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where any tndes belongs to { and the paivs (p. ). (. ). (kom) belong to J.

The conditions (3.8). (3.9, (2. 10). (3.11y are equivalent o Lhe condition R=0.
Remark 5.1 and prop. 5.2 imply

Corollary, Lel 17 be a non-lincar connection on DD the componends
of 1 are C--differentiable. then the distribution It of U isintegrable if and or:ly

if the distribulion i of the conneefion T induced on P by " is infeqrable.
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ON THE DIFFERENTIAL GEOMETRY OF AN INFINITE

DIMENSTONAL LAGRBANGE SPACE
Y
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Introduction. The differential gecometry of the telal space of the tan-
gent bundle was studied by many people. By using some ideas from the
Finsler geomelry, B3 Mivon [6] |7] has considerably simplified the theory.

The atm of this paper is Lo sbidy some aspeels of the differential geo-
metry of the tangent bundle Lo an infinile dimensional manilold and in par-
tientar To an infinile dimepsional Lagrange space, It scems that this geomelry
gives the pessibilities Tor studying some imporlant preblems of theorelical
phivsics, e.g. hydrodynanies of a perfeet Huid and general relativity (1] [}

Naturally the techniques used in Lhis case differ [rom those in the
finite dimensional case of [6} {7}

Let M Dbe a Banach manifold. 1 we have a conneclion N on M, we
obtain a splitting of TTAI into horizontal and vertical subbundles. This
splitting can afford us to define a new atlas of trivializations on 773 and
TTTAI associated Uo N, more convenient than the natural atlas. Also we
may define the notion of d-connectivn. a special lincar connection on TM
which is geomelrically associated tn N. The projections of a d-connection
on the horizontal and vertical subbundles are Otsuki connections on TM [11].

We have bwo melrical structures on 7M. similar e That of Sasaki.
induced by that on the verlical or on the horizontal subbundle. We compute
the conneclors of Lhe Tevi-Civita connection and of the melric d-connection.
obtaining similar resulls as those in [6] |7 ) {9] [10]. bul in general selting.

Il we work in Lagrange spaces. Lhere exists o remareable nonlinear
conneclion N : 723 M— T2 which depends only on the Lagrangian. with
some wice properiies.

The Levi-Civita and elric d-conneclion conneclors are expressed in
a simple form. Finally we find the Cartan connection for the infinite dimen-
sional Iinsler spaces. Only Lhe (7 case is presented here although all defini-
tions and resaits hold in a slightly modilied form, it less dilferentiability
5 assumed. Also. we suppose that M is a smooth Banach manifold admitling
Co-partition of unily.

! 1. Linear eonneetion on TM. Lel M Dbe a smoolh Banach manifold.
modelled on n Banach space M.\ chart for M is given by a homeomorphism
:U-—»:_?(( ) where £ s open in M oand (L) is open in M.

Given another chart for M. (V. ). we have the transition map
1.1) o0 V= Un V) £

wy M),
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el =2 TM-= M be the tangent bundle, 10 (T =0 U) and (T, o0 vy | ‘!.rnmrl.. In the new alluses the change of the charls is simpler than
that in the natural atlas,

are two trivializations on T and €0 Vi @, then the transilion map is L A ;
Definivion 120 A Tinear contneelton o M s o siooth niap K2 1T FM—

(1. v, my ey, iy (F denotes the Feéchet differential of 4 = TA ahtich haoe the folluwetnyg local fornes in e adapted drivializations
For the tangent hundle of 7M. 50 TTX— FM, The transmilion map s Wolv.a b bynoas v dy = (0oacy ~OMos altr. e, ey d <8 (. a7 by, ).
(1.3 e o by = ey CGon. U (aa 1y, where
Definition 1.1, A smoofh conneclion (nonlineury on M ois a map N OF o) - Mas LM MM M M) Qo) MM MM M

T TM—=TM such Hwd for any focel frivializalions (To. o, U) of TM end
(T2, T TUY of TTM there s a smooth map o, (0 M — LML M)
giving the local representalive of N by the formula

are smooth maps. We denaole

O e @ = Q8 (e 0 0). VOLL afr. o) = e, et 0, e,

() Vel 4. B D= (g bzt (x. @), SON e aph, ) QR Ot b, 0)

The local components of N are velated by ind .
O aph, ) = Q5 a0 DY, e).

1.5 {0, (. o = (0 oty ioaf (0.
(1.2} (e ) &) Ak & Analogoushy for ilf".. We gel Hhe following iransformation Torpnles for e
1 A is a smooth Banach manifold admitting ¢ -partitions of unily local connectors (in the adapled trivializalions) :
then there exisls connections on M.

In the sequel we suppose that Uere exists o nonlinear conneelion N :

D TTM—=TM. Then we have the splitting

TTM=TTM@VITM (TM=Ker N. VM Rer o)

YL a7, by ey =17 1¥) a7 -{2.};',(_1'. N .7:){:".. )

{1.8) o _ -
CCOLL e, adze b, o) 8 (bl Q50T ald. I, o).

where F—H2). a—f{(X)a. b b, 7—=(on. &t TR RIS
and a vector bundle isomorphism

B:TTM=(TXhL<*(FAh ("M s the pull back of TM Dby <)

Definition 1.3, .\ linear conneelion I on TM is called o d-connection.
if #Ob =0 =200 for every local trivializalion,
) We rdenote
locally given by
Lhah gy oyt oror)e

¥ A ¥

Bo(r. a7 B =2, a0 b o (v air). 5
Let XeB(TM) be a veetor field. In the natural trivializations, N has

i . TTA a new Co-atlas of Lrivialization (cal ) g : .
It induces on T a new €7 -atlas of teivialization (called the adapted the following local form

atlas) {3}
=B, T, Ty, TU). (T3, Ty, TU)=cd | No(a )= (v a0 Nl @), Ni(x. a)).

equivalent to the natural allas .. The change of trivializations is given by and in the adapted trivializations

(1.) Hi v aon. =), Uiy (0. Pl No(v g)=(a. a. .\'Qu‘ ar. NG, @)

: we have
I we consider The maps )

l_i( sy Misa(l) - WF Nel o a)=—=Ng(a. o). NI @)= NIt @) —e x. ey Xi(a a).
It Xe &My, we have

I:"(.r. o b owoe o dy s w i b we e o (e ) u v d) )

XN NTLNT X XY are sections in the horizontal and vertical bundles)
Vhen N7 —0, we sav thal N is vertical and it XV =0, then X is horizontal.
L the naturat trivializations. a vertieal field has Lhe following local form

Nofve @)= (. a0, N2, a))

Lhen
el = (R TR0 By Tia, T2 (T 5. Ty, TU)Ecl)

is a veclor bundle atlas of TT M (equivalent to the natural atlas). The
transition map 15 given by
ld a horizontal field

MO anh s ec s dy = () Q0w Qo Pl Cng. Feoe 7o

(1.7)
Py T LY

No(rs ad={(r a. XIvoda), oy (e o) Xo(r @)
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ILN. Y e F ), in the adapted trivializalions generaled by (%),
the hracket [N, Y| has the following lacal form
T I (RO B R TIYEONENTY =D NAY'OY.

(1.4 . . ‘ ‘
DYHUNE X — DY Y S DaYr N =Dat X5 XDV,

where we denole
Dy ol N N = DY e e NN o N

(1) is the Fréchel derivative) and evervwhere Lhe Frechet derivative, as
well as Lhe principal parts of X Yoare catenlated in (x. @), Sometimes, il
will be nolationally couvenienl o pmil the index which denoles the used
trivializalion and the point (2. @) in which we ealenlate the réchel deriva-
tive. conneclors. principal parts ol lickds.

It is very imporianl the bilinear continuous map which appears in
the local expression of the hrackel

1.1y R(x. af{u. v)= Deofr, ed(u. —alx. annt Do x. ){p. —olx, .

We remark that Ihese maps deline w global anlisvmmetrie section R
of LA TTM. VT TM. 1 will be called the torsion of the given conuec-
lion N.

lel X.Y=7E(TM)y and K TP TA— TTAM o lincar conneclion.

We define the covarianl derivalive by
(.11) V. AT - BCTIN=ATM). (X VI=V, YV =VIX. Y)

' VY =KY.X.

in Lhe adapted trivializalions we have locally (for the principal part)

(1.12) VeV = (DY X" X COMYR YN XY DYUNN N
o SOV Y)Y (N X))

Proposition L. 4 linear connection on TM is a d-conneclion if and
only if _
(VYO = (VY =0

(Thus, V preserves by parallelism Lhe vertical and Lhe horizontal distributions).
The lorsion is defined by the usual formulas

T(_\'. \)'—) V\'Y —V_\-X —{.\'. Y l.

‘Pheorem 1.1, The connection is torsion-free if and only if the following

conditions hold
(i) "OMa, ), 2O, @), Q. @) are conlinuous symmelric bilinear maps

(i) 2O, ayb. 7) QM r. alr. )
(i) Q. @) - a), 2) = R{x. @) )
vy 2O, O 1) Qe alr. by Da{x. o)

for every Irivializations and base point (1. @). (D, denotes the partial Fréchet
deri vative with respect lo «.)
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Bemark. A d-connection is torsion-free il and only il
() LMr. @y and O @) are continuous symmelsic hilincar s,

(i) Cro, R B asth vy - Daste. )b

9 Metrieal steweture on T, Let 6@ Liigh— T3 be the vecetor bundle
of svmmelric bilinear continuous sections of o, H owe consider the adapted

allas on T, we obtam a new atlas of trivializations on g Lel 5 be oy seclion

of 6 un(_l s5. 8, the prineipal parts of «in the Lrivializalions generated by (UL %)
respecli velv (V. ’ )
‘Then. in the adapted trivializalions, we  have

(2.1 ol @ DY, O =s (0 (0t to. Pl ey e

Definition 2.1, 4 melrical struefure on TM ix a smoolth seclion of a.
with nondegenerate principal parl,

Remark. 1. The existenee ol Uhe metrical strueture implies that M
is a reflexive Banach space, therefore we may suppose Lthat our sanifolds
are modelled on reflexive Banach  spaces.

2, If for every trivialization lhere is a smooth map s, :o(l) - M—
— LM < M) which verifies 2.1, then there exists a global seclion on a:

et g be a metrical structure in the horizontal bundle (or in the verticul
bundlet. We consider now (in adapled trivilizations)

(2.2 Go(r, ), D). c) (v @ - =g lro b, e
and
2.3 G, O, D =gl ey e - Loy (a aye b

which defines two metrical struclures on TM similar to thal ol Sasaki. (The
brackels denotes Lhe duality of M and M)

We sll.'lll_ try Lo obtain the Levi-Civita connection associated toeach
of Lhese metrics.

Cheorem 2.1, The conneclors of the Levi-Civita conneclion ussociated

with G are givenn by the refafions (in the adapled allas)

! !
= (= Dotz Ou. v

(i) = 1O, ), v* s b ’Dg(y..O)i'.. o

Dgtv. O), u

1% -) - = ]
(i) <0, by o> : (= Doghr. u > +< R 2) b =)

(i) <2QMb, 1), ¥ > = :1;(-- Doghi. o=+ =R u). ¥ =)

i Sapsa o 1
(iv) < 208(h, ). 1" = £ Dy(r. Wb, e~ - t)( Dawch, b

b Db, ) ;
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B0 B L
; 1 . O .
(v L h _;( Daybi. o (T A A e
1 1
(vi) VG DY = Dl S = G Dy )b o =
= Dueer, )
3 1 )
(Vi O ¢ s Db e ‘.“ = Dy b e
hser. b e
i
(viy Qb e d A D yhe. d {1yl d 1 gdboe ).

where 1 —gtr, @y ele. and PFrochel derivalives are calealaled in (2. ).
Proof. We have
N Y. Z)

@ local form in the adapted trivializations

GOV (Y. 7)) SGUY V2.

whieh has Lhe Tollowin

DX . NV 7R DN NOY LT G (VHN). 20
QAN YT RQTOYHND D RN Y

Theorem 2.2, The

with G are given by the reladions

By using
oblain (i) —{viiik - . -
of the Levi-Cioita conneclion assoctaled

connectors

e 1(----"/)9(}_.01;,_. b= L = Dgls. M. b=

(i) 1O )b

Dobi, w = Dowbi. 1)

(i) = 12Qr. W) d })(,_._. Dyybr., d= —==Dgdb, r.=}.

100G by

Lo B, w)e v = R V) i

o | -

— = R(v. 1), =)
(vi) OB ) = '—(-<-”/)_«;(}.. Oy, b — = Dol Wi b= -
'. TR .
Db, w < Dawbu, 1),
(viiy =100 D). we = 1—({/05](?.. (V. b = (D gl i b= 4
). 5

toz Dby, R TRy ) WYy BT N

Fheorem 1.1 and by n straightforward computulion. we

5 : . i
(vidl) = O, ) W == (- Ihyhe i = Dyged, 12>).
<)

Proof. (1Y —(vii) arve oblained by solviag the sysiem
2OMD, ), d' -2 QN ) ) > =0

=N0MD, 1), ¢ > <NOe 2 B> =0

VO (hL ) v e b Y (), B =0
VO bt A <R (L b)) 0 =0

O, ) bz = Dageb)

e N (N T A S

OO, p) B> QB ). K > = Dyl 0)3d

and using Theorem 1.1,
[n particular we oblain some vesulls of V. Oproiu (9] [10]
Definition 2.2, A d-conpeclion on TM is melrical wilh respect to G, if
NGY. D)=V Y. Z)-:G(Y, VZ) XL Ye&(TM).
Definition 2.3, U d-connection on TM is called « normal connection,
i Lh=L" and ="
We denote L=[L"=L" aad C=C"=0".
lel 6 L{s)— T he the vector hundle of linear continuous maps of 6.
Lel & be a linear conneetion on A1 and s a section of G. We say that

s is compatible with K. if
(Ves)¥) =Vas(¥) ~s(T V)

We have some important sections of o geomelrically assoeiated Lo N
(i) an almost product stracture P, I'r. @), D)= (2, —b).
(i) an almost tangent structure J. Jir. @y, By=(0, ).
I (iii) an almosl complex strueture I, Flr. ad(, by=ib, —2)
{the local representatives are given in the adapted trivializations).
Proposition 2.1. Let K be a linear conneclion on TA. Then X is a d-
annection if and only if il is compalible with P,
- Proposition 2.2, If K is a d-conneclion an TM, then the following stale-
enls are equinalent
{ 1}y K is normal,
(i) K is compalible with J,
(i) K is compalible with I.
Theorem 2.3, There iy « unique
pect to G and G, wilh L(x, @), C(x, w) conlinuous symmelric bilinear mups.
connectors have the expressions:

1 .
< L(n, u), > = ;(<@g(?., M, v +<Dglyp, 03, v> —

X Ye®(TM) [2]

napmal doconneelion, melrical widh

— <D glv, O, =),

e . 1
<CG, by, u'>= 5 (< Dygrb, n> 4= Dyghy, N) > —<Dygud, b>),

meti-a
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where " glx, ayx ele.

3. Infinite dimensional Lagrange spaces. The connections on M are
conneeled wilh the second order equalions on M.

Definition 3.1, v second-order equalion on a manifold M is a veelor
field X on T such thal = or=1,,,.

A second-order equalion has the [oellowing local form

(3.1) No(x, @) - (voaoa. NXHx @) {in the nalural Urivializalions).

Proposition 3.4 Lel N T2M— T'M be a connection on M. locally given
by No(v, a0 by=(x, b-Lo(x, @), Then it induces « second-order equation
on M such that the local representative has the form

No(v, ay=(x. a. a,

Conversely, we have

Proposition 3.2. Let X be a second-order equation on M locally given by
(3.1). Then the maps

@yt 2(U) XM= LOL M), o, (1. @)= — 1) D, XXz, a)

?

(X, a)a).

are the local components of « conneelion on the tangent bundle.

Definition 3.2, Lel M be a Banach manifold and LeZ(TM). We call
L a regular Lagrangian if DoDoI(x, @) : M — M is a isomorphism. -\ Lagrange
space is a pair (M, L), where M is « Banach manifold and I is « reqular La-
grangian.

Proposition 3.3. Let (M. L) be « Lagrange space and Gy(x, ay=|D,D,L(x,

A (DD L{x, ya—D:L(x, a)). Then o, (x, a} = l) D,G{x, a) are the connec-

fors of a connection N : T:M— Tl

Proof. Let A TM—-R, locally given by Az, a)=D,L{(x, a)a and
E=4—L lLel X, be the Lagrange vector field defined by : iy, Q,=dE
{[1} pag. 213), where Q, is the canonical Lagrange 2-form. X is a second-
order equation on M. Locally,

N#(x. @)= { DD, L{z, @) TUDyL{x, a) =D D,L(x, a)a).
According to Proposition 3.2, we could conclude that oz, a)h= —

1 3 .
- EDE.\'}:U‘, @)}, are Lhe connectors of a conneclion on M.

The connection given by Proposition 3.3 is called the canonical connec-
tion of the Lagrange space.

In the sequel we use only this connection.

We have the metrical structure on TS given bv (2.2) and (2.3), where

<gle, O, b> =< DyD,L(x, a)2, b>.

We can define an almost-symplectic structure on TM locally (in the |
adapted frivializations) given by
(3.2) Q(x, )2, b)Y, £y = <g(x, A, > —<ylx, &b, n.>

We obtain that Q is globally defined on 7).

4] INFINITE DIMENSIONAL LAGHANGE 8PACE 8%

Lemma 1. The canonical conneclion of a Lagrange space salisfies

o, ), (X, w1 e DD 0k, s — <D DL Whi, >,

where w' —glx, a)u. 1 =glx, @)
We know [1] that
0Cx, a¥n. By=D,L{r, o

15 a globally defined {-form on T

Theorem 3.1, —d0=0Q, fhus Q is a symplectic structure on TJ.

Proof. We have d8(X, V)=X0(Y)—-YHX)—-0[N. Y] X Y=sX (AN
and locally in the adapted trivializations :

(3.3) dB(x. a)(r, b)(w, ©)="D0(x, a)(3, D). ) —~DOr. @), )2, D).

Finallv we use the Lemma 3.1
Remark. The symplectic structure Q i1s the canonical Lagrange 2-form,
But here it has a simple local form wilh a geometrical siznificance.
Proposition 3.4, The canonical conneclion of a Lagrange spuce has the
following properlies ;

(1) Dyel{r. ayph.=D.o(x, a@)ry,
(1) < RO, @) v > < R{u, v), 1> 4+ < R(v. 1), u' > =0,
(itiy < Doovu, 1'> —<Dyovi, u' > = <Dg(u, 0, v> — < Da(h. Mu, W=

{in the adapled frivializalions).

Proof. (i1} and (iii) are obtained by differentiating the .relation (3.3)
and by using the adapted teivializations.

For the Lagrange spaces the Levi-Civita counection are expressed
in a simple lorm. _

Thearem 3.2, [f (M. L) is ¢ Lagrange space, then (he local connectors
of the Levi-Civila connection associaled with G are given by

. 1
(i) <YQ"h p)v' > = :-)-(x-_; Dg(r. 0y vz < D, M, vz

— < Dy(v, O ).

(1) BT =10F O G, ) 2000, D).

1 .
5 < Igiu, v,

(i) <#=070. ) v
(iv) 1207 =220, 200G ) = Dywrg —11QM0, u).
(V) 1O ) 4 2O ) = l) RU. ).

=HO( ) v =+ —= Rk ov) 1 =

(Vi) <120k, w) v > -

| —

Proof. 1o prove these relations, we use Theorem 2.1, Proposition 3.4
and Lemma 3.10
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Remark. Ouly two counectors of the Levi-Civita connection arve essen-
tiad, VO and 2207, the others are expressed by nsing these conueelors.

Theorem 3.3, If (M, L} is u Lagrange space, then the local connectors
of the Levi-Civily conneelion associaled with 6 are fiven by

( i) 0k 2y 22y 12 ),

(i) <O, 1), B> == <Dy, Oy b> — < Dyobl, w' >,
(i) < PO, W) vF > == RO v, ¥, '
(iv) 2040, 3) = Db,

(v) =0, )= Dughe.

IRemark. In a l.agrange ‘space, for lhe nermal connection given by
Theorem 2.3, we have S 5

DAURS U B N .
< C(,. b)) = 5 < Daghl, .
4. Infinite dimensional Finsler spaces o
Definition 4.8, 1 Lagrange space (M. LY with L(x, @) 2-homogeneou s

with respect o a0 is called « Finsler space.
From the equalily L{x. ra)=r2L(x, @) with r a real number, we obtain

1
i4.1) L{x, d)= ;;<g(.r, aya, a>,
(L2 <Dhg(x, @jeb, a> = < D,g{x, ayad, c> = < Dg(z, ajba, c> =0.

Il we denote by I'(x, a) the Christoffel symbols of g(x, a) :
(1.3) < Tz, a)(b, o), d" > = ‘l)(<Dlg(a:, a)be, d > =< Dyg{x, a)cb, d> —

— <Dy, a)db, ¢ =),
then we have
Theorem AL The canonical nonlinear conneclion of a Finsler space is
locally given by fhe equalily :

(L) a(r, )= % D,T"(x, a)r,

where I'(x, )y =T'(x, @){«, «).

Proof. One uses Proposition 3.3

Theorem 4.2, Let (M. L) be « Finsler space and N « nonlinear conneefion
ore. M. Lot K be the normul motrica’ conneclion given by Theorem 2.3, Then
N is the canonical connection (L1y if and only if in any frivielization

L(z, a)(a, Wy=w(x, @), V(x, d=a(lU)xM, reM.

Proof. T.et N be a connection on A, Lherefore

; i 1
<L}, p), vV == E(r:i@g()\, N, V)= F+<PDglu, O, p> —<Dy(v. B2, u),

11 INFIWITE DIMENSIONAL LAGRANGE SPACE N

and wilh (1.2) we get
1
L P RTE
i L ’l .)(

Ihgar, o> F<<Dygra, o Dgua. ) —

Dopear. p)y >,

But L{r, afa, Li=o(r, a)x, 1hus

1
co(ro @ w =< U aXa 2 T — = = g, o(r, dla>.

Then o(r, @)a-=IT"(x. aXa. o).

Therefore
(1M
FI'D.].!] (I.,.'{)

; . - 1
S OTW TSV AT} <I'(v. )y, @) "> —

0

= Dhgdorn, Tir, adla, a) =,

1
Dyglx. ayaa, b> — 5 < Dglx, aba, >

g, 't alo, o), b= =

and. by diffcrenliating partially with respect to @ 1n the dircclion 2. we get
= D, T anda, ), glr, b > +£2<T(x, @), a). gfla, )b +

Lo I'(r, afae @), Doy, @)rhb > = < Dyg(e, a)ra. b> + < Dig(v. d)ar. b= -

c— = Dhgla, @b, az.

Thus., < D, U(x, ayrla, @), g(x, )b = — < (2, al(a, &), Dy, adnb=> and from
(1.5) we obtain (1.1). Converselv, if N is the canonical connection (1.4),
then L{x, a)a. 1)=w(xr, a)l.

Remark. The d-conneclion given by
is just Lhe Cartan connection.

Theorem 4.1 generalizes a resull of Malsumoto {3] to infinite dimen-
sional Finsler spaces.

Theorem 2.3 for a Finsler space

9. Examples. Lel (M, g) be an inlinite dimensionat pseudo-ricimannian
manifold modelled on a reflexive Banach space M, and 1", : o({)— LM, M)
the connectors of the Le vi-Civita connection associated with g. We have
cytayea, by

1
=) P, byoe o = .)( g (ba. ¢

Sl e s -

We consider the Legrangian

(0.1) RN TI Vi,

Where VeZ(M) is the polential (see [1h.
Then. for the Lagrange space (M. L) with L given by (3.1). we have
(1) o(r. ap.=1 () 2.
(i) G, a)r, b)(a. o)

ey w s —=glao)b. ¢ o=
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(i) L, @) - U0, =0

Il we consider the FLagrangian

| —

(3.2 Ll a)=— <g(ra a™> L A, = = V(1)

-

with V= Z(M) and .1 the principal parl of a 1-form. we have
(1) w(r. ap.==T(rHa. 2) - ;l;g"l(.r)(_,l'(.r.)_.r\"(.r'_)}). where .1""(x) is the

dual of A'(1).
(i) L(r, o=,  C=0.
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