1! .|FI’J.\.\' D1 1308 PEREY A sl Uiy, JAL L Cara, Fasi
Alintematiced, 36 (1000)

Then from (3.9). (3.10) and (3.11) we gel
(312 RONCITNO NN

Now Irom Uhe seetions TN, 220N - 22: KN —Y) (w here g= 110 gl X,
YVi=xand 1— - 1l KN Y) 2y and TN, 22 I N 22K N Y73 we obtain

(3.10) RINVJNON.ORN) RN TN NDKX) -6, NON-LINEAR CONNECTIONS FOIRU 2-0SCULATING VECTOR FIELDS
Then From (9. (L12), (313 and Lemma B, M omust be a gualernien- By
space-lorm. The converse is trivial and linishes the prool. L. D1 TERLIZZL and 4, FARINOLA

Nofe. U is casy Lo prove similar vesulls in the case of an indefinite
quaternion Kaehlerian manilold’ with the same conditions as above imposed
to non-degenerate O-quaternionic sections. (See iz

Introduetion. The nolion of non-linear conneclion has been studied
by many authors. Tn this paper, we inlroduce the notion of non-linear connee-
tion for Z-osculaling vector fields on a manifold Y. as covartant derivalive
of the seclions of the vector bundle of 2-oseulating veclor fields on M and
also as o distribulion in the veetor hundle of non-zero 2-osculating ‘\'(‘('i‘Gl‘
fields. We prove Uhat the Lwo definitions are equivalenl. Furthermore we
shdy o particalae set of non-linear connections for 2-osenlating veelor ﬁL:f(lS
which is hijeetive Lo Lie sel of the connections on the prin(‘ile bun.dle P ni
the 2-osculaling frames ol M. Finally, wo study Ue integrabiity conditions
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— On the axioms of panes i quedernonic

sl. l'n-limi.:mrie-s. Lot M bea Co-diffecentiable manifold of dimension n-
Let us (I('nn.lv with O?(.\ll) l!u: algebra of the Co-cifferentiabile real funetions
on M and, for any r= N7, with 1l 2 D7(M0— M the r-osculating veclor bundle

Received 1. V1. 1938 to M. 1t is well kpown thatl, if (U2 i=1. .., is a coordinate neighborhood
of M. and p= ., o buse of (M1 (p) is given by J(r,-)_ . 4 (¢, ),} . wiere

L { ¢ o . l

er=— h=1, .0, e;= S l<igjgn, Such a base is ecalled the
4 crica

nalural 2-osenlaling frame in p relative Lo (U, 2%

| ,‘“ (;jpul e {I ni.J={ti. ysl Ligj] and we denote with (TI7'(1),

Ly ). k=l (i, . the coordinale neighborhood indeced by (U, 29

n D3N W (L, 2% (U7, ) are Lwo coordinaie neighborhoeds on M, with
. ¢.oh '

nl/’?‘—' @. W i)'||1 {_,"i' = L {.’h..l'h. 0;:.:(' |-0;:-3 f]f, i :-'E, 0;,,;, i!l L‘:n {j'.

[ )

rthermore. we (lt‘[]l)l(' with Il : P—=2 the principal bundle of the 2-osen-

ng frames on M. For more details, we vefer the veader to {010 [6 ]

] Let us fecall thal we can provide the veelor space D) = (U D7D
¢ . B . o 4 -\,”

léhe ‘Sll‘uvlm"(’ of Lie algebra, pulting, for anv F, GEI)(M),E[F.G]:
t—l(ml'. s known that a differentiable transformation @ of M, in-
e automorphism & of D), defined by : (B =F(fo®), VIe

M), vy . ¥ (UE)N)=F(fod), Vi'e

D:’l:- Ll Let Xe DY be complete, {®,}er be @ 1-parameler group

Sformations which genvrales Xo We call Lie derivalive of the r-osculaling

15 work wos partiuily supparted by ALPLL

matica
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peclor field 1" in peM with respect o X the q-oscululing pector in p. 1gqgsr.

given by
' N R
(.yF), = lim y {['P—N)‘(i‘ Nat-
e (¥

The map Ly DQAN— DM s called Lie differentiation with respect to XN.
For the local nature of this definition. we can casily maodify it when X is
net complete. In the case + -1, we oblain the usual definifion of Lie deriva-
fige (efr. [3D.

Peop. 1.1, For any Na DYAY. the Lie di;'[r?ra'n!m’inn with respeel lo X
werifies the following properties

(a) Ly is a derivation of D(M). that is Ly is W-linear and for any IF. G <
e D(M). Ly(Fol) =(LyF)el +1o(LxG)

() fF =[N, F] VEeD():

(€) Ly(fF)=[Lyt" L X(HF ¥fe FD. YIre DD,

Lel {®,}ier be a l-parameler group of differentiable lransformations
of M which generates N. For any F. e DA, we have

1 . 1 . - -
Ly(Ffo) = lim — {FoG —(@ (F D)ot} +lim - (B (1))oli — D (F)od (G =
{++0

£l
=(L_yf"}0(' ".—I:‘O L_\'(;.

The R-linearity of Ly is ubvious, Lhen we oblain (a). (1) and (¢) can be be
proved analogously (o the proposition 3.2, chap. 1 in (3]

Remark 1.1. The veelor space £ of the derivations of D{M) can be
provided by the structure of Lie algebra in the usual way. From () and
Jacohy identity, it follows thal [Ly. Ly l=Lxa: YN Yy e (M) and then,
the map N— /Ly is a Lic-algebra homomorphism from D'(3M} 1o L.

§2. Non-linear connections Yor 2-oscenlating vector fields,

Dei. 2.1, .\ non-linear connection for 9osculaling veclor fields {or ot
DHAD) is any map N DD - D)= DHAD such that .
(1) Vvl [Vl gV Y. ge FD, VX, ye M., vire (M)
() (T F)—=[(Vxl) £ X(OF [ FON, YXSDHM). YEEDHAD;

(3 (Vul)=(xt) vXeInah, YFEsDHM such that f7,=0;
(1) (VeF 1N, = (Vxl), H(VyFy, YXeDY(M). V. F’ e D3 M) such that

F,+F,=0.

If V verifies the condifion
(2.1 YN, Ye D) VyYe D)

then (Vo pouy« i )s DY M) < DQAND— DA s pon-finear connection, i

the usual sense ({1 [7]
Remark 2.1. Any non-linear connection can be localized.

R NON LINKAR CORNECTIONS 67
1

: Prop. 2.1 LAY be a non-fthicar conneetion on (AN, For anyg open set
U of M there exists @ uniquely delerntined non-linear conneclion v on 1)2((.")
U el that for ang X=X, Fe D)

Vl\u'[lf = (V\{) T

The proof goes on in Lhe usual way,
Remark 2.2 The comdition (3) ) el i i
b 2.2 n {3y in the delimition 2.1 18 e ]

K . 2.1 is equivalend
condition l ni to L
o o . 5 - . . g
(') (Vi) =(Vyl), YNeEDYWM), Y€ DA such that [I7,=0,
where \r] is Lhe covariant derivalive of any conneclion on . Namely, lel
{7 r) be a coordinale neighborhood of =07, 1f w E= rig, e
( £ a of M, pel. 1f we put Fly=Fe 4.

!“l.'!,l 3

2

Nip=X, we oblwn

(V) NA Iy e )1 12 (855, (bt =Ly ), = (VY

Now we shall determine the components of o non-linear connection.
Lel ¥ be ot non-linear conneciion on DAAD, (U, ) be a coordinale
peighborhoovd of M, pU and F < DM 1 0. I we put Fly Fie, -{«1 Fiiey,
we can consider o 2-osculating veclor fickd 1, ¢< 2, such that I --I'?;(p)t’, f

1, .
-|--'-)-1"'(p)¢.',-). By (3 and (1), we oblain

(V. 1), =V F) =V o (F =1 Y= (L U =1 D= (&) 0, A 8 F T )
and then,

(Vf{f“)p=(V,iF')p | (E '!:'J}p([l:}. ({"‘_Fii‘) (I..‘I );:'

3 i = . l . )
f. we pul (V. 19), = Hp. Fen, - PHp, Foeng)ys e have

(V"i]")-" {({ f['.h).u "1‘.!'(1)‘ ["p)}(“h)h T {(?;I"Mﬁp ]‘Jiu.(:'), Fp)}(*’g,:',;

that, if N=/1(1). X . =X'r. the following formula holds:

f fe kTR .
(V\:" ) h -\ {(‘},f. '--1 {'|»('. l'!l}f’]‘, —;—l—) .\L‘{_};['lh) T 1‘?:,(

. 1
s U‘J Pfu',

Er=(2) e =" ¥4

;I‘I?eh::-\l-lltﬂ :l.mcl.t'(')_ns l‘;."" l‘f{" are € -di'ffurcnlinhle in T(;1(L)Yn D2(M)

R "”;-!(T]( (_(I \\1:11 c'mlallmul_\' ‘lnllz"(b'), putiing I¥(x, 0), Pz, 0)=

ﬂon-[};ﬂl('h.\\llh (3. The 'rmu-lmus DA, T are called the components

G 1) i;arcc'um;e\clmn.v il respeet to the coordinuale neighborfivod (U. 2%

Bee | i an be casely preved that they are honlogentors functions
with respect to the viriables y¥, y#h.



l.. DI TTRLIZZL AL I ARINOL A 1

68

Prop. 2.2, Let V be a non-linear connection for 2-osculating vector /irlrlx,'
whose components in fwo coordinate neighborhoods (U Nand (U x)are (e,
gy, TGS,y y*) and T8 (od, gt gty TR g ™) respectively.
If Un " is nol emply. in 100 T ). e have

e 01

(2.3) TH e, i) — IE (e ) O 00
. . 1 : .
(2.0) [, ) =TEe, iy 07 ‘l) VRV, ) 0%, Gy 0, 0 : it 08 OF

Lel us observe thal the (2.1) hecomes the faw of transformation for a nons

Knear connection when (2.1) holds.,
Prop. 2.3, For cacl coordinde neighkorhood (U,
(. ) be n*-p-n® funcliois € -differentiable on W' I #(M). eontintous

X'y of M let Vi g)f

on 1 WLy, omogeneous of degree Dwilhrespeel Lo the variables y'. y''. such that
the functions 1"} are spuunelric with respect 1o the pair of indices (h. 1. Suppose
thal the laws of transformalion, in the inferseetion of lwo coordinale neighborhoods
are given by (2.3), (2.4). Then there evists u uniquely delermined non-linear
connection on DH AL whose componenls wilh respect to any coordinale neigh-
borhood are T}, T

comnection tor 2eosculating veetor fields determined by

$3. Non-linear
It is known that the covariaol

a conneetivh for Z-osculating vecter ficlds,
derivative V determined by a conncelion 1" on Lhe prineipal bundle 7. does
not  verify. in general. the condition -

(3.1) VYNL Y& DM VY e D

(efr. [6]). Let us pul. for any courdinate neighhorhood (U7, &)

!
1k kel
V,:P_.=|“-(';,T-‘-)]UPM

(3.2 ikl h=l

. 1
o Th e, N
Velt.lk - I-‘i,k“ a ol (; | 2}}.“h;'

L symmetric with respect to (A 0. (f, £y, an

The functions Th, A TR 1AL
delined on ' und are called components of 1. Lel {(£7.2%) be anather cogr
dinate neighborhood ol LI Un 072 @, we have, with obvious meaniy

of svinbols
[h T, 080003 -+ ‘) PRLGE 6060 4 0 0),

(3.3)
(34) Tl =TyL G O] 610
Py o P O, O B0 - Tt 08,0707 0 1, 0500%
(3.5) 1 £
o TEEOR 07 U0+ 03500 +03 £405700)
(3.6)  DH— Tl 05 0007 0 0 426,00 0f) U O V1 0l 0. 000

o NON LINEAR CONNECTIONS 59

‘ huum:l.‘ S0 The Il_m(l.mn.s I} are the componenls of a tensor field
I oof Lype (2.2), symmetrie with respecl To the pair of indices (h, 1), Further-
more. il T=0, then ¥ verifies the condition (3.1). In Lhis case (3.3). (3.5)
¢y beeome the taws (3200 (33, (3.1 of [5) and \"'-—(\7°
. : o) =V mon v monds
S I = DYDY s a linear connection, e G
o Let us observe thal a connection on 17 can be equivalently deterniined
giving, for each coordinate neighborhood of M, the funciions I't, ™M | %
I, symmetrie with respeet to the pairs of indices (h, I). (f. k) « d verifving
e sym . I airs (0 Ry and verifving
(3.2} (5.3). (3. h. (3.5). s
Prop. 3.1 Any conncelion on P delermunes o noen-lincar conneclion on
DD,
Let 17 be a connection on 7. For any coordinate neighborhood (U, &)
of M. we pul I o

1
LR gt
B ety

P, gy =Ty
(3.7)
IR, gy = TH )y ~.l, ARST

where D(0),1IEx). TEx), TH(x) are the components of I

I'he functions defined by (3.7) verify the hypothesis of prop. 2.3 and

then they determine a non-linear connection cn D2(3).

5 b o) ~hi o Alf 4 -
Temark 3.2 Let TP(x, o), U¥(x, i) be Lthe components of a non-linear

connection on DM} Then the functions

] T A1 - 1l
Tz, )= e, Thinp=2 "t TM(x A
(x, 1 o (r.m fpla, =2 Ey”‘(l. e, y)zé—fl; (x, y,
y (I '
Vi ) =2— (v, 1)
('yﬂv'

are homogencous of degree O with respect to the variables y'. 4" andthen
they do nol dependon gf, y* when the functions I'', T% are C=-differentiable
So th;;}. in Lhis case. they are the components of o connection 'on P
4 l LI . [ B3 5 hl . T M . 3 3
p b hermore, the Tunctions I'MP vanish il and only if the covariant
erivative determined by [ (respeclively 17} verifies (2.1} {respectively (3.1))-
) - . . N » . ’
s-.‘\un-lnwar connections and distribntious on the hundle of non-zero
" 5 e S HE H ' -
su'l)lalm" veetor fields, We shall indiente with DA the bundle of non-
B - . nrl . N . i . K & o " In
osculating  vector fields. with V,—=[121(p) the fibre of DM and,

a,ﬂ}l_“;il’z\;;én with R, the tragsflormation of D2 M) such that RI7=

Let H be a distribution on D'3(M) such that
@) TW (DN =T (Vi )@ H,
(b) dR(H =1, VceR,

VE e D'
VIFe D).
S observe ”“‘ﬂl if (U7, 2% is a cordinate neighborheod of M, Fellzi(L),

é i
(;;;n) (———«) } s a hase of Tp(Vim)y=ker(dzll,).
¢ Flhel, G, g el ' -

eyl
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T

Furlhermore, since (7100 Hp— Tay (M) is an isomorphism. a base

B 3 - .

of I, is given by f—i\\’— } . where —— --(d,_-il._:‘)(-—l). I'hen  the dis-
1 Sx'pliar s’ aa

Iribution 71 is differentiable. TF we put

- . S Y uit. [
(o)<l ),
dxi)y cx')F eyl \L4&J\ ey e

we obtain

() —(dT1) i.) =.-1~;(drna{-f ) Bt (—“—)
ax' TLiF Saf r ! F [ARal 1 Wi}

so that, il we put Dz, Fy=T{'(x, 1), for h< j, we have

3 3 ; ¢ ¢ L
11 SR R L RS TR oY B I A F)(- .—)‘ i, hel
¢1) [8.11‘)_;- (ax')p ( )(EU‘)F el e

Remark 1.1, The n? £ functions Y, I'{* are defined in 110 (L)n D=0
and, by (b), are homogencous of degree 1with respeet Lo the variables pf
iy, so they can bhe extended with continuity to I1;1(U). putling I'i{r, 0)=1),
1¥Mz, 0)==0. 1" are symmetric with respect to the pair of indices (j. h).

Prop. 4.1, .1 distribution H on DAL verifying (a) and (D) defines q
non-ltinear connection V on D¥AD.

Let (U, 2y be a coordinate neighborhood of Af, I, I the funciions
on Mz(U) determined by the distribution I7. 1t suffices lo prove that T
[i* verify the hypothesis of prop. 2.3. ‘To do it, we can observe that if (U, 2
is another coordinate neighnorhood of M, wilth UpU'# @, the matrix o
the change of base, is given by

0;. 0

i LIRS i ;
(1.2) y" 0;'h'+‘2‘ gt Bl b;.- 8:.-
i e w0l Y70, 04,0 O 6.6/,
winea?
(}.r',ﬁ. T i_aé,rf.ﬂ ¢ =i, 8 _ S _F & e 23
L axt R ayh L PUM L 3! Szl ar E;yh'

using (4.2) and equalizing the components, we obtain (2.3). (2.1).
Prop. 4.2, A non-linear connection Voo DD determines « distribufi
H on D'(M) verifigng (a) and {h).

Let (U, "} be a coordinate neighborhood of A ri, 1% the componen
of ¥ with respect to (U, &), For any I <li3 ! (U)n D'2(M), lel H be (he veet

g

3
subspace of T, (D'*(}M}) spanned by ( 8-)1 , where (—) (-—(——.
3t Fl'EI Sx F X

0, 1) () e m (o |
oy’ )e ay

F

It is casy Lo prove Lhal the definition does nol depend on (L. x') and that the
distribulion H  verifies (a) and (D).

Remark: 1.2, The hovizontal spaces of the distribution determined by a
non-linear connection on DN are defined by the system of equations

O = TMd et fdy® =0
boor o yhda d gt =0

£3. Integrability conditions. Let I" be a non-linear on 17(A), whose
components are T7. T with respect 1o ihe coordinale neighborhood (7, 2%
of M. Let us consider the following funclions on S

. 3 PR N PO, - 1 . l ..
I\g;k(‘r' U) = E":ﬁ R "8_!;. = I ?}.1 :Il -_] ;,h :!h_ 9 rf'.':-] !"I!rr :_ P I fll."" ‘lf'm
X Ry < -

Il 8T o
kit ikk e 1°1 ~g 1 gm 7
= TRy if.'h] iq —1 :'k.':] e T ]jlt’irz'qar-'_

¥

1
CTem Jmt
FYTE Y 5 [t Ll

1o | o~

Kl (2, )= —

TR PR NI
L i L2 N A :}:‘-r--;)1!,:*1{;,;—~_)1.’:-;‘F e

l\-',:".(.l'. U)—" = ~
S 3xf =

KIn (e, g = — 3[‘;2.'1,+8 ‘}';?;t T T .17 I 1_ I're, Tim 1 e ['im
HEANE A “S““J + 1wl ja st iq o o ke ape T 0 Toknt ipe
X X &

Remark 5.1, When Llhe compuncnls of ' are C=-differentiable, {the
functions above defined do nol depend on ', y* and become the components

of the curvature R of Lhe connection I" on P induced by I'. Jtis Lhe (F(A)-3-
lincar map
R DYAD - DYDY x DHAD— DM

such that R(X, Y, [-‘)=[V_‘-,‘{;,-](F)F\o?lx,y, #. where ¥ is the covariant
derivative of T° [t is obviously skewsymmetric with respect to the first 1w©
arguments.

Prop. 3.1. Lel V" be a non-lineur conneclion on D¥AL). The disiribution
H of " is infegrable if and only if for any coordinaie neighborhoad (U. x9 of
M, in U, (00 D'*(M) we have

R T ;
‘r\}skU" o I\_fil.h.fl"hﬁ“
1) 2

!
- ¥ g 33
Kty -5 Ky =0,

Namely. tet ({7, af) be a cordinale neighborhood of M. By a long bul
sy calenlalion. we have

8 8 i 5 ! ol 'hl ¢ - i 1 - i f‘h] ¢
[8.1"' : 8.1--‘]= {I\ﬁu!} +§I\,-;r.n i Im + UKy +2 Ky [ EF,I}I“"

d then (3.1) follows.
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Remark 5.2, 1 the covariant derivalive ¥ of V7 overifies (2.1}, Then ‘_5‘1) ; c (u*['_”,"-kr/*" [t ) . (yh T L b 4 TRTIR T R ;-ﬂ-—(‘
become 1he integralility condition of the non-linear connection determined YT s Qi PR S ol Yiad vt "" rke £yl ’
by ' (el [7]. ’ s i ¢yl

. T ) o . l Pt N obe Lhe covarianl derivative of 17, We  have
Remark 3.3, Let I' be a conncelion en the principal hundle . and

o the I-foraef I Let (L7 0% be a coordinate neighborhood of 3 and (I[.“({."). Ve e, ! U o Uy hyes.d
Yoy g we gy i js 1 G ed (f, e J. the induced loeal coerdinates _ps - 5 el
on P. We can consider the section ¢ of P, defined on U, such fhat for any {2.4) Y _ |
B . . I N B ‘ A “a (‘ ) =17 Ca s I‘g‘:l,"(’rk (f-'.”':—-f. (P. ’\')E:I.
pel, o(p) is the natural 2-osculating frame (c,—),,,—(c,,-),, i et at p & g
relative Lo (U, 2% Lel us pul eop=qg (o). I {£] L‘,'j. S THG) il e, ] fomparing (3]7) (:ud (3:2) we obtain: PR =20% Upla(i 3018 17
) RN _ =, + A0 = ] -
(i. eJ. th, Bys.J is a base of gi(d, R). = 0I5 , we cin pul c o= {4 I Hf'—( r, J' Ifowhere any index belongs to 1. Then for The compo-
- 1) 3 1 B
J,,JL.J'" it 1)), ol FEL, G)L.—(L)L) - (o Y, I—,-(c){)nh o (o MR R ()= nents of 12, we have
"-I‘ At isl, j=1, (% Yo Thada® i 1 (i) Sd (o W =Tidrr el (L)) s | i, = LE::‘. 2 T Ty TRTY o TRy, — TR,
eJ, (ot =ThLda" (h,eJ. (i.HET. By direct: computation. wé have S P L W LR i
(3 ‘)) (')i_- 11,‘3[!]]([' [,On) l_l,:,?i(rJ!!?fJOII)]_I”'I[U} OH) ""f’;"' ‘th}:oil)]]dl’h i I o ] ( [ )H . L4 _"?Hr L1 r { 'g “ip ye 1
— "JhdJ ‘-“Jraf“’j fnn==2 o o Bl I"‘h] Jlnfe =11 ifpf
iz Tt ’ _

(53) Um {J! [JJh(rrkol])‘"I'“u;ﬂ (rrhuon)]+U,nllum(] " On)**— R - S; [C"] ’;, fl:‘hq —L-I In e &y ‘I uq *’v] l“bp]’

+ YTl T 1}y -+ iidyis 35, dy5, ’ 2 et ix e TR L

! T Rn : oF .J.‘ T ™oL . N

(34 o = {1 [Tl 5 (e T Ll Ao I es ~(t ﬂ-o)f”fﬂh B (1,,,, T T — I, T £ Tl e, — Flp T |
a8 ) = _ Ch ijkh . FhEL 0y le H R tip zi'.h itp

o+ Yo ) Ry 'y’ gl yse | or " i J

where any mdex belongs to [ and he pair (I, p) belongs to J.
Prop. 5.2, Lel 1 be « connection on P and H ifs distribution. If is in-

legrabile if and ondy if ils curvalure I is zero.

Let (L. v be acoordinate neighborbood. By a direct computalion we
have

3 A ] : 1 ]
[\ -5, \—J fu? H, s+ '“'H, S _{ f"l?}f,, | ""’H,fﬁ'l.,,, LA
()U Ofr i z ¢ Hq ‘) ('y;h

@l == g [y T8 o1y 4 y2i( T2, 0 [1) |52 (% (Tiao TH) +- ;

(Tl oI By 5yt + 05y
; i
where ( —l 3 ) is the inverse matrix of (—yf ; ﬂ""—) .
g ik vi |y 1,

d »
Let us takeu sl W(U), X< T, (P), suchthat X=X'—+ X] ,( + X, =
cy' clf; e '/“,

. Using (5.2), (3.3). (3.1, (5.3) we can prove thal X

PP Ly
re o ors
ol Glipg

is a horizonlal vector for the connection I', il and only if

- I il l grast 3 l ( J i I e falh 1 (
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1
i FL yf:,"” ki, =l

Ak

ks ? .‘.—“ i (" i ia
X=X =S (0 Tl A0 D) — = T -0 "I — -
oy ey Ik

(5.6)

a : NIE —
—(y5T .-f.‘!"’f;,f.ﬂrr.r.;,,)"’_"—(UMI:I +fiﬂ.l"r’£’0]——*- Al B yim k=

LTI
C’Ujh

srkes
Jil

x

d 3 &
Th2n 2 basz of 1, is given by . where — = —— —(J'JI A rl-m) X
oy’ 3yt oy”

. 1
! > i
o I':'.'i' E = b rf,n( ’{ arkm =



T L. DI TERLIZZL A FARINGLA 10
Lottt s b 3l
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where any index belongs to { and the paws (p. ¢). (L. (ko helong to J.
The conditions (3.8). (3.0, (2.10), (5.1 1y are eqquivalent o Lhe condition R=0.
Remark 5.1 and prop. 5.2 imply

Corollary. Lel T be a non-linear connection on D*AD. 1| the componends
of 1 are (I“-(l.iﬂcrm!inh!r. then the distribution U of I is inteqrable if and orly
if the distribuliom i1 of the conneetion U induced on I hy I" is inlegrable.
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ON THE DIFFERENTIAL GLOMETRY OF AN INFINITE

DIMENSIONAL LAGRANGE SPACE
BY

DRAGOS HRIMIUCG

Introduction. The diffcrential geometry of the telal space of the tan-
gent bundle was studied by many people. By using some ideas from the
IFinsler geomelry, I Micvon [6]]7] has considerably simplified the theory.

The aim of this paper is 1o study some aspeels of the differential geo-
metry ol the tangent bundle to an infinite dimensional manifold and in par-
Genlar to an infinile dimensional Tagrange space, It seems that this geomelry
gives the possibilities Tor studying some important problems of theoretical
physics. e.g. hydrodynamies of a perfect [luid and gencral relativity |1] 1)

Naturally the lechnigues used in Lhis case differ [rom these in the
finite dimensional case of {6} {7]

Let M be a Banach manifold. Il we have a conneclion N on M, we
obtain a splitting of TTM into horizontal and vertical subbundles. This
splitting can afford us to define a new atlas of trivializations on T'7M and
TTTM associaled o N, more convenienl! than the natural allas. Adso we
may define the notion of d-connection. a special lincar connection on M
which is geomelrically associated to N. The projections of a d-connection
on the horizontal and vertical subbundles are Otsuki connections on TM [11]

We have lwo melrical structures on TM, similar to that ol Sasaki.
induced by that on the verlical or on the horizontal subbundle. We compute
the conneclors of the Levi-Civila connection and of the metric d-connection.
obtaining similar resulls as those in [6]. [7) {9} [10]. but in general selting.

Il we work in Lagrange spaces, Lhere exists a remarcable nonlinear
conneclion N : T2M— T3 which depends only on the Lagrangian. with
some niwe properlics.

The Levi-Civita and metrie d-conneclion conneclors are expressed in
a simple form. Finallv we find the Cartan conaection for the infinite dimen-
sional IFinsler spuces. Only Lhe (07 case is presented here although all defini-
tions and resuits hold in a slightly modified Torm. il less differentiability
5 assumed. Also. we suppose that M is a smoath Banach manifold admilting
Ce-partition ol nity.

i 1. Linear connection on ‘I'M. Lel M be a smoolh Banach manifold.
nodelled on o Banach space M. A chart Tor M is given by a homeomorphism
1U-—>‘_.}(l.'} where L0 is open in M oand (%) is apen in M.

Given another chart for M, (V.4). we have the transition map

1.1) LU Vi—=2tln V) Ha)=wp T,



