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G, and Gy are open wind nonemply and PooQy0 Pooand Q are fisst calegqory sels.
Suppose that a=6G, and beti,. Suppose thal (b)) is « converyent scquence
of nonzero reals whose il is nonzero. Asswme further thal (707 s @ sequenice
of transformadions of R* fndo WY satisfying e following propeilies.

(1 Txy=x for every reilr,

(2 There exists ry 0 such the T 4f 0 L [ o Kb v, for
cach =120 ...
3y For each 210 20 the real valied funcion btz ~det[Df (2]

ix nonzero for each 7002 € Nhorg

(B There exisis an or, O opp, such Hal Kk,
(1) converges uniformly do Ty on the sphere S
weest voand b oix oy oand T Tl Ty =h

Py o Lhe sequenee
tee R the distance bel-

(3) There exists « ball K with center af ¢ (¢ —b ~u) such dhal (T30 con-
peryes uniformly to Ty on K.

Then there exisis a positive inleger N and balls K wilh cenfer al the origin and
Ky wilh cenber ol ¢ sueh thal for cach v & N and sequence (u7 | conlained in
I there exists a(ys.d and by (i1, 20 .0 such tha

= T b aenhy = (atr) =Ty {u )bt
for i1 20
Proof. The prool of this theorem follows the Hues ol the last proof
complelely and hence will be omilled.
Remaek L Oure example. Tollowing Remark 2, shows that a Baire set

analogite of Theorem 3 in {11 ] (which is easy 1o prove) can uol he extended.
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NEW SUBCLASSES OF AMFROMORPHIC CONVEN FUNCTIONS
Y

B URALEGADDI amd FLS. PATIL

. Introduciion. Led X denole the Bumily of Tunclions f(:):-]- 4+ Z €,:2"
) . i ) . T m=0
regulat in the punciured disk = {z:0 <z =1} with a simple pole at z:=0.

Fhe Hadamard product or convolition of two functions f(z) and g(z) in 2

will he denoled by [ago Lot
1z )y
B ()= :(um_{(_)) =

n't

D)= ——— s
A (1 — oy

b (it +2)

— - o =01, 2, ..

1
. (4 1yao -1
i1} -

91

By i we mean the subelass of 2 sutisfyving for every (<., the inequality

(2) Re(( O [ -2y < —n (o 1y Tor n=0, 1, 2,
and s D={z:lzf<C1}, Uralegaddi and Ganigi [4]introduced the
classes f, and showed Lhe basic properly J, . =J,, n=0, 1, 2. .... Thus the

elements of J, are meromorphicallv conves (J, < %, the class of meromor-
phically convex Tunctions), We wish to infroduce some new classes.
o ! ;
Definitions. et /(:):-ﬁ- Y oz be reqular in the punelured disk E
- o=
with « simple pole ot z=0. If 2 and 5 are [ived real numbers and

) nu(“)”*‘/tr))' =0 2)1 (g—”iff(:))f. _rtY g
(DY nA=1p Dy o2

for z€D. where the powers appearing i {3) are mean! as principal valites,
then we say (hut [(fY=X,(n. 2, B), n=0, 1. 2

This class of Tunctions contains many interesting classes of meromorphic
convex functions

Zu(ne L=, Nn, 0, =J ey and (0,1, 0} = Jg=3,.

1 In this paper we will show that for cerlain real values of ¢ and 8,
o0, o, _B‘)TJ.,. Similar problems were trealed in [1] and [3].
2. The elasses X, (n. . £). Lel
Gy (o, )2l =110 {(0. B)|:B1=11,

2 — Matematica



e !

1% 1. A, URALDGADDIL LS. PATIL
ot -

(o= {(x. Bl =1 (x +B Ak A1), B2 0. kel}.
o= {( B) (1h 1S 2N (2 4k 1) B0 ke T5
Go= [ BY Ik —1 S 2—B)n (s Ak +1). B2 0, ke,
Gy {(z, B (Jk — 120N (2 —fs Ak 41). B0 kel

A

W

e G =G (GanGHU LN ). where s Lhe svi’ of i\l}lt'g(-rs and 1: & :1:'0Cr$:|l
numbers. We now show that if (z. )G and [(:)Eaf.(it. 2. By then f{(EJ,.
We need (he following lemma doe to LS. Jack {2} ' .

Lemma. fef w be non constunt regular in lzi=1, te:(U)I:'(). If ;w-| ﬂ"}(]!”lf
its maximum value on the eircle De=r1oal 2y, we have =0 ()= kin(z,) where
i s ‘
=l Theorem. [or {x, B)sG. E,_.'(n. x, ['5)r_. Jooon=0,1.2 ...

Proof. The casc (x, PG, 18 ‘tn\-'lal. . .

Suppose f(:)=X(n, «. B). Deline w(z) in D by

“) (DY (D () —2=—(1 =(1 =2n[(n A1)/ (1wl

Clearly w(z) is regular and w(0) =0, w(z)# 1. Equation (1) may be
ritten as ' . )
By (D DR =) ) D ).
To complete the proof it suffices Lo show l'!ml !w(:)_ <1 .in'I) and {z, BYElL.
Differentiating (5) logarithmically and using the identily

() A DY =(n FDD () —(n +2)D*[ ()

we oblain

oDy n+H3 w(z)—1 Qo' (D) )
U ey nie2 on ——~‘2[m(:) T ()0 +1 4 (3wl

Substituting (5) and (7) in (3) we oblain

iy o (D)) 043V
s (i(z PN (5] ”_-Tz) (@ fap | ~—‘) }“‘
Re 1 n(f(:.)_. ., 5) o= R@ (I)"’{‘-_)) 7 __] (l)"._lf(:))p n Tz

\

(8) i

= (N1 X0 +2)Re (w(:) = 1) {w(2) i E (1"-'.:w(:3)(.“ 14+ (=)

Now suppose on  the contrary that there exists ;€D such thal
max|w(zy) = jin(ze)| =1, w(zg)e 1.

LR o )
Then by the above lemma, :Dw’(:o);(l-'rw(:n))—-km(:u)_.'(l Aw(zeh)
Pel w(zo)==¢. Then (w(zo) —1)f(wlzg) +1) =i sin 0o(1 4cos Bo)=nt
and (8) becomes
P(f(za). 4 B)=COY (x+ing where C=(n+1)*(n+2) #>0.

©) =k 21 220 +2)* 4202

w(z) — 1); t-l—l—?(—:l-_“] . 2zw'(s) )

B ATROMORITHIC CONVEN 'UNCTIONS 10

e Yo 200 52)7 =2 ) - M )20 R 2 R,
Re Pu(fize) 2o 8= (5 a2 — 3.0  feos(20, 4-80,).
where 0, - arg 24, 0, SUrgLY i)
Case 1m0 Let g -0 0,==/20 0= 0,5n0/2; il (= 2)=G,. then
(L Da/2< um/ 2220, Bl - Bmfeg 4k D2
and i (z. %)=, then
(1 Dm2<(x-Bn2gx0, 50, <umf2< (4l D/

Thus if (x By=6G, or G, then cos(z0, 502 0.
This shows thal Re P24f{zo). 2 2320 which contradicts =X (n, o, B)
(hy Let g0, 0 ==/20 —x/2<0,<0 0 0f (2, B)=6,. then
CHe— 125 (2 — B2 2y 50,2 =2 (1 - 1)=f2
and f {x, B)= (. Lhen
(I —=1)/22 2mf2< 20, 480, < (x —B)=f25 (1 4T/ 2,

which lvads to the same contradiction.

Case 2. n-200 Let O.—arg ni and O,=arg(e 4-iny). Then .= —0, and
0,= —0,, ces(=0, 28020, contradiction. This compleles the proof of the
theorem,

Remark. Since X, (n, 0. Dy=J_; the above theoremn shows the bLasic
inclusion relationship of Uralegaddi and Ganigi [1]
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