D7(XN— M Lhe r-osculating vector })llll(li(‘
1o M. s well known that, il (. 2y i=1.....nis a cnm‘alinaﬁa m-i;:,hhurhomi

of M. awd p=U, 2 base of DA =I17"(p}is given by {(c ) ! (e }.} . wiere

‘ 'S Vg .
= —— h=1,...0. ¢;= ——o—ae, l<izjsn. Such o base is called the
[t crtea
natural Z-osculaling frame in p relalive to (07 X9).
We pnt I={l.....nl. J={i. Dl <1 igj! and we denote with (IFY(L),

e y"q_. yh. hel. (. jied lhe coordinate neighborhood induced by (U, x7)
on DR (L, 29 (07, 07y are Lwo coordinate neighborhoods on M, with

UnU'# O, we pal (= ot
1 ¢ 47
u;th(:rnmrv. we denote wilh 11 P— 20 Lhe principal bundle of the 2-o0scu-
ing frames on M. For more details, we refer the reader 1o 3] [6].
. Let us recall that we can provide Lhe veelor space D{3 = {J 377
b ) e
'h the steacture of Liv algebra, putting, for any F,GED(JI):C[F.G =
oG —(iof. 1L is known thal a differentiable transformation @ of M. in-
&5 the automorphism b of (M), defined by : (BF g d
: Ah, M ULVE =I{(foll}, VI'e

B vl Ny =F(fo)
Def. 1.1, Let XeDY M) be com !

LI Let N3 b plete, {0, }ier be a 1-parameler group
ansformations which generates Xo We call Lie derivative of the r-oseulaling

. X I £ - . 5 .
AN 0;:,{- Ly 0;::, Uﬂ,r.l_‘,’—(,, ,())‘-,1, in Unp 07,

his warl, was prarlisly supperted by MLPLL

tematica



