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1. Tntroduetion, In recent vears, numerous results on Sturmian theory
have heen obluined Tor partial differential equations of elliplie Ltype while
| results for parabelic and hyperbolic equations appear to be relalively rare,
. Picoune f11) extended the Sturm eomparison result for ordinary diffe-
I rential equation to self-adjoint sccond order elliptic equations, Further Sturm

resulls for eclliptic equations have been established by Hartman and
| Winter 8], Protter [12}, Allegretto and Swanson {1],
Swanson {13 Dunninger end Weinacht {3] and Krei th
[7) Furthermore, Kreith [8). Travis and Young [I4] established
Sturm resulls Tor hyperbolic and ulirahyperbolic differential inequalities,
while M e Nabb [, Dunnioger ML Chan and Young [3] have
developed  Slurmiuan Lheory [or parabolic differential inequalities. Picone
or Green's identity plavs the dominant role in lhe development of Sturmian
theory. More recently Chan [2F Noussair and Swanson [10]
oblained Sturm resulls for clliplic and parabolie differential inegualilics
using a maximum principle techpique. Weo oblain Sturm separalion and
comparison resulls for tine degencrate parabolic differential inequalilies
with mixed houndary condilions, using u maximum principle technique,

The plan of the paper is as follows. In Section 2, we present our resulls
for linear inequalities under mixed boundary conditions by using lhe maxi-
mum principle due to Waid [t5] To illustrate the resulk we provide an
example. The results for quasilinear time degencrate parabolic inequalities

;)

are also discussed in Seclion 3,

2. Sturm Resalts for Linear Ineyualities, Let G be a bounded (n-F1)-
dimensional domain in R**, wherv ({. vy=(. &y, ry, ..., ¥,) will represent
variable poinl in R wilh r—=(r,, t,. ... 2, )= R% Let G-=(0, Ty« D
where D= R*. Lel (=G +&6. We partition the boundary &G of G into three
ibsets .6, (i and 8,6, where ¢.f {01 x D, 8,6=(0, T|xeD, i.6={T}x
D. Define

Loy i =

Go=fi+i.,6, R, =8, +0,G=B+S.

Lu=ayt, vy o Du, it 2yu—c(f, x)u,

e u(t, ), a, (1, v), bt. 2). dit. r) and ¢{f, v) are bounded and real valued
tions of f and x on G and the matrix (a;) is symmetric and positive de-
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finite. We shall not make the ﬂhsumption_ihul e(f, ¥) is hounded away iy Suppose Pef Uhen o(l —u(P)o(Py=0 hy hypothesis and o ca-
from zero, since ef, v)="0 for some {t, vy is permissible. The operator 1. anot attain ils positive maximum on 13, il mav attain on 5.
may be time degenerale parabolic operator. ii) Suppose 1’8 and o altains its positive maximum on $; we have
Define ) bv Waid’s maximum principle
Mu, Gy=Sup {u(f. vy : {{, ) =6, ' N
(u. ) p{ugt. 1) (& A) =63 Gowfern=0 al [

miu, )~ Infult. 2y (L )G On the other hand, si p :
Let M(u, )20 and m(r. ()= 0. Also define Lhe houndary operalors n the other hand, since s(P)# +x, we have at /
st e s cojern=c(u. mfin=(g—sjo=0
¥ 1 g
which is a contradiction. Hence the result. This is called the Sturm separa-
We allow tion lliem'cn!. . B ‘ .
. . . As an immediate consequence of Theorem 2.1, we have the following
o \_(L < +». where S(p"r:.. »oand },_g[j(]”):“ ll[\l)ll(‘.s U(P)'—“. resulis. -
Assume thal a sphere I with radius r can be construeted through {f'. 2')= "3""0"1"'.\' 2.1 ‘L'““’f”' b Hobdtary comdition. 20, no funclion v sa-
€ I,. whose interior lies entirely in 6, and e, 1y=0 for some ('L )& K tisfying Lp =0 G, and he boundary condition B0 o S can be negalive
such that throughout G unless v is o constand mulliple of v in some subdomain H, of G,

(. ey —(, )y Proaf. I v<<0 throughoul &, then by sclling #,= —r, we have L0
and Boomz0 and p>0. Now applving Theorem 2.1, we reach al a contra-
diction. lience the result.

Coroflary 2.2, Lol K({, ¥) be a nonnegative function in G,. If there exisls
a noanegalive soltion u(f. x) of Luz0in G, subjeet lo the boundary condilions
Bz on S, u(l, 1)=0 on B and o/, 2)>0 al some point of cach component
of cach horizontal seqment, then no funclion v salisfying the inequality (L+Mes
<0 (20) in G, and the boundury condition vz 0 (<0, can’ be positive(ne-
galive) throughout (v unless v is « consiant multiple of u in some subdomain
H, of Gp

This is called the Sturm comparison result. The following result may
be regarded as an extension of Corollary 2, Chan [2) to time degencrate
parabolic inequalities.

Corollagy 2.3. Let gtf. x) and h(l, x) be functions defined in G, where
I(t, x) is boundel. If there exisls a nonnegative solution w(l. ¥y of Luz g in G,.
subject lo the boundary condilions Bt on 5. (0, A)=0 on B. and ¢, ¥)y>=1
al some poinl of cach component of cach horizontal seqgment, then no function v
safisfying Le<h in €, and the boundary condifion DB,z 0 such lhal go—huz0
in G, can be posilive throughout G unless v is « constan! multiple of u in some
sibdomain I, of ().

Proof. 1f p =0 throughout G, then

Bv== v/ en +or, on S,

Also suppose that the radial direction [rom the centre of the sphere to (£,
&'y is not parallel to the faxis. A point P oon IRy, is said to have the inside
strong sphere properly il there exists a closed ball K, such that K,&G), and
Kin R,={P}. Unless otherwise stated, we assume that every point of R,
has the inside strong sphere property

cc<alt, ¥y s(f, )2 +oo and st )F —x

on the boundary. For y&G,. the notation 1T, will be nsed Lo denote the set
of all points =G, such thal = can be connected lo y by a path consisting
only of line segments conlained in the hvperplane f=constant and segments
parallel to the positive {-axis.

Theorem 2.1. If there exisls a nonnegalice solufion u(t. Xy of Luz in
G, stibject to the boundary conditions u(9), x)=0on I, Bu<0on S and ¢{l, x) -0
al some point of each component of cach horizontal segment, then no function v.
satisfying Lv<Q and the boundary condition B,pz0. can be positive throughout |

& unless v is a conslant multiple of u in some subdvmnain i, of G,
Proof. 1f =0 throughout G, then define the tunction er=u v

We have
(2.1) Lu=L(ml')=r11‘-(0)rr)_t,_r} +bi(o)u):‘+dwu——r(c-w),?() in fr,
- . L] 1 — o q .
b 'Lu*"“u(%,x,‘r'(-“ Qi s, 0o, T (Lme —ce20 in G, (L —hinyuz g —hufoz 0 in (G, (L=hfo)p=Lo—hz0in (7

The corollary then folows [rom Theorem 2.1
Remarks. 1. 11 there exists a nontrivial solution ¢ of Lu==0in G,, B,u=

on S, (U, x)=0 on 3 and ¢(t. 1)>0 at some poinl of each component
each horizonta! segment such that either u>0 or u<0 in G, then lhe

tion v satisfving Lv=0 in G,, B,p=0o0n § must vanish somewhere in G.

2. 0f s= 420 on S, then Theorem 2.1 can be simplified Lo the following

- 1I there exists a positive solution u(l, ) of Luz( in G, subject Lo the

Since w is nonnegative in G, and o is conlinuous on G, it follows from Waid’s
maximum principle [15], that either o atlains its positive maximum at a
point > on the boundary R, or o altains ils maximum in a subdomain I,
of G, In the latter case, o is identically constant in some subdomain H,
of G,, i.e. v is constant multiple of u in some subdomain H, of G,

'f » is nol a constant multiple of u in some subdomain in i, of Gy
{hen w attains its positive maximum al the point P on the boundary Ry
We consider two cases.
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houndary condition u=0 on R, and ¢(f. x) 0 al some poinl of cach compo-
nent of cach horizonial segment, then no function o salisfving Lp< in G,
can be positive throughout 6. I o -0 Uhroughou! G, then o salisfies (2.1)
in G, and o0 in G,. BY Waid's maximum principie, o altains ils positive
maximum on J2,. This contradicts that o=0 on it,. Henee the resull.

We consider Uhe following example, to itiustrate the result.

Erample. Lel

Lu=u,,--2u—bt, (L3+3)Ww=v,, L50 —tv,.

The funciion u(f, ¥)==I sin & satisfics

Lu=0, O<x<rm, =05 w0, r}=0, 0<x<m

u(l, 0y=0==u(l, ), {>0; u>0n, dorw =0,
since the hypotleses of the Theorem 2.1 are satisfied with s(P)=4-3x. It
follows (hat a funclion v, satisfying (L4Dp==0, D<r<m. {0 cannot be
posilive throughout the region O<r=x, (20, For example, p(l, xy==Isin 2x
satisfies (L -+3)v=0 and vanishes al r=0, =/2. = or al [=0.

3. Sturm Itesnlts for Quasilinear Inegnalitics. llere we exlend the
main result of the preceding seetion to quasilincar time degencrale parabolic
operator defined by
(3.1) Lu= a1, 1')11,‘;1-{-1),—(!, a:)uy!_ —clf, Duz dld, xou, U in G,

(3.2) Lv= ay)(t, rv)u,ig,]-kb,-(!, ayw, —clf, e ddl, x, v, v 0)0 0 Gy,
and the boundary conditions
(3.3) B.u= éuférv +s(f, H)ug0 on S,

3.4) B = dv| 6y, +o(t, 2)p=0 on S.
Theorem 3.1. Lef u{t, ) and v, 2) satisfy the lime degenerate parabolic
inequalitics (3.1) and (3.2) in G, and the boundary conditions (3.3) and (3.4)
respectively ; and u{0, =0 on B. If

() u{t, ) is nonnegalive throughout G,

(it) d.—d, is bounded above by « constant N,

(il e(t, 2)=0 of some poin! of each component of cach horizental segment,

{hen no funclion v can be posilive throughouf G unless v is « canslant
mulliple of u in some subdomain I, of (i,

Proof. 1f v=>0 lhroughout &, then we define o ufv.

Now from (3.1) and (3.2), we have

oL —uLvzd,(l, x, u, uy, u)ue—d,d, x, v, 0, rue in G,

Then the function w selisfics the differential inequality

(3.59) Uil s o, »:-(Qan‘la,-,tul---bi)w;‘—cwﬂ-(dg —d ez 0 in G,

Now, the argument is similar to that of Theorem 2.1. We omit the details.
Remark. 1 s= o0 on S. then thecrem 3.1 can be simplificd to the fo-

Howing form. If there exists a positive solution u(l, vy of Luzdyl. x. u, ot )

in G, subject to the boundary condition =0 on R, and if ¢(f, x)==0 al some
point of each component of each horizontal segment, then no function ¢
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satisfving Losd,(l, voe v,
N cannot be positive throughout 6.

It o0 Lhroughout G. Lhen w satisfies (3.3) in G, and w0 in G, By
Waid's maximum principle, w allains ils positive  maximum somewhere
on R, This conlradicts thal w=0 on N, llence the resull follows.

pyp in G, with d.—d, bounded by a conslanl
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