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A\ NOTE ON CERTAIN GENERALIZATIONS OF OPIAL'S
INEQUALITY
BY
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1. Introduction. The classical integral incquality
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valid for continuously differentiable function u en fa, b with u(a)=u(h)=0
and u(r) =0 for re(e. b) was proved in 1960 by Z. Opial [6] In [5]C.
Olech gave a simple proof of inequality (1) and showed that (1) is valid
for anyv absohitely continuous function u on [a, &) with u(a)=u(d)=0. In
the vear 1967, L. Calverl [1]Jand ER. Godunovaand V.. Levin
[2] proved some inleresting gencralizations of a slight variant of Opial’s
inequality (1). For olher generalizations of Opial’s inequality (1), see [4,
pp. 131 —=162] and the references given therein. In Lhe present nole we esta-
blish some generalizations of Opial's inequality given in (1) which in turn
are the varianis of the incqualities established by Calvert in [1, Theorem
ljand Godunova and Levin in [, Theorems 12 and 13, p. 159}
The method we use to cstablish our results is clemeniary and based on the
idea used by Olech [5]to prove the Opial's inequality given in (1).

2. Statement of Resolts, In this sectivn we state our resulls on the ge-
neralizations of Opial’s inequality given in (1), For lhe properties of convex
functions involved in the formulation of our Theorems 2 and 3 below,
see [3. 1]

Theorem L Lof f(r==1, ..., m) be ubsolutely conlinuons functions defined
on (a, b) with f{ay=[ (D=0 where —x<a<b< +x. Let g{t) (r=1, ..., m)
be continuous funclions defined for all u in the range of [, and for all real u
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of the form u(sy=y ["(2) da or u(s)=[ifx)dy. Suppose thal g {u) <g{u)

for all u and g,(u,)s g,(u0) for O<wysu,. If GAu)= f g.0df, for u=0andr=
=1, .., m, then '
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Renrark 3. We note that in the speeial case when m=1. the incquality
(Hhy re <_|uus 1(1 a variaul of the inequalily established by Godunova and
Levin in [1. Theorem 12, p. 159]. Further, we note that by specializing
the inequality (B) il is easy to obtain Uhe Opial’s inequality given in (1).

3. Proofs of theorems 13, Tel e Ir] and define

for cocery c=fa. b}
Rentark 1. 11 is interesting Lo note that in the special ease when m=1,
inequality (2} reduces to

(3 [ RTINS THEY m(!;,(f i) day -{-(",([ fr(da,
(7) H ()= F fth dt.

for r-[r1 b1 The 1equality (3) is a variant of the inequality estahlﬁhed by
for a<r<c and r=1,..,m and

Calvertl in [t. Theorem 1} On taking gy(v}=0 and hence {7, (1) = jmlu

—u?]2 and ¢=(u-+b)/2 in (3) and vsing the Schwarz inequality on the right (%) p) =1 1.
side, we oblain the Opial’s nuquaht\ given in (1) v
Theorem 2. Lel [, (r= . m) be absolufely confinuous funelions o § for czr<h and r=1,..., . From (7) and (8) we have
[, bRewith fAa) ,(h)_() If h,,(u) (r=1, ..., m) be nonncgalive convex incre- | (o . .
sing funciions fur u=-0 and h(0y=0, Hwn ‘ A )= f(0)
, . \ for asor<c and r=1, ..., m and
mo e 1 e , . _
) R{ I m(fxi}y fr) } drs — Y, [h,. (\ {40 d.r] -',—h,(s f,(.r)lr!.r)] . (1 )= — f(x}.
JhLa m <k A A
" a 5 for c<r<h and r=1....,m We notec thal
for c€la, b} 2
Remark 2. In the special case when m=1, inequality (4) reduces to (1) f2)= [{ahdl.
1 " !.. “
(5) § Il {0 ) das hy! j fix) dx) ~hy( .[ fi0) dx). _ for acx<c and r=1, ... m and
We note that the inequality (5) is a shight var iant of the inequality established (12) [l2) = — | [{(BHdl.

by Godunova and Levin in [4, Theerem 13, p. 159]. By taking hy(v)=
—p® and hence ky(v)=2v and c=(a-+b)/2 in (5) and using the Schwarz ine-
quality on the right side, we obtain the Opial’s inequality given in (1).

for c<x<h and r=1, ... m.
From the hypotheses of Theorem 1, the clementary inequality

A slightly different version of inequality (1) is embodied in the folio- " L ] o
wing theorem. ' (13 lﬂ t‘f} ==X
Theorem 3. Lel f,, h, be as in Theorem 2. Let p,(r: ~1, ..., m) be posilive lr- ! m,5
conlinuous functions defined on [a, b] and Lheir tnfeqm!a on [n b] exisl and are for ry. ... 0,200 reals and (1), (9% (7) we observe that
positive. ff g,(u) (r=1,...m) are nonnegulive conver increasing funefions o
for u=0 and $,(0)=0. Hun
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Similarly. from the hypotheses of Theorems 1, the tnequality (13) and (12),

for every c=[a, b} (10), (8) we have
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The desired mequatity 1w (2) lollows from (14) and (13) and the proof of
Theorem 1 iz complete.

The proaf of Theorem 215 very close to that of Thearem 1 with suitable
modifications aurl hence we omil the details.

In erder 1o prove Theovem 3, we first observe that

¢

(15) \ THER / \ P2 = ﬂ ’-’--'-"%(if-;'” dr /" \ ey,

2 a :
for c&{a. b and r==1, ....m. Since &, are convex. we obtain from (16} and
using a suilable version of Jensen's incqualily (sve [3. p. 133

a7 o (\ e d.«,-/ S p,(.r)d.z-) < S,),.(.r)-; : ( L((‘") ) dr / g D
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for c=[q, b] and r=1...,m From (17) we obscrve thal
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(18) S oy das (Sp,\.l‘)d.t) 1 1(\ IRV (:T’,((_:_J)) dr /.\‘p,,(.r)d.t) .
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for c<={a, b] and r=1, .., m. Similarly we obtain

() < (ipr(x)d-r) 41 ( S PRy, ( [’ t“; ) dx / § pr(l')d‘r) .

for c=a, b} and r=1,..., m. Since all Lhe hypotheses of Theorem 2 are sa-
lisfied by Theorem 3, we have the inequality (4). Using (18) and (1) in (1}
we obtain the required inequalily in (6). This compleles the proof of Thearem 3.
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NONOSCILLATORY SOLUTIONS OF SECOND ORDER FORCED
FUNCTIONAL DIFFEBENTIAL EQUATIONS
BY

[P ANGELOVA and LD, BAINOA

I. Introduetion. The study of the bebaviowr of the nonoscillatory
solutions of foreed Funcltional differential cqualions begins with the paper of
Singh and Dahiyva [1] for the equation

i Oy gl <th) 0. 0= A= M. M const.

which s alsy the objeet ol the investigalion of [2]. The nenlinea cgualion
(2) (A - al DN = ()

1 discussed e [3] 6] and @ more general equation
PN ot it D — et h Qe dy)) - O
in [7} [§) The paper [9] pertains to Lhe cqualion

(D ALY —p O Ay U)) -l ) = Ot

aud [10] to the particwar case of (1) when pefy - (.

In most of papers cited it is assumed that the Tunclion containing Lhe
deviation is multipled by same positive function of £ This hypothesis will
nol be required in our paper and the main resudls will he obtained for a de
viating argument which depends on the unknown founelion and which max
be of a returded. advanced or of mixed (vpe.

This paper is devaled to the study of e cqudion
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in the cases when
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