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ON PERIODIL SOLUTTONS OF NONLINEAR DIFFERENTIAL
EQUATIONS IN BAXNACIL SPACES

BY

PAVEL LALPALARL

1. Tntroduction. We use a fixed poinl theorem Tor locally  convex
veelor spaces. due lo Sado vskii (J11] Theorem 3.1.3). Lo establish Lhe
existenee of periodic solutions on the real line B ol nonlincar differentiai
equations in Banach spaces. Throughoul Lhis paper. E denote a Banach
space with the notin ||, 0 L(E) the algebra of eontinuous linear operalors
from E into ilself with indouced norm ., P the Banach space of conti-
nouos w-periodic functions from R to L endowed with the norm  a(.)
=sup{|x) ; F=N}.

We shall consider the differential equation

(1.1h ) = (O =fil a(h).

where (=1, A= L(E), and [ is & E-valued [unction defined on R - E. In
addition, we shall assume that A(f “o)=4( and [( ~o. )= f(l. 2). (I 1)
eR:E, o =0

The purpose of this paper is to prove the exisience of periodic solulions
of the above cquation under the assumption that ihe monodromy operator
of A(f) has a logarithm. Ihal ils spectrum is conlained in the unity disk and
f satislies a regularity condilion expressed in ferms of the Kuralowski mea-
sure of noncompactness « In case that E=R" the existence of a unigque
periodic solulion of (1.1). using a Floquet representation for Ay and the
dissipativily coaditinns Tor f{£. x). has been sludied by V. Iltode 7).
His proofl is hased on Lerav-Schauder principle and on the method of Lyva-
punov function. Aso. with some similae techniques JO.Co Ezceilo 5]
adies the existence of almnst periodie solutions. Other studies on perindic
d almost periodic solntions fov svstemn (1.1y are P Tatpalaru [12)
3L G. Villari {14] and manyv others.

2. Preliminarvies, The mensure of noncompaciness 2 W) ol a nonemply
ded subs2t W ol E is defined by x(W)=inffz=0:; W — admils a finile
€rng by scls of diameler et For the properties of z we refer. c.o.. lo
E (8] Further, we will use the standard nolations. The closure of a sei
diameler and its clyssd convex il will be denoted by Xo diam X and
Tespectively. The sets (X) (& mapping on X), X (f-rcal) and X; =X,
f"‘?fl asusial. Denole by C(R. E) the set of all continuous funclions from
E. The so C{IR. E) will be considered as a veelor space endowed with
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{he Lopoloay of uniform convergenee oncom yacl snhsels of R Tet YC R By
o = .

i
We will use The notations Yth= (g yeY] and | Y(syds = {{ylsuds L p & by i

We shall use also the following result.
Lemma 2.0, (UL (6. [f 7 is d pounded equicontinaops subscd of the

usual Banaeh spacs of conlinwous G-nalued [uncltions defined on o« compact
inferpal 1= W, then for (=1 we have

(2.1 a1 {Z(l);!EI})=bup{xl~Z(l!):i’e&l}.

i ]
(2.2) 2 | A< | ol Z{sNd s,
il [

and. if O ts a conlinuous ndppuiy from 1o LOEY and Y is « hounded subscl

of E. then (3]
(2.3} (U {QOW s i 1)< AR A= R-{R\ N2

Our resull will be proved by the following fixed-point  theorem of
Schauler type due to BN Sado vs kit [11]

Lemma 2.2, Lel 78 be a closed connex subsel of C(R, LK) and lel ® be o«
funclion which assigns to cach subsel Y of E o real number G(Y)2 0 having the
following properlics: a) B(Y = DY ,) whenever Y, =Y. by (YU {y])= O
for all y=rE: o). Beo V)<(Y); ) if PY)=0. then Y is compacl. Asswine
thal I "5—% is « conlinuons mapping selisfging DY) <Y} for arbilrary
subsel Y of 76 with &) 0. Then I hus al leas! o ftoed poind in 2.

We nole that M. Dawidowski and B. Rzepec ki (3] on the
one hand. have applicd the Sadovskil fixed-point theorem to study the
existence of bounded solutions of (1.1} and B. Rzepecki [10} on the
olher hand. to study the existence of solutions of the Vollerra integral

equations.
Let us consider Uhe lincar differeniial cquation

{z.h RMUERIGRIUR

where b e £ B and Ay Fwy=1{). (=1 We deunle hy I'(H the Cauchy
oporalar for (2.1y, Lo UifyeE 28y and

(2. [ih= U, U)=7.

[l is casy Lo sze Lhal (2.5) is also satisfied by U (h=LU +w)- L Yw) and

from the uniguencss of the sotution wo have {,(H= Ug). from where, o+
)= U U L0). Therelore. the perindicity of A() does nol imply Lhe perio- ¢

dicily of the Cauchy operalor. The operator Ufe) is called the monodromy

aperatov Tor (2.1). The spectral radius of Ule), i.e.. Lhe radius of the smallest

cirele thal conlains its speclyin, is given by r—lim{ UV In lhe se-

quel wo shall assume Lhal () has a logarithm, and thal oecurs if. for example,
its spectrim s(U(w)) dozs nol surround the origin. Therelore, there eXists

: 1 .
S—In U{e) for which Uw)=+". where In L {w)= = -—.\ln el U{w) — ) Vi, A

i ]
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(\;. ],:(,H[ I;‘ a conlour t‘hal cneireles c(l(e)). 1T we consider the constant
,|{ i E:_ll I;;'l\l'n by .I = U o), it follows o) =c®T and il we pid
HO=L(He "t then thy has o Floguet rvepresentation i

(2.6) Ly =0othe'"

f1s easy !” 50€ I il o Y Er'S )l‘l 15 o i LY €1¢€ { 1 -
] .l l [ N 3 ) N (1 )'-(\ {(_. { (. o Lo} l'll“]” IS (Ilff |1ti1|})| 4 |1(] | 1
Vel (l ].(f‘ ;})pl 1 .}t(” wil h f) (!‘ [+ .]ll!]][”“-'} o |](l ()([ - (_‘]) {)([)_ !L' ll. }.)l( ciar s
ﬂ! f) E [} = g 5 ) { . ]l “”\\S l!]i]l ll i ']E‘ ; L] ] '-'=. ‘ Y v
{ I“ ) ( } )
- 'L R 8 0 . EENL I e /. G(b ) )‘ wi
ha\(_\ )' ‘!“d l]l I(f()l( ,,- . ] lf .ltl(] (:“1\' If ]\( AL U. ” W T u"]()l th l
: C E : 155 H|
t;(L .(ﬂ)) 15 Ll)”tl““cd m th( “l]ll‘\' (“\‘i‘l\ (d.: 11 l]l( Ill..\l l.l minas _:.q) ;Illd —— l).
lh(‘“ tl lO”(}“J )(] )‘- (]I( o ') ] 0 - } .
\ - F s { . Ol )lh(l IJlU])([[]( S Ul lh( i \
. IIUHO(llUm
n])(‘ldh]l m connection \\”;l lh CNIES : -
6 \Lt ¢ )f ])ll]”(!“ lll]l! ns II
. ¢ steng 4 " S0 ons 1 € (IdLI
15 1(1(]1[‘(1 l“ II“ mUIlO!,l: P [...I Ol l-) I. i‘( [ s (()n.\id(.l' lhl (i]lhllmll

(. =
2.7 O = Hhadh =g,

where (< L(E) and gty 15 an E-valued Tunction defined on It

. o ot T F i
Lemima 2.3, Assome thal e following conditions are salisfied

@y g G E) gl ~oy=gh). Viel:
by A(Dy= LB A wy=A, vi=k:

, mﬂ:f)ﬂlhr ;’,r:}:'arhy aperatior U0 has « Floguel representation and the speclrum
f ¢ ml‘r)i{_i"f_ ni npcrm’m_'. ol U{eY). s contained in the unity disk. Then the
equafionn (2.7) has an uniyue w-periodie solulion given by

(23) xn =_.|-_ (\)(!)r_:l'-‘!'.'Q*l(_\)q(s]ds_

Proaf. At f:rst.l we nole thal the hypothesis ¢} vields s(C)c (Reh<0)
and becurn g — S Cif? 3 i
tse el g ‘)_\ R g Nowhere Lhe conlour - is completely

e
.

) . . . s
included in (Re 2 =0y and N = —{l(-f- max | I, el lg-) s the length
H 3 . M =

[ . R S

ﬁvf)oatlligq{:ﬂ ll).s [ I(snll\(]nl 1;[ . FFrom here, the periodictty of @ (/). and the
by~ sis @) we conclude thal (2.8) has a meaning. Then y f

: : e | as aning. Then, we look for @
n the form of the variation constants formula. :'(I) U (heth. ]“IT(JH] (';(7!3

it follows thal eh co i 1 U Wglehds. and Lhen using (2.6)
x{f) [‘(f}r'(lr '(-u,(”!”-.('.; - | (‘)“‘)(.- I() 1(‘\.),1(_\)“{\'

‘remark thy eanteoral i 10di
o, mﬂl\[- ::1 ml(:_,rml i a-pertodic becanse Q) and g(fy are e-periodic,
Y. ¥ the chotse e =0 ensures (1) to be w-periodic.

Before jssi

passing to sludy The existe i T .

. ; ; : A i existence of periodic C T

shall consider 11)e cquation DTS U UL

G = A gy —f(L .

x(H) e a2 cons ‘
() B.. Asa conseguence of Lemima 2.3 we have
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Lemma 2% Assame thal the conditions by and Y from Lemma 2.5 occur
and. in adddion. that L e b (o ) fii. vy for coery (. =
=1 L. Then. the cxistencr of w-perindie soluttons for (2.8 s equivalent 1o
the cxistenice of o-preiodic solufions for the cqualion

(2.1 = (Foih = 1 Qthe at g s (s Tishids

4. Main results. s regards Lo ihe existence of w-pertodic solutions
for (1.1}, we have the Tollowing

Theorein 3.1, Assame that the follmping condilinns are salisficd = ay fhe
Cauchy operafor hus Flasuet reprezentaion and the spectrum of the mono-
dromy operalor, (U (o). ix conlauied in the unily disk:

by A= L), A oY= W) for eoery 1= R

¢y [=CR. I i e 1) —f{i. Xy for every (. =k E oand [l xtn =

= A —consl. for anyg x(HEP,
dy for any compact subsel 1= B and rach bounded subsel XN K

Af11 - XD sup fah e fe= 1 =03

where g« R> R e R B are such (hal g is condinuous annd h nondecrcasing ;

¢
el Le=sup{| Ot () sy yladds s e

and Lbtfy="1 for t -1\
Then there exists af least an w-pertodic solution for the cquation

(3.1 e A = .

Proof. We defiue 2 mapping f as follows

(Fohy= [ Qe 1 Q W fgs. e for vl
Taking inlo aceount thal a(L(w)) 1s contained in the unily disk. it Tollows
that g(IM=(Re 1< M and Uherefore, there exisls a posttive constant v such
oy Tor nea(IN). Then, the boundedness of Q) and ¢ 1fy und the

2

that Be 7
wi=s for = -0 (see the proel of Lemma 203 imply

estimate o0 €N
(h.2) O(et =T s) g Ne A seR s

Denote by 75 the sel ol all g ePo such that ,r(_t)}‘{l(:.:\'_\llu. and () —
r
(s KT W) ds - M, — 1) Lot read foand . b wilh <l
!

It is cusily to see Lhal & is a clost
We will show (hal I H— . For x= F we have

d convex bounded subsct ol Po.

! -
) € N § et mnds =N M el =N D K.

By Lemmas 2.3 and 2.4 Uhe funclion FFr is an e-periodic solution of the dif-

ferential equation (2.8) on I [lence

2 L1818 = 9 s
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WRRRTY] Fayly = : Cevf 1 (s (TR Lk
D =N & MG s MM K T LA ds £

1<

L onse Lo leeEly ~ i
18 ([1!(‘!1.“_\;41’ refg. Let now prove the continady of [0 Consider the
sequence fo 0w, €70 such thal v, —u us n—x, v=4. Then

(f.-[!n)(” _(If‘ll')(!)' < y"'SllI){ f(.\‘, HII(,\)) -hft.\-_ ”(\”I! -

and beeause Coc inwity of Y DI 1
“p:ll”ll”(ru;;t )llu/(u:n(ﬂn;;llf\ 0l ‘f: R E-=1E lmplies the conlinuity ol the
i XY= f(. .. rom P ointo itself, il follows s
Lo 7, (- . n Poanto dtselt, il fo lows thal Fois a conli
:1Iu!r1)ur: ll].l[li llrm.n £ mloﬂ itsell. To define Lhe Tunction from the Su(lu\'-sl'li:'x'
(.‘:1-“",- 1)1{1 |l' (‘u:s .]_ul f!)(\)—_:511|) f2(Y(); =R} for a subset Y=, lh.' \lhc
i “s.l[ 1111‘{ Ili'l‘_’, properties of ., the funclion @ satisfies Lhe ('e)ndi.ii(-n-‘n)
dy listed in Lemima 2.1. el us assume i . v Y ) =0
a2.1.1, 5 8 ¢ thal Y is a subsel of ¢ i )
mle femma s o subsel of 78 wilh (YY) -0
Let f=1} IJ.'. fixed and let choose a namber a=-0 such that 2R e ( ')‘. .
we can wrile B w e

FIYHOH=1 fOhe" 0 of(s. psNds 1 y=Y -
(3.3 . : ! i
. T J ‘QU)('“"‘"I‘() )t yisNds ; 1= YI= A 4B,
Woe have

(3.1) - diam(A)g ‘.’..\'_\lt { “t“"f"‘-"rl.s'=')Kv’"'“ g
Now we shall prove thal ’
. ‘ t
(3.5) #(BYSh=(Z)) | Qe =900 () g(s)ds.
where Z =0 IY(5) ; TV AN i
ere L= [Yis) i t—a<<s<!]. To this end we shall use the argument made

in [3 I. lll(lt‘(‘d l‘(]]’ -N-hilr,“.\. R 0 .
v i o B ary =z Lhere exisls a 3>0 such tt SN LR
';'5 Slf—a ] implies (L) —G(1. 5™y =<', al(.x")—f](.s'”)]. 1:‘ Il\)l;l:al :-<lh.
GJE-[!;: I[’ I]I i -, Lo, where fy=! —a<t, < IIH:I. I\\ilh b ! ‘( I)}l
o T =1 be points sueh thal G s/ =sup {((G. 5) 5 s}, (;(' )f—-'xu.hb}t}(s’)e'
- « 4 - - l‘ h Ll

s}, and lel ¢, —s ! i =3
1ok . .sup{ (U8 s eagsstt o,=s
2 £, 6 R ) . ; '
the inlegral mean value theorem B I S DUt LR
LS

i
LT Qs plods s e Y e S ) G K {6 911,
=1 i
(26) we have SYARRLS S

2 G s - 2 s . . -
fH - Z]: s=Lpssupi G ) 0 s af[1 - 2

:l( G, Df(s 3 " - i -
LS GU (s, yeds: YEV< S it Gy O G L 2

; = § ‘ e 8 8 .
; :)Slll){ Gits): s 1 a1, - Ll)g__ St —t, Ysupl Gt s) 1 se

i=1
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=1 sup fgtsp: s= b MatZ) RN X (1 1) GUL 6 =)<
i=

yt

<IN Y [ G a) — Gy glz) -G

el 1,
i

=) — s}y L GUL3) gl E

i
<halZn] §GUL ) glshds —ates s |
[

|
aud (50) follows heciuse ¢ is arbitvary, From (3.5 we have
:
A FY ()= 2 — W2 | 1Othel 1 105} glshds.
Sinee Y is equiconlinuous and bounded. we can apply vinhrosetii's result
(!} Lemma 2.1) to gel
a(Zysup {{x(Y(sh o ! < st = sup {z(Y(H) tenRI=m(Y).
Henee, by )
A Y () = 2 LAY e A FIY NS Ld{Y)).
‘Fhus, all assumptions of the fixed-poin theorem are satisfied. (1 follows
that  has a Tixed poinl in X and this ends Lhe prool I
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ON IS0PTIC CURVES
BY

RORNEL BENKO®, WALDEMAR CIFESLAK, STANISEAW GOzD7
and WITOLI MOZGAW A -

‘ ,.-.|‘l['( !nt‘u])dllujlmn.. An soptic curve is a locus ol vertices of o constant
anghe for l_nlu v two langent lines to a given convex curve. Such e v
YL 3 N vooof. sl g 5 i - . : el
E':elu '(0?:“ ut(l!Im lllu classical geometey (see [4] [1] [5] in various ((m“lte‘ ll“
‘or instance, lhe detailed properties i isopli Ve ‘ fe e
] 1ee, ~detaile es of isoplic curves of algebraic ;
are f-é‘\(-n in {1} Some problems connecled \\'[ilh isoptic ('ul‘lvtllg:llt”lm ('“ll e
\ 1] so ol $ s are considere
in .t . papers of Wunderlich (see eg. [8]). In the present p: --n-d
g;.\.c .sntl_n(' global properties of isoptic curves of ovals. Next llllu l:dl)ll “; .
3 ¢ global pi e | : als. Next. the convexity
‘ 150% f( curves ul. an ¢llipise is considered. Moreover, using isoptic cur "\
some Crofton-type integral formulas are derived ' i =0 e
2 Preliminaries _— .
poqili\"e]v|:)I|‘lil(ll::m|l‘mm' Tn this paper we will consider the family % of all
“\:o vely oni I .e.c' o\ als, Qe (2, |J1'ﬂn(" closed simple curves with the posi-
el ature (s((_, [3]- Let us consider an oval Ce 4l s—:(s) _-1'(q)_l_“(‘¢)
cm‘.\:‘[‘. pmldnmh.lz('d by the arce lenglth. The tangent veclor lo -('. 'I];(iJl}! ‘
| paras g ¢ lang . P i
‘ ri\te ;no;(ﬂtl ]p)mnll z(s) will be denoted by T(s) and s}, respectively I’“oll
a fixed a . L) there ‘exisls z=(0, 22) st Tia)—ei* T( .
: L xisls L27) sueh that Tlay=e*T(0). T
lution of the differential equation “ H e so-

(1) gm oA

v-th - - | l‘ - :?

with the imtial condition o(U0)=¢ salisfies the condition
(2) Toy=eiT,

see |2 . . \ ar e .
( i“!),; we will say that o does nol change the angle =

t‘hl:gnn\till (f“ is given in an _:u'hitrar_v paramelrization. sayv {—z(), Ug
) e funclion 3 satisfies the dificrential equation o
& 2

kow Zoo

he solulion of (3) is given by the formula

SigA

L tH

() = KK - K((0)).

[
K(ly= L A(ry | z(r}dr.



