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(15) §{11 2 fA () } drs i X6 (S (@) d.r] _
o bre=t

The desired mequality m (2) follows from (14) and (15} and lhe proof of
Theorem 1 15 wmplc[e

The pronf of Theorem 2 1s very close to that of Theorem 1 with suitable
modifications aud bence we omit {he delails

In order to prove Theorem 3, we first ohserve {hat

3 l

(16) \ (o d.r/l\.hr(:t‘)d‘r = g &%li_}::)“—) dx / R ESTES

for eela, 6] and r==1, ..., m. Since ¥, are convex, we obiain from (16) and
using a suitable version nf Jensen's mequalily  (see [3. p. 133))

(17) g(\ |/,’(x)'d.1:/‘S p,(.l')d.r) §p {1y, (“( ))‘) d /R[J,(I)(h

a

for c=fa, b] and r=1,.., m Itom (17) we observe that

c s s

(18) S fir) das (aSp,(.l)d.t) s (\ P (Pr(‘r)}d. /&p,,(.l)d.b),

[l
for ce{q, b] and r=1, ..., m. Similorly we obtain

L]

(19) S i) dr (iin(-‘ﬂ)di‘) o ( §:ar(a-)'¢,( L’ i ],h / § p.(x)da-] ,

il

for e={a, b] and r=1, ..., m. Since all the hypotheses of Theorem 2 are sa-
tisfied by Theorem 3, we have the inequality (4). Using (18) and (19} in (1)
we obtain the required inequality in (6). This compleles the proof of Theovent 3.
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NONOSCILLATORY SOLUTIONS OF SECOND ORDER FORCED
FUNCTIONAL DIFFERENTIAL EQUATIONS
BY

LG ANGELOVA and DD, BAINOY

L. Introduction. The study of Uhe hehaviowr of the nonoscillatory
solutions of forced functional differential equalions begins with the paper of
Singh and Dahiva [U] Tor the equation

(1) (Y )yl < -0, D=t M. Moo consl.

which is also the whjeet of the tvestigation of [2] The nenlinear equalion
(2) Oy ) athit (g ) =00

is dwsonssed o [3] [0} and o move general egquation

(3 () —-pha'd) —g(Oyth —ah by — 0t

in [7] [5] The paper [] pertains Lo the cquation

(H (O =petypy sty UN e gth ) = 0in

and [10] to Fhe particular case of (1) when ptfy— (.

In most of papers cited iU is assumed thal the function containing Lhe
deviation is muliipled by some positive function of {0 This hypothesis will
nol be requived in ey paper and The main resulls will be obtained for a de
vialing argument which depends on the wnknown funclion and which may
be of a retarded. advanced or of mixed tvpe,

This paper iy devoled Lo Uhe study of the equation

() (O =0 AU gy O Ter 121 0

in the ecases when

r(h
and
(7) g —df— =
Jri)
A
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Our main prpose is 1o extablish sofficient conditions Tor nonosvillilion.
posiliveness (negaliveness) and unhoundedness above (unhoundedness helow)
of all solutions of (3 and asymplolic deeay of bounded nonoescitlatory so
Tutions of {5} We shall vesteiel omn altention to solulions gif) of {1 which
exist on some ray | T.oxn and satisfy sup gy S0 Torany Toz T,z T where
=T

the nunber 1, depends on the p;n'!ivu_lur solulion f{f}

We call o solution gtf) of equation (3) ascillatory af it has arbitravily
large zeros. Otherwise we call it nonoscillatory.

The eniive study in Lhis work is objeel To 1he assumptions (A

AL e GO o) s (0. %)

A2 fiowysCg T =) I R). pfgt.ny =0 Tor w0, £z Tand ftf..) 15 non-
decreasing.

oA mEC oy R . Al ny—=w as = for any fined ne R
and ML gAY Tor u|s and 12 7.

AL gheEC T xRy

.u'

ere £2--( —7. %) Introdoce the notation F(f) = g-—‘ all)- \ ds
{

J r(s) r(s) -

7

We need the following lemma which is a generalization of the lemma
i Kusano and Onaese [}

Lemma 1. Lel condifions () hold. Then

1.V oscillatary solutions of (3) dare unbounded above if Q=0 and

i8) § Q) (s, ) Jds =% for any g,
T
9 ANl escillatory selutions of (3) are unbounded below if Q=0 and
(h P o) —fls, =0} lds = —a [or any ¢ R
i

Preof. 1 suffices Lo prove Statement 1 (Statement 2 proves similariy).
suppose  that  there exists an oscillatory  solution gt af (3) such that
y(Ns M for some M =consl.==0 and (=T, T. Denole by T2 T, a zero
of y(h such that A¢/. gz Ty for 1z T. Sinee iy oscillates. one of the follo-
wing cases is possible

(i} There exists at least Lwo conseculive zevus 7, and =, of gl grea-
ter than F, such that y(Hy=0 for (= (=, Tyarbt

(iy =0 tor 12 Tyz T

In case (i) we have

(1 gAML, gt M oand [ AL yUnnE [ M)

For fe(=,. 7-1). Lel 3 =(=,. ) and yeE=u Integrating (3} from Z,

-

lo fe=]%,. 7,0, ] and using (1) we obtain

i ! !
Hhy'th = | OCsyd — | s g A p{d 2 T L) —[ts. M Jds.

= iy
Letting (—> and using (8) and Al we see that y'(f) ~0tloriz T,z
which is impossible for the oscillatory function gtf).

PN HON AL DIFFERENTLAL PUATIONS a7

In case (i) using A3 and A2 we ohtain thal  fOr AU wth)INED tor iz
=T,z T, Then {O) vields (O Uy z0 tortz T, since {0 Oforiz T, Thus,
y'({y has a conslant sion wich is o contradiction. Lemma 1 is proved.

9 Aain resnlts. Sufficient condibions for nonoscillation of all solutions
of retarded equalion (2) are ablained in |1 (o] Hor 00 Y and in [6]
{O(h 15 not assumed To e wilh o constanl sign) hen (0 holds and in [1]
when (7Y holds. Our theovem ceneralizes the results from f1] and |5

Theorem V. Lot the [ollawing conditions hold

. {
. Conditions () wre fulfilled. there cxtsts lim A S(0 uniformiy

: i
on . AU m=1 for any fixed vl and cither () =0 and (8) helds er QUO <0
and (N holds.

2. One of the folloning conditions is fulfilled

() () holds and ¥ (Ddl<% s
.

(1iy (7) holds and | Rhhdl <.
o

Then all solwdions of (3) are nonoscillatory.

Proof. Consider Lhe case when Q)= and (8) holds. ¢1he case when
Q=0 and (9) holds treals similarly). Suppose that there exisls an oscilfa-
rorv solution gt of (3). By Lemma 1.

i sup y(fy—.
f—

take T,z T so large ihal

'T df .
'] Ty

when {6} holds, and

(12) \ Ruyo(dl

o

when (7) holds. Lel T2 T e a zern of g such that At ) 2 Ty tor iz T

In view of the unboundedness above of g(f) we can find Two sequences e b=

< [T..7z) and £i1= = (=) wilh Lhe properties © T,—%. 1,000, T, .,

2o Yot g (2 =0 and 06 M=t = sup g then M, 2 M, and
i

M=o s chear thalt (1) holds for =], =, o] and AT

W

.
In view of the posiliveness of O} () vields
(13) AOg N 2 — JU AU g for 12 7T

Integrating (134) from f=(z,. %) to 3, and using (10) we have
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{1hH rhyhs _1"['(.\'. A g(syNdss [ s, Myds.
] !
Dividing (14 by oty and integrating frem -, o 2. we gel

R
M=yl

AL N

(1)

t

, \,{(5, M st S(\ .ﬂ.; fil. Mtz
) .
S s )/u. Myl

rf), r(s)
= g ( J ris)

T, ¥y

Dividing (i) by M, letting »—a and having in mind (11} when ()
hodels and (12 when (7) holds we obtain Uhe absurd 11720 Theorem 1 s
proved.

Theorem 2 I addition {o condilinns of Thearemt 1 suppose cither

1 (isy ds

(i) (6) holds, lim )= and lim : !
{oe - - rih

a= [l ==consl ~U

(00 7y holds and | (6 dl =22
.

Then gt 0 for wy solufion gty of (3).

Proof. Let (fy-u for £2 T2 (The prootis simitar when Q) <0 Tor (2 T).
By Theerems 1 all solulions of (3) are nunoscillatory. Suppose thal there
exists a negative solution g(f) of (3)for £z 7,2 7. Inview of AL and A2 we
conclude that fil AW, gihm -0 Tor (2 1.2 T, Fqualion (3} vields the
ineguality
(16 gy =0 for 127,

Let (1) be valid. Integrating (161 from T Lo ©and divichng by iy we gel

y Yz e(T)y (T ety - § Gesyds rily.

y _1‘
T
Vio (i) we can find T, 2 T, so Jarge that i syds rdy b —z and (T (T

(r{fy - 2 Tor any z=(0. k2). Then yth L 2g -0 for 12T, and hence,
y(y—x which is a contradiction.
!

Let (iiy be valid, Inlegrating (16) from 7, 1o { and lending (—x we
obtain

Oy zr(Tay' ) = Ods—=.
T, f-v =

3 PUNCTIONAL DIFPEREN LA ERUAVEIONS L

Lec ez btz Tz T, and some T=const 6. Dividing Che Tastineqia
Iy by r{f). integrating from T, to £ tending f—> and ustng (7) we obtain
the contradiclion

i

©
whz (T \ e L =
Jrlsy -
Ty
Thearem 2 is proved. We nole thal Theoremn 2 generalizes Theoremn
(4.2) and Corollary (L2) from [5} when (6} holds, Theorems of this 1vpe are
nol proved in the case when (7) holds.
Theorem 3. In addifion fo conditions of Theorent 2 suppose either

!
() (%) holds and Tim JOG) —f (s o) Jds 10 =170 when OO uned
f tern
im J{O) (s =) Ws/e()y = F~ <0 when QY= 0 for any ¢ -0 and 1,2 T and
.

o],
some L. I —consl.
ar

() (V) helds und JIQW —f(. )t =5 when O O and |, [0y —ful.
e T

—cldl= o when Q)= for any c—0.

Then all solwtions of (3) are positine and anbounded above when (1)
and negative and unbounded below when Q(f)— 0.

Proof. Let Q) =0 for 12 T (The prool is similar when O(f) < O for 12 1.
By Theorem 2 all solulions of (3) are positive for T'2 7,z 1. Suppose that
there exists a bounded solution y(f) of (3) and O 2 M tor some M —=const =)
and {2 7,z T,. From A3 and A2 il follows that g(A(l. y(h)< M and (10)
holds for tz T'.2 T..

Let (i) be valid. Integraling (3) from 7, to f, deviding by r{{) and using
(1) we obhlain

!
GO 2 r(THy (Y - § IOy fis. My Jds[rin.
I I
Via (i) we can find 7,2 7, so large that T QY —fts. ALy Ms/ ey ~ 17 — =

I
and r(Ta?y'( THr{)> < for any ee&(0, kT/2) and {2 Ty Then y'(H) =k
—2>0 for 127, and hence y(N~= which is a contradiction.
- . . .l-":ﬂ .
Let (i) be valid. Integrating (3) from 7, to L using (10) and tending
= we obtain

!
OY O Zr(Tay' (T + [ [0(s) —f(x. My Tds—ae,
1 [~ m

Le. rihy' (21 fov 12 7,2 T, As in the end of the proof of Theorem 2 we
obtain the contradiction y(f)—oc. Thearem 3 is proved.

f—
Analogous resulls have been obtained for (2) in [1] and [3] when ()
hold and in [1] when (7) holds. B
The Tollowing theorem pertains to the case when () is nol assumed
to be with a constant sign.
i Theorem 4. Inn addition to conditions () suppose



3 LU, ANGELOYV A, DL D BAINOY ti

1. The dertoatives of Moy cxist and they are boupded.
200l filo ) 0 and )z .

Iz
1] 1)
Bl

3. _|. Ols) s g et

aned su|)| [ls. ey dsirtty = fu

l. ()m of the follawtng (nrlrhhrm\ holds

(1) () helds and | SO fdoeydl =7 for uny e
¥

(i) (7} hodds and %ilp(J: (Hsy ds'r(l) .

i i
Then alf bowded nonoscilalory solwltons of (3) tend fo Zero as b,
Proof. Tet y(y be a bounded nonoscillalory solution ol (5). Wilhout
any {oss of generality we can assume that 0<y(H= M for (2 17,2 7T lllld some
Mocconst 0. (The proof s similar when Mg <bfor (27,2 7). In
view of A3 and A2 we have {1y fortz 7.2 T
First we will prove that lim int gy =0. Suppese the conlrary and let

i
m -0 and T,z T, be such thal g(hzm for 12 T, Vie A3 and A2 we get f(/.
A O = [ty for £z T 2 T Then integrating (5) from T, lo [ we
obtain

]
(17) ryy Oy (P 4 1 O (s)ids

7,

\ f(s. nyds.
B

Let (1) be valid. Dividing (17) by r(), integraling from T, to { and
lending f=»3c we oblain the ecantradiction

t ! T I e
1 -y
mEOSy(TH -+ T Yy 14)\ s \ e \ O dsd \—\[(s mdsd-
ris) T AT
Tl L J- T, i,
! { I i i
s oy tds
e g ( T3y =00 T Y Yo Tﬂg & H-R(\ “—) 1Q(=)|d= S(\ “-_- ) [z, myd=— —.
Yio T M Wi |
'II ‘li O ..l =

Let (i) be valid. Tending t—2c we oblain r()y'(Ns —k for t2 1,2 T,
and some f=const =0. Dividing the last inequality by r(f} integrating
from T, to ! and having in mind (7) we get the contradiction

t
mgyhs (T —k &—i- — —,
R (\) {5 .
q
Thus.
(18 T inf u(l)—]lm inf (AU g(ON=0 for 12 T,

= o

Now we will prove that lim sup y(f) =0. Suppose to the contrary that
| -]

E

¥ PUNCTIONAL QIPPERENTIAL EOQUATIONS N |

]

(1t o sup (O —linn sep Ao fhn—2¢= M
i i e
for some pusilive constanl ¢ and 12 7.
Integrating (3) frowm T, to {. dividing by r(fy and using conditions 2
and 3 of Theorem o and (10) we obtain

! !
. { Ty (T, R 1 .
gy = —=" \()(\M\__R s A(s. s SE
| 0 > 0 fles gl p(s))dss
T,
Pl T '
oy T, 1 ¢ 1
< _4__-_) _IL.__.__\ Ol s - —-: \[(\ Myddx.
)

r(T,) r( T},
T

1.

.y is bounded dTor 1z T, and hence y{3(L O is bounded Tor
lz [':t; T,
In view of (I8) and (19) we can Jind o sequence §8, 1%, sueh that 7,5
.= and g Als,. yla, )~y a
L.et [2,. 8,] be the largest interval around o, seelcthal g(A (%, yix, )=
=y AMB,. (BN =243 and (AU gyt =243 for fs(x,.4,) (n >1). Bv

mean value theorem there exisls ~, =(x,. 8,) such thal

Rl v S g

o Y A o
# (A, !!(‘;'Hl)}[ ” (rae oD - f—— (v .ut-,',.ny'(*;u.)] =
P

o

_ WA gle ) =500,y ¢ =23 4y . q

Ar

o T, —% Mo, —x) 3B, —=
| "

In view of condition 1 of Theorem | and the boundedness of (/) and ¢ A,
y(HY) we conclude that

(20) By—ay

v

f

W=7 B

]

for some Gund n>1,

f,=consl z Denote
Let us write equation (3} in the form

] ’
Yty F(_ﬁ [.1'(!)—~—S(Jl.\'} ds}, U )y= —[i. y(Ad. gy,

Ii we suppose that l,f(\ PlAGs )Nds == then we gel ad)— —0 and

i e
unee, p'(H<H for (27,
. z
S)Nds <cc.

Since [t A E g [, 29/3) = F for t= 7 and F=const 0 we obh-
the contradiction

v

T, which is impossible. Thus, | fls. (AR,
7,

L]
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Sy k¥ L )
d s : 2
s \[{s‘. AL, gl \."l\'- A ylishnds 2 \[ s -T)._h
ki i i

It

) \.;(“' iq) ) \‘"'"* — ¥ R, a2 Y P
b 3 e =

A ),

which proves Theorem l,

We nole that theovems of This Ivpe are proved in {2 Tor equation (1)
when (53 holds with a Lechnique, based on the Ivvlmi([l!vs.ust‘(l by Thamme td
[1t]and Singh [12] In the case when (7} holds similar theorems are s
ved in [2, 3.8 <101} While [2] and [8] treal relarded equations (1) and (3.
and [3, 9. 10] — equations (2) and (). wilh deviating argumen! yu).”?.:o

such that 0= ¢ (HEN for some N =consl 0. here we tnvesligale vquu}um
(3) withoul the above assumplions, Onr prool as hased on the lechnigue
from [7}

3. Examples, 1) Consider the equation

R AR L A L ) B O I N T (e N T | Y R T

fort 2 T =(1 -2+ T 3-1m)2. ve R, ‘ -
Here r{f—£. ftl =o' 0" [E AL 1) [t 4otfor iz T, and Q) =

) "l
w60 - 4 ) ey | Conditions (L) are fuifilled. .\mc-:r\r—(ﬁ <
P,

r

= lim . u) =) ! i \-I;(!)dl ». OWy=u and S(Q(s)- fs, eYds =
a N “

1
¢ £

= \‘(qu el —pV 3o Nds=% by Theorem 1 all solutions of (20} are nonos-

-

b
;
cillatory.

! A e L ;
Bul r{f)=1* and Q(s)ds = [s*ds = 2(¢° — TH. Then ([\ Qs r(f) = 21 —
Tr T.- ¢ L
~ T3/t and by Theorem 2 all solulions of (260 are positive,

. (vl-"J ¢ !
]tIS)/ e, (2[.. -+ = T
5% i of?

Since S[Q(\) —f(s. o) s/ r(hy \‘[l':se (\..

o4 oy
»

)/tﬁ—mo then by Theorem

[
L

oTE G
are unbounded above.

In fact, p(H=t{* is such a solution ol (20).

3 all solutions of (20)

em
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2 Consider the equation

(l _{_t:sh)-:fa
0 1:1’ J

s y"‘(!))»é-tl'f.u(l-’f'—l-y‘-’(_!,}) (1 f1e/ 2y

0 I "3—8[

2

Uty

: Lapd oL L p?
j(l R I T
[l is easy Lo verify thal condilivns of Theorems 1 -3 are satisfied in
case (1) According Lo these theorems all solulions of (21) are nonoscillalory,
positive and unbounded wbove. Tadeed, y(fy=={* is such a solulion of (21).
3y Consider the equation

for tz 7T, =

6 {3
(19!2 1) + ([91’2 _l_l).,-

for dz 7000 Here rgd) =12 {1, uy=ujlz-j-u’, A, p) =]t Loz, Q) ==03/(t>"* 4-1)2

B S0 42200, s =11 and conditions (1) are satisfied, Since con-
ditions 1-—1 of Theorem 1 ace tulfilled in case (i), by this theorem we conclude
thal all bounded nonoscillatory soloiions of (22) tend Lo zern as {—oo. In-
deed. yiHy=1{7 is such one solution of (22)

2
(22 (Y U e 4 g = a
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