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Theorem 26. If ihere exisls «a slrictly positive polential in S, then e

[ollowing are equivatent . |
1y Ype T ABTrKC ¥ compacl, 2'g conlinuousy -0

2) o satisfies (QC).
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BY

PIARIYY 1 MILLER!

Introduciion. In [3] S, Kuvepa proved the following theorem.

Theorem K. If A= RY (n-dimenstonal Fuclidean spacey is Lebesgue
measurable and has positive measure and by b by (bt are pore al nuni-
hers then there exists a ball K, of radius vwith cenler ol the origin such that
fur ench xe= R there are veclors dqlr). ,(€). wooe a () in A such that

RESI wolanh ;"

ML P al [11] extended INurepa’s result to the following.

Theorem P, Lef A he a set of posilive Lebesgue measure in R Also el
byy Bay ey byp(bp20) be « system of p real numbers and lel (¢,) be a sequence
of non-zero read nunibers such that lim ¢, =1. Then there exisls a posifive inleger

LR S

N, and a ball K with eenter af the origin such thal for ceery veclor v in K and
system of p real nunmibers o €yl Oy of the sequence (¢,) with n,= Ny theere
exist veclors ag(v; Cape Cuyr vooes c',,ﬂ) and (X cp . O e e,y (k=12 ... p)
in A such {that ‘r-_—.-[c__,*‘u,-(.r PO e e G — ad; rJ Covneen G ) 3000
k=1, 2, ... p b ' b !

The mapping 1,. where ¢ is a real number, 7@ R'—R". defined by
TA(x)= cx, where cve= (cx,. 2, ..ocx,) for cach o= (v, v ... ). is
an extremely stmple mapping. [t is natural to ask if Theorem P can he
extended Lo a theorem aboul more geneval mappings than those of Lype 7.
In addilion one might wonder about extending Theorem P in such a way
that cach =M is expressible in infinifely many wayvs, )

);.(J rwein and Dilor [2] have ]‘urn\'('rl the
answering a ¢uestion of P Eordios

_ Theorem B and D, (i) Jf A is «a measurable sel of real nwmbers having

positive measure and (d,) is « sequence converging to zero, then, for alnst all
:ce.,l., x-d, =\ for infinitely many n: (i) There is a measurable st A of
posilive measure and o monofonte sequentee (d ) of positive numbers converying
to zcro such (hat. for oll ¥, v d, & for infinilely many n. o

recently the current author hus generalized the above result of Borwein
and Ditor using general 2-place funelions in place of - (see [9]).
. In [8] the present anthor observed thai the Baire sel anatogue ol {ii)
18 not {rue. In that paper the aulhor also considers a cerfain |)rr‘1p(‘1‘l_\' ()

T tfair) (eal 1) — (D = o = ()

foltowing  Lheorem,

I'hie work on this paper was supported Iy Lhe Bescarcl Find of Bosnia and 1lerzegovina.
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for abstracl Lransformations  in o general measare spaee. More exacthy (see
S| 6):

Suppose (N AL ubis aomeasuie space, e, Ais a a-algebra of subsels
of N and «is a g-additive measure on 4. Suppose Turther W ois a melric
space and (T, . 05 & Family ol transformations of @ inlo 4. "Then
CT @), 18 said o satisIv (), with respecl Lo wa = Wil for every b @ 4 and ().
Ly, (v the metrie space W) g Telah T (AN—=0 ay n—x.

\s shown in [8]: 1 2L is a bounded Lebesgue measurable subsel of I,
then (a) 1 w,—0. then o (e, A= as n—z2 and (by If w,—1. 1hen
A A G, =0 as =X where o I8 Lebesgue aneasure and @, -+ .1
=, —a =) and w0, 4 —(w,ara= 1)

.(',h-ul'l.\. exlensions of () and (M) held 17 More interesting is the
following (|81 p. 7 Lot (X, #. )y he Uhe Lebesgue measure space e,

iy

el N—=It*. # bhe the collection ol all Iebesgue measurable subsels of R
et W be the colleetion of all o by ne real matrces.

and - Lebesgue measure.
and (b;) is given by the formula

The distanee between Two matrices, ()

A, the =% % la, b
1 ml g

Let wy==(a?) be a fixed non-singular (e, della?#0) 0 by nomatrix. 1 (w,,)
is a sequence of n by pomairices converging Lo, (in Ehe metric d} and Ae A
A hounded. then

w1 D) T, CAN=0 as m—x.

where Tor each me W and every S= 17 7 (S) is given by the formula

'I',,.(.S)--.]l(l;l. ..... gy, 2 JPTE T B SO P .r,,)ES}. where = {a;;)
iz ]

Vlauy papers have been wriltea on transformations of sets in R The

articles |1} 13] [0} and [7] are reprezentative of the works lhis area.

The paper by Neubrunn and Sa Pat [10] which initiated Uhis arca of

rescarch is of parlicular importance.

In [3) molivated by the above mentlioned paper
and Salatl. the present aitthor considers famities (7,3 . of
on A inty 4 (Lhe set ol all Lebesgue measurible subsets of BB, where W
is a melric space, salisfving the following conditions. There exists o, = 1
and «. h=R" sueh that Tor w,—1w,

(hy limsup a7, (K)y=r Tor cach closed hatl K with center al b

of Neubrunn
Lransformations

and radins o Hlere g —C  denotes the sel of all distunces belween y and

poinls ot (.
(2) EFe g EeF amplies T ()= Tl ler cach e W, )
(3) If e 4 andw,— g (in Wy then Y (T, (Ep) =mi T, (N =mif.

where m denoles Lebesgue measure in IV
Theorem 2 in [3] states: Suppose A and B are hwy sels of posilive med-
. . L n . Lt )
sure in W and « is « point of densily of A and b is «a poind of densily of 13
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and wy is a pond of Wo Suppose (o) s oo family of Aransforntations of
o r_n_fn ff_/ .\'HH.\‘{J}&H{/ the condifions (1), (20, and () willh respeel fo o« b and
e Ther df (o) is o sequenee in W oconverging fo w, and pis « posifiee indeger.

there vrists postriclly inercasing filegers oo nooony, such thal

tn T, thn T, thn.. n T (i
1 il »
15 a sel of posthiee Lebesguie measure,

In [7]1 is shown that the Jast mentioned result can not be extended ;
namely, the Tollowing iheorem is proved. '
¥ Iheorem M :m.(I . There cxist Lebesque measurable sulbsels A and 13 of
R cach heawinyg posifios measare, aid poinds a and b of densify in A and 1.
respectively. wvd « poind ey in W {a metrie space) and « family (T.) of

) . v i
fransformalions of A indo # Uhe Lehesyie measurable subsels of W) slisfying
{1 (2, rm_rl (3 wille respect to the poinfs a. hoand o, sueh that for epery sequence
(o) i W canwerying in o, '

N 0T, 1)

5 o« sel of measars zero for cach salsequence (w, F | of Ge)F
! & - " N

In !,_f..;hE' of the Lest Lheorem and our desire Lo represent veetors near
[he origin in infinitely many wavs, we will extend Theorem o using collee-
tions of Lransformalions (7,0 . salisfyving condition (C) rather than (1).
9y . . v e 1 . ] k i
(‘:), d-!][d (.j) I s interesting Lo |1(3lt Phal even though our approach is more
geuera (in lwo senses) fhan Pal’s appreach our prools are in some sense
simpler.

In various papers H;n_w .SLl'l‘ analogues of theorems like those mentioned
here have hL_-cn studied. Coendilion (C) is meaningless for transformations
Llrat mayp e sels inlo Baire sets. Ouwe results, in Uiis paper, aboul Baire
sets will nse Tamidies of poinl Uransflermations T, i.e. funclions 7 R7— 17
that arve differentiable and whose derivalives solisfy certain assnmplions
as in | 1] and examine Baire sel anadognes of our present resuils on measura-
ble sels.

o . PR — Beg :1e

tesules, .()u. firsl vesull is an extension of Theorem Pomentioned in
onr inltroduction,

G illl‘ul'!.'nl Vo Lol A e sel of pusilioe Lebesgue measure in R Suppose

wal (b, IR connergeal sefenee of non-zero real pimders whaose Hmdd s
non-zero. Suppose foaclfior That WV ix oo miedrie spaeres w, =W and (T, N
”If‘”m".’i' "”['“"(n’”'-'/Hf'-'i'lfl“flf.!\' of W' indo BY cach of whiclh maps measurable sub-
sels of R indo measurable subselts of W' and such {hat

(i) m{( T, (1)) -0 whencocr () 0 wid

Wi . o ) .
: Ll ”h'm L 'r"-n(-"n ) [,.-‘,(»lﬂ KN =0 for cach badl K and sequence ()
in W fhat converyes lo w,.
. KS’H}':.I';;J.S.: {hal 1, —+ 0, l-,r-f-a,,” for curh nafural number p. lhere exisls a
7l i'::;io[ lnr'n{r’:' al the arigin. « posifive indeger N such that for each sequence

qers A pR IR iy there exist b SeqUeIees (”f'):P=l(” SHb-
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sequence of the palural pumbers whose first pterms are the presceribed clements
e Nae een d1),) aatred {hy Witu subseyuentee of (hpywehose firs plerms are by . b
such thal for coch ve . there prists a sequence of poinds (@)% all in A,
sach thal

res{ T, ta) ' taah) h,.' for carht i=1, 2
Pronf. There exisis a balt K sueh Uit mAn Ky -0, Let Fre ?',,_1(.11‘ .

Then. by (Y. m(fy 0. There exists o ball K such Thal

meBn R 00 (")

Define thesel Nix;ng n,oe- 1) hy the reuation NOv: iyl N ()
LY T__."(.l)']('l',,h (A) = bon o AT, RS )

By () (iil). the definition of X(ronoma el and formula {a) in
e introduction tapplied to B there exists a batl A, with cealer at the
origin and a natural pumber N, such thal il N <l iy < <, lLhen
the measure ol the set

N{T Uy T eene NN ‘1‘,,.0(.\__: ~—{E)

is greater than 094 m(A") for every re i, where h==lim b

This implies. using (i} and formula (@), Uhat there exists 1., =0,
and k. -p such that the sei

Nt e n Nl (,l}-—!');r 1‘r)|‘1("l‘,,‘0(.*c) by K
Py

has measure greater Lhan G494 m(K')y for cach x=h .

This process can be continued oblaining two sequences (117, {a sub-
sequence of the natuwral numbers whose ficsl p terms are iy e . n,) and
(b, )7, (a subsequence of (0} whose Tirst p terms are by haeonns b)) such thal

for cach re K, the sel
r (AT L = D VT () = b K
| . u

has measure grealer than or cqual tg 1.9 mii) and is hence non-cmpty.
Therefore [or cach x=h, there exisls a sequence of points (¢} e all
in .1, such that
r=(T, (u)
Our next result, which is an immediale eorollary of Theorem 1. clearly
implies Theorem P of Pal bul does nol follow Trom Pal’s Lheorem.
Corollary 1. Lol 4 be a sel of positiop Lebesyue nreasure in R". Suppose
that (b)), is « eonpvergend sequence af non-zeen real mupmbers twhose limit s
non-zero. Suppose that W is the metric space of all non=singular by n real
malrices (see the infroduction) and =W If Qo )I is a sequence in \_\ con-
verging lo we. hen for ecach nalural number p. there exisis a bull K, wilh
center af the origin and a posilive inleger N, such thal for each sequeince of
pointegers Np<m<ip<t ... <Ny there exist fon sequences (n)7, la subsrqience

P (bt Tor cach il 20 completing the  pronf.
LU i
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of the nadural numbers whase first p lermis are Dl 1) dind (b )7 ¢ tu
strbsequentee of (b)) whese first p lerms are Dye oo b)) suchthat for caclt v = K there
evisls o sequence of poinds ()i, all i AL sk thal v (T, (a)— T, (ao)) by,

for eaclt i1 20 . Here T, is the lincar Lransformalion defermined by
woisece Lhe inlroduction).

Jremart: 1. Although Theorem 1 s o generalizalion of Theorem P, 1he
proof jusl presented is simpler than the prool of Theorem I given in
Lecause using condition () avoids the use ol extensive caleulations needed
in Pal's prool. We further remark that in Theorem 1 il is sulficient for the
sequence (b Lo contain a subseguence having non-zero limid.

Our next resull is a generalization of Theorem 2 in {11,

‘Fheorem 2. Suppose that A and 1D are subsels of Wooeach having  posilive
Lebesque measure and o is a poind of density of A and b is a puint of density
of B. Suppose thal (b is a0 convergend sequence of non-zero reals whose limit
is non-zero. Asswme furlher tha Wois « melric spaee. @0, Woand (T, s
a family of transformations of " inlo R" each of wiich maps measurable sub-
sels of R into measurable subsels of R" and such thal -

() T, (x)=x for every r=ihv,
(i dim m(Ba KON T (B K)) =0 for cach ball K with cenfer ol b and

Mo
haeing sufficiently small radius and cach sequence ey in Woconperging o
w, und
(iii) there cxists a ball R owith conter al ¢ (e b — a), such that for cach
seqitenee () converging Lo w, and each ==K, e have i T ()=,

2R
Suppose w,—st,. Then for cach natural nuntber p.there exists a positive infe-
ger N, and balls K with cender af the origin and K, with cenferaf ¢ such that for
cach sequence of p tnlegers N ,<ny <., cn, and sequentee (10,07 in N,
conperging lo ¢ there exist three sequences:
(). @ subsequence of the natural numbers whose first p lerms are . de. g

(hy ). u subsequence of (by) whose first p lerms are by o, b,:

t:_..l). « subsequence of {z,,) whose first p lernes are Sy e T
salisfiing the [ollowing property :

Ior each ve ks, there exist veddors atry= 4 wnd by =0 (=12 .0

sueh tha

r=(T, ()b —(al)y - T, (= Nyt for each .
"y i ) Y h i
Proof. Lel p be a natural number. Define the sel N(x ;. n.
by the cquation N(x;n,. e i) = AT 8) — 1
AT, (=T, ()b '

H ’ N '}" - : . . . . o .
Smf:c. @ is a densily poinl of .U and b is o ders’ly poinl of 13, there exist a
positive mumber ¢ such that m(An K,) and m(Bn K,) are both grealer Lhan
(! __(“)O(P+3))")m(K,,). where K, is the open ball with cenler at « and
radius r and I, is the open ball with cenler al b and radius r.

- By (i) and (iii} there exisls balls A with cenler at the origin and K,
with cenler at ¢ and a natural number N, such that iF N <y <y o =3

U

SR ha)n ..n
i
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R .o L and re K. Then the sel N ong ot o nin Kn(fl—e-—ty)
s measwre greater bhan QU8 mo ) where b= lim b,.

This tmplies. using (i) and (i), thal there exisl p o, and F
with k=, p and o, with m ., -p such thai the sel

N{x: tye e naninol —e hevinet,. Uh=7T,. (=, 1=t

PR L p-l 5

has measure greater than 09 o Ny Tor cachh r= N

This process can be conlinued oblaining three sequences (o, o sub-

sequence of the natoral numbers whose lirst p lerms are neoneeon s )
a subseqaence ol (i) whose Tist g lerms are by b o b and () ) @ subse-
quenee of (1) whose livst p ferms are o0 2 7, such Lhal Tor cach 1= K.
the sel

5

AN W —e =t I_ﬂ'( ) "'".( =1 "'ﬂ.t-"'-) —by, 0
has measure greater or equal Lo 049 mi,) and s heace pon-cimply. The
remainder of The prool Tollows us in the proof of Theoren 1,

Corollayy 2. 1f Wois Laken {0 be the melvic space of all non-singular n
by nomalrices and wy is laken fo be the identity madrix then the conclusion of
Theorent 2 holds. ere F, is the linear transformvation indueed by the malrid w.

Iemark 2. Our Theorem 1 s a generalization of Theorem Powhich s a
seneralization of Theorem K. Our Theorem 2 is 1 generalization of Theorem
2 in [11] which is a generatization of Theorem 1 in J12].

Theorem 3 in [11] can not be extended as the Tollowing exanple shows.

Frample. Let 4 denote the set of drrational nuntbers in the toterval
{—1. 1y and for each positive inleger n lel 11, denote Lhe ioterval (—1/n,
L), Suppose I, is an open ball with cenler al the origin and Ko K. .. ds
a sequence of open intervals. Suppose thal Vhere exisls a subsequence (1)
of the natural numbers and a svstem of numbers -, &K, (=1, 2.0 suceh
that for every xe kN, there exist numbers a{ay=.4. h,,l(r)b:!},_l for every
i such thal

x I.-_._.I(.l') (a{) -3 Tor everv i

This would lmply that @ cwey= — lim 2= o ie,

i
vt—¢ —alx) and hence

W= ¢ .1, which is a contradiction sinee A oconlains no 1olervals,
We now move on Lo Baire set analogues of onr resulls. Our tirst theorem
is u Daire sel analogue of Theorem 1.

Theorem 3. Lol A be a second caleqory subsel of W having the Baire
property. feo L =(G P where G ois open and nonemply and P @ are first
calegory sels. Suppose thal (b)) is conpergenl  sequence of nonzero real
numbers whose {imil is nonzero. Suppose further thal (T)2, is « sequence of
transformations of R* info R* and roe6G- P salisfying the folluwing propeilies.

(1) There exists an ry -0 such that T, = [ o [ EC 00 K2 ro)
the open ball with cenfer at ¥, and radius ro. for pach =0, 1. 2. . ic. euch
of the eomponents [;, of T, has conlinuous first parfial derivalives on K(ra ro)

ENTENSIONS OF SORE HESUI = OF Al itall I

P2y For cach i==0. 1.2 e real oalued funclion hzyp=cdet 0 f 02,0} is non-
el for el zoca s e KRG radowhere co(y 1) s that  poinl in
VO aohose first nocomponents are the compencids of zwhose next nocomponents

are the components of =, and so on (see [ po VISYy and D, denales the j™* parfial
derivalive. .

(3y There cxists an r. O rory such thal Kixoory— 60 the sequence (T con-
verges unifornily to Ty on e sphere SUS — v= W Hie distanee beftoeen v and
2o e ny and i T Te).

. Then there exists a ball K wilh cender al e origin and a posilive inleges
N osuch thal for each xe KO there exists o sequenee of poinks {u)? g all in .
streh that

Y=ty ey - Pagiy o for each i1, 2,

Proaf. Define the set N My where ps I and M ois a posilive -
leger, by the equalion

NG M) mm Tl DA Oy 1) =By 200 C s ol 1) =Dyt

We now procecd Lo use standard Advanced Caleotus Lheorems,
By the proof of Theorem 7 1 ([T po L), cach T i=0, 1,2, ... is
one Lo one on &, the closure of K(x,. ey, where s the number releved Lo in (3),
Phis fact and (2) imply that the conditions ¢f Theorem 7 -3 (1] p. L)
are sulislied  for cach T, on K= K{p,, r). which s contuined in &, and henee,
as in the prool of Theorem 7 -3
TSRO ey m 2y Tor vach =40 1, 2

where i, 15 the minimum of the funetion g, on 8 (see () where g () is the
distance between the points T () and T By our |1}'])Ulll(‘.\tt‘s m =,
and Fiaad— Ty ats t—oc. By Lhe proofof Theorem 7 30 TURY S KT ().
m, 2. Therelore there exisls and N such Uhat

FAKY=SKOT vy my Dy Tor all § N

Since (b, s bounded there exists a ball A7 with center at Lhe origin such that

TR b xS KT (e iy S) for all 80N and all v& R Since cach
transformation 1, is o homeomorphism on A and 1 conlains 0 dess o liesl
(':llf'g:u'_\' set it Tollows thal the set 1,000 —bx contains KT (0. m,/8) less
a first eategory set for every xR and every § N

Ihervelare for every x= K0 N(e: Ny is a second category sel and hence
not empty. The remainder of the proof follows as in the ])l'(!().f of Theorem 1.

Remark 3. Many sequences (7707 of lranslormations satisfy condilions
(1).' (2) and ¢H in Theorom 3 including sequences of matrix transformations
satisfving obvious condilions (see the introductiony. Notice that the conclu-
ston of Theoren 3 1s stronger Lhan the conclusion of Theorem 1. i.e. we obtain
a stronger conclusion in the DBaire sel ease than we do in the neasurable
set case,

Qur next result is a Baire set analogue of Theorem 2,
. Theorem 4 Suppose that A and B are second cilegory  subsels of R
wong the Baire properly e A=, PO, and B={{, PY1Q, where
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6 ansk G oare apent and nonemply and PGy Pooand Q0 are Jinst calegoryy sels
Suppose thal =G, and b6, Suppose thal (b0 s« conperyent sequence
of nonzere reals whose (it is nonzero. Assumie further thal (TO7 | 1s « sequence
of transformations of R* into W* salisfying the following properties.

(Y T —u for coery ve e

(2y There cvists v, O suel Nt Ti—tf:.
carh 1=1020 ...

(3)y For carlt 1 =1, 2,

e Y0 o0 Kgho 1) for

the real palued funelion gy —deb|[Df (20
ik

is nonzers for each oo, €K ).

(1Y There existx an r, Oemr<e, such thal Kibo )= (ooand Lhe sequentee
(T, converyes uniformly to T, on the sphere S -1xe R the distanee bel-
ween e i ry and L Tby= T =1

15y There exists a ball K with cenler ol ¢ (e b —u) such thai (T)7, con
perges wniformly fo Ty on K.

Then there exists a posilive inleger N and balls K with cender of the origin and
Ky with center af ¢ sueh that [or cach x&€ K and sequence (4,37 conlained in
K, there exisfs axy=A and bly=1 (i=1. 20 ... such Hud

=T AT (el ) T e b
for b1 20 .
Proof. The proof of this theorem folfows the lines of the last pronf
campletely and hence will he omitled.
Renrark L Our example. following Remark 2, shows that a Baire sel

»

analogue of Tiweorem 3 in [11] (which is casy to prove) can sot be extended.
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NEW SUBCEASSES OF AIEROMORBPITIC COMNVEN FUNCTIONS
LY

B UBALEGADDD aml (LS PPATIE
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1. Introduciion. Lot X denole the family of funclions f(z)= -~
regular o the punctured disk = {z:0<{z/| <1} with a simple pole at z-0.
Fhe Hadamard producel or convolulion of two functions f(z) and g(z) in %
will be denoted by fag Lel

! 1 ok 1 -:':4‘] —: (H: 1
D) = e ()= (i’ =2 L+ 1)t
14 (1 — oy 5 n! =
Liy
(-4 1) (ot -2
+ Li—(r'iim) weF o, n=0,1,2, ..

By f, we mean the subelass of X salisfying for every f=J, Uhe megualily
{2) Re{(D" (0 (D (D) -2 < —nf{n 1) for n=0, 1, 2,

and =Dz <l Uralegaddi and Ganigi [41] introduced the
classes Jf, and showed the hasic properly J oo J,, {4, 1, 2, .. Thus the
clements ol Jf, are meromorphically convex (J, = 2, the class ol meromor-
phically convex Tunctions). We wish to inlroduce some new classes.
e 1 7
Definitions. Lel f(D=—- — % a,:-

= o
(13

- i
with a simple pole af c=0. 1 o and & are fived real numbers and

H_1freYy' 9N x Hedffany! IS
3) nu((” AC)EPERL “) (DI, 13V
(DY n+1 (D ey Ll
for z=D. where the powers appeuring in (3) are
then we say [ha! [ =X (n 2, 8), n=0, 1. 2

This elass of functions contains many interesting classes of meromorphic
convex functions

be reqular in the punclured disk E

mean! ws principal values,

Ly, Lhy=J,. 200, =T and X,(0,1,0)=J,=X,,

In this paper we will show that for certain real values of & and 58,
. B)=J,. Similar prohlems were treated in [1] and [3].

2. The elnsses X (n. 2. B). Let

G'L —{(9’ 0) x* ——1: {U) B)'g':l},
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